Electronic Journal of Mathematical Analysis and Applications
Vol. 6(2) July 2018, pp. 101-109.

ISSN: 2090-729X (online)
http://fcag-egypt.com/Journals/EJMAA /

GEOMETRIC VIRTUES OF THIRD-ORDER DIFFERENTIAL
EQUATION USING ADMISSIBLE FUNCTIONS IN A COMPLEX
DOMAIN

RABHA W. IBRAHIM

ABSTRACT. We investigate geometric properties of solutions of the following
third-order differential equation:
w'" (2) + a(2)w” (2) + b(2)w' (2) + c(2)w(z) = 0,

subject to the initial conditions w(0) = 0, w’(0) = 1 and w’(0) = 0, where
a(z),b(z) and ¢(z) are analytic in the open unit disk (OUD). We indicate that
the above differential equation has a univalent and starlike solution in the open
unit disk. We employ the concept of admissible functions and we extend the
study into some complex Banach spaces.

1. INTRODUCTION

Recently, the outcomes of the third order have been investigated by a large
number of mathematicians, and they have obtained many results for some special
cases. Sufficient conditions imposed for the boundedness of all solutions of the
equation

w"”(2) = P(z,w,w’,w"), (1)

where P is a polynomial whose coefficients are functions in the independent variable
z. Moreover, the existence and the uniqueness of the solutions of (1) established.
This class of differential equations occurs in the flow of thin films of viscous fluid
with a free surface [1]-[4]. Newly, in [5], the author studied the geometry of solutions
of the Chazy’s equation (third order differential equation) in the complex plane,
using semi-completeness of complex manifolds. In [6], the authors discussed the
geometric properties (convexity) of solutions of the initial-value problem which
contains the following third-order linear differential equations:

w"”(2) + Q(2)w'(2) =0, (2)
subject to the initial conditions w(0) = 0 and w’(0) = 1.
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In this paper, We propose some geometric properties of solutions of the following
third-order differential equation:

w"”(2) + a(z)w” (2) + b(2)w'(2) + c¢(2)w(z) = 0, (3)
subject to the initial conditions w(0) = 0, w’(0) = 1 and w”(0) = 0, where a(z), b(2)
and c¢(z) are analytic in the open unit disk. We indicate that equation (3) has
a univalent and starlike solution in OUD. We utilize the concept of admissible
functions.

The class of admissible functions in a complex domain plays an important role in
the theory of differential subordination. This function implies dominants of various
differential subordinations and differential inequalities that would be difficult to
find directly. There are diverse processes to utilize this type of functions; the first
process concerns with the equation of the boundary of the complex domain 2 is
known. The second process deals with the geometry of €2. While the third process
involves subordination chains. Moreover, this class of functions is extended to a
complex Banach space to have extra applications [7]. Applications are illustrated to
determine the Ulam stability of fractional differential equations in complex domain
[8]-[10]. Recently, Antonino & Miller presented applications of results to third-order
differential inequalities, third-order differential subordinations, univalent functions
and Bessel functions [11].

2. PRELIMINARIES

Let $[a,n] be the class of all analytic functions in OUD U := {{ € C: [¢| < 1}
of the form ¢(¢) = a + ©pC" + Pp+1¢" T + ... with H[0, 1] = Ho. And let A be the
class of functions ¢({) formalized by

$)=C+ > pnl", CeU. (4)
n=2

In addition, consider S and C are subclasses of A including functions which are,
respectively, univalent and convex in U. It is well known that; if the function ¢(()
given by (4) is in the class S, then |p,| <n, n € N\{1}, where N:={1,2,3,...}.
Equality holds for the Koebe function ¢(¢) = ﬁ, ¢ € U. Also, if the function
() given by (1) is in the class C, then |p,| < 1, n € N. Equality holds for the

function ¢(¢) = 1%, ¢ €U

A function ¢ € A is called starlike of order v if it satisfies the following inequality

¢¢'()
¢(¢)

for some 0 < v < 1. We symbolize this class by S*(v).

R{ t>v, (C€U)

A function ¢ € A is called convex of order v if it satisfies the following inequality

¢o" (<)
R
S0t
for some 0 < v < 1. We typify this class by C(v). Note that ¢ € C(v) if and only if
(P € S*(v).

+1}>v, (C€U)
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Definition 1 Let 2, % be two sets in C, let ¢ be analytic in U such that ¢(0) = a
and let ®(r, s,t;¢) : C*> x U — C. If a function ¢ satisfies

{2(4(¢):¢d'(€).¢*¢"(€);¢) | ¢ €U C = q(U) C B ()
then ® is called an admissible function. We symbolize this class by ®,[€,¢]. As a

special case, if |a| < M, M > 0, we put ®,[Q,q] = ,[Q, M,a] and if 2 = X, we
signify ©,[Q, M,a] = ®,[M, a].
For example, let q(z) = 2. 2 € U, Q = q(U) and ¢(r, s,t;2) = r2s>. A simple

1-27

calculation yields ¢ € ®[q(U), ¢], where
R{(p(2))*.(20'(2))*} > 0,

for some analytic function p(z).

