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CERTAIN PROPERTIES OF A NEW SUBCLASS OF
p-VALENTLY CLOSE TO CONVEX FUNCTIONS

PREM PRATAP VYAS AND SHASHI KANT

ABSTRACT. In the present paper we introduce and investigate an intresting
subclass K;S,k)(a,ﬁ) analytic and p-valently close to convex functions in the

open unit disk U. For functions belonging to Kg,k)(a,,@), we derive several
properties coefficient estimates, sufficient condition, distortion theorem and
inclusion relationships.

1. INTRODUCTION AND DEFINITIONS

Let A, denote the class of all functions of the form

J(2) =2+ 3 apina™ (pEN) M
n=1

which are analytic in the open unit disk, U = {z € C : |z| < 1}. In particular, we
write A; = A.
For any two analytic functions f and g in U, we say that f is subordinate to
g in U, written as f(z) < g(z) if there exist a schwarz function w(z) such that
f(z) = g(w(z)), for z € U. In particular, if ¢ is univalent in U, then f is subordinate
to g iff £(0) = g(0) and f(U) C g(U).
A function f € A,, is said to be p-valently starlike of order v (0 <y < p) in U if it
satisfies the inequality [5]

Re(ZJJ:(S)) >y (2 €)

or equivalently
2f (2)  pt+(—27)z
=<
f(z) -2z
The class of all p-valent starlike functions of order y in U is denoted by S; (7). Also,
we denote that

S;(O) =S, Si(v)=8"(y) and S;(0)=S8".

(z € U).
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A function f € A, is said to be p-valently close-to-convex of order v (0 < v < p)
in U if g € S; () and satisfies the inequality [9]

Re(zg(/i?) >y (z € U)

or equivalently
2f'(2)  p+(p—2y)z
=<
g(z) 1—2
The class of all p-valent close-to-convex functions of order v in U is denoted by
Kp(7). Also, we denote that

Kp(0) =K,, Ki(y)=K(v) and Ki(0)=K.

(z €U).

Recently, Bulut [3] discussed a class Kt (7, p) for analytic and p-valently close-to-
convex functions. A function f € A, is said to be in the class ng)(’y, p) if there
(k=Dp

exist a function g € S; (=) (k € N is a fixed integer), such that

(k=1)p+1 ¢’
Re(z f ()
9k (2)
where gi is defined by the equality

)>7 (z€U; 0<~v<p),

27

k—1
gx(2) = H e Pg(evz); e=eF . (2)
v=0

Here assuming g € S;(@) makes Z?,fﬁ?p a p-valant starlike function which in
turn implies the close-to-convexity of f. By simple calculution, we see that f(z) €

ngk)(fy,p) if and only if
(k—=1)p+1 ¢/
z fz) p’ <
9k (2)

DL (2)

gk(2)

+p—2y (3)