The following result can be located in [7].

Theorem 1 Let p € H[a,n|. If & € &,,[M, a], then
2(p(): CP'(€), P (O Ol < M = |p(2)] < M.

Definition 2 Let Hjys be the set of complex functions ®(u,v,w) € ®,,[M, a] satis-
fying:

(i) ®(u,v,w) is continuous in a domain D C C x C x C,
(ii) (0,0) € D and |®(0,0)| < M ,

(iii) |®(Me?, Ke®, Le'®)| > M when (Me®, Ke' Le'?) € D, 6 is real and K, L >
M .

Example 3 Obviously that the following function ®(u,v,w) is in Hys : ®(u,v) =
pu+v+wwhere 0 < p<land D=CxC xC.

Definition 4 Let ® € H), with corresponding domain D . We indicate by B/ (®)
those functions w(z) = w1z + we2? + - -+ which are analytic in U gratifying

(i) (w(z), zw'(2), 22w"(2)) € D ,
(i) |@(w(z), 2w'(2), 22w"(2))| < M (z € U).

Example 5 Clearly, that the set By (®) is not empty since for any ® € Hyy it is
true that w(z) = w12z € By (P) for |wq| sufficiently small depending on ®.

Definition 6 [7] Let X,Y be complex Banach spaces. The class of admissible
functions G'(X,Y’), involves of those functions ¢ : X? x U — Y that achieve the
admissibility conditions:

lo(r ks,;2)| = 1, when [|r| =1, [[s| =1, k > 1.
Definition 7 [8] Let X,Y be complex Banach spaces. The extend class of admissi-

ble functions G”(X,Y’), encompasses of those functions ¢ : X3 x U — Y that fulfill
the admissibility conditions:
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lo(r, ks, It; 2)[| > 1, when [lr|| =1, [[s| = 1, [|t]| = 1,

( zeUk>1,1>1).

We need the following results:

Lemma 8[7] Let o € ¢’(X,Y). If p : U — X is the holomorphic vector-valued
function defined in U with p(0) = O, then

le(pz). 2220 2) | < 1= Inta) < 1.

Lemma 9 [8] Let o € G"(X,Y). If p: U — X is the holomorphic vector-valued
function defined in the unit disk U with p(0) = ©, then

le(pa), 22/ (2). 22" (2):2) | < 1 = lIp(2)]] < 1.

Lemmas 8 and 9, allow us to solve first and second order differential inequalities
in Banach spaces respectively. Moreover, they employed to investigate Ulam sta-
bility for some classes of complex fractional differential equations in sense of the
Srivastava-Owa operators [9, 10]. Note that the second differential equation was
studied by Saitoh [11, 12] using different approach.

3. GEOMETRIC PROPERTIES

Our first main result is the following theorem.

Theorem 10 Let a(z),b(z) and ¢(z) be analytic in U, with

b(z) = 1 + 5
and
a(2)b(z)  a®(z)  d"(z)  a(z)d(z)
G=—%5 -5 T2 T 1

Let w(z)(z € U) be the solution of (3) with w(0) = 0, w?(0) = 1,w”(0) = 0. If
la(z)| < 1 then w(z) is starlike in U.

Proof. To find a relation on a(z),b(z) and ¢(z) we define the transformation
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w(z) = exp(—

N =
C\N
Q
—
N
—
QA
N
N
[
—~
N
N

+epl(; [ a2 - ) (©
W (e) = exp(—y [ @) —exp(— [ a(e)ag ()24
o3 [ atedg(a). L - 2
z a(2)d'(z)  d'(z) a(z
+op(-} [ a(ege I ) o),
This reduces (3) into the form
V" (2) Mv”(z) =0 (7)
Now by letting
_2'(z)
RTE N

we obtain
|®(u, 20/, 220" 2)| < 1, zeUl,

where ®(u, 2u/, 2%u”; 2) = 22u”(2) + zu'(2) — u?(2) — 3u(z). It is clear that ® € Hy,

where
(1) ®(u,v,w) is continuous in a domain D C C x C x C,
(ii) (0,0) € D and |®(0,0)| <1,

(iii) |® (e, Ke' Le?)| > 1 when (e¥, Ke'?, Le?) € D, 6 is real and K,L > 1. By
Theorem 2.1, we receive that

lu(z)| <1, zeUl.

Thus, we conclude that
|zv’(2)
v(2)

This yields that R{ Zg;S)} > 0. Since

—1l<1 (z€A).

1 z
oz =exp( [ al©de)u(e)
0
then logarithmically differentiating of the last assertion, implies

2w'(z)  2'(2) 2 als
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Hence #{ ng(z)} > 0 and consequently, w(z) is starlike in U. This completes the

w(z)
proof.

Example 11 Let a(z) = z in (3), then the equation has a starlike solution w(z) in
U of the form

w(z) = exp(—1/4%2%) x 2z, z€U.

Next, we discuss the starlikeness of solution when a(%) is a constant function. Then
2
in view of Theorem 10, this leads that b(z) = % and c¢(z) = 0. Therefore, we have

a2

4
subject to the initial conditions w(0) = 0, w’(0) = 1 and w”(0) = 0. We have the
following result:

w"”(2) + aw” (z) + —w'(z) = 0, (8)

Theorem 12 Let |a| < 1 and w(z)(z € U) be the solution of (8) with w(0) = 0,
w?(0) = 1,w"”(0) = 0. Then w(z) is starlike in U.

Proof. By putting

/
() = zw'(z) 1,
w(z)
we obtain
1
|0 (w, 2w, 22" 2)| < 7 *°€ U,
where W (w, zw’, 22w"; 2) = —%. It is clear that ¥ € H%, where

(i) ¥(.,.,.) is continuous in a domain D C C x C x C,

(ii) (0,0) € D and |[¥(0,0)| < 1,

(iii) | W (e, Ke'?, Le??)| > i when (¥, Ke? Le'®) € D, 6 is real and K, L > i. By
Theorem 1, we get

lw(z)] <1, zeUl.
Thus, we conclude that
2w’ (2)

w(z)

This implies that R{ Z:j(,g)} > 0 and completes the proof.

| —1<1 (z€A).

Example 13 Let a = 1 in [8], then the equation

w”(2) +w" (2) + iw/(z) =0

has a starlike solution in U which takes the form

w(z) =4—4xerp(—1/2xz2) —exp(—=1/2x2)x 2z, zeU.
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4. BOUNDED SOLUTIONS

In this section, we discuss the boundedness of solutions in complex Banach spaces
using Lemma 8 and Lemma 9. Consider (3) in complex Banach spaces.

Theorem 14 Let a,b: U — C be complex valued functions. And let w: U — X,
(X is a complex Banach space) be a holomorphic vector-valued function satisfying
the equation

w"”(2) + a(z)w” (2) + b(z)w'(z) =0 (9)
and defined in U with w(0) = ©, w’ # 0. If |b(z)| < 1 then w(z) is bounded in U.

Proof. By utilizing the transform

(9) reduces to the form

2f(2) + (za(z) = 1) f(2) + f2(2) = —2b(2), z€U.
Equivalently to
O(f(2),2f'(2);2) = =2°b(2), z €U,
where @ satisfies Definition 6 for some k > 1. Moreover, it fulfills that
19(f(2),2f'(2);2)I < Ib(2)| <1, =z €U
In view of Lemma 8 we have || f(z)|| < 1, this yields that

” 22w’ (2)

<1

If we let p(w, zw'(2), 22w"(2); 2) := Zj;”;;iz)) then ¢ € G"(X,Y) for sufficient k and
£. Thus according to Lemma 9, we have ||w| < 1 in the open unit disk U and

consequently it is bounded.

Theorem 15 Let a,b,c: U — C be complex valued functions. And let w : U — X,
(X is a complex Banach space) be a holomorphic vector-valued function satisfied
equation (3) and defined in U with w(0) = ©. If |¢(z)| < 1 then w(z) is bounded
in U.

Proof. By employing the transform

(3) implies that

P (2) =2 (2)+F(f, f2, ) +za(2) (2 (2)= f(2) +£2)+2°0(2) f(2) = =2%c(2), z€U.

Equivalently to
U(f(2),2f'(2), 22 f";2) = =2%c(2), z €U,

where U satisfies Definition 7 for some k, ¢ > 1. Furthermore, it satisfies
1C(f(2),2f'(2), 22 "5 2) <1, z€U.
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Hence, in virtue of Lemma 9, we receive ||f(z)]| < 1, this implies that

w'(2)
w(z)

I <1

If we put ¢¥(w, 2w’ (2); 2) := Z:/(Z) then ¢ € G'(X,Y) for sufficient k and ¢. There-

(2)

fore, according to Lemma 8, we have ||w|| < 1 in the open unit disk U and conse-
quently it is bounded.

Example 16 Let a(z) = b(z) = ; in Eq. (9), then the solution takes the form

w(z) = 147/15y/(15)exp(—1/82)sin(1/8+1/(15)z)—exp(—1/8z2)cos(1/81/(15)z), =z e U.

Example 17 Let a(z) = b(z) = 0, ¢(z) = § in (3), then the solution takes the form

w(z) = —1/3 % 9(2/3) exp(—1/2 * 9(1/3) 2)

+1/3%/(3) % 23/%) s exp(1/4 % 23 5 2) x sin(1/4 % \/(3)
% 21/3) 5 2) +1/3 % 23/3) s eap(1/4 % 23 x 2) % cos(1/4 % /(3) » 21/3) « 2),

5. CONCLUSION

We investigated geometric properties of solutions of third-order differential equa-
tion in the open unit disk. We showed that this differential equation has a univalent
and starlike solution in the open unit disk. We applied some kinds of admissible
functions and extended the study into some complex Banach spaces.
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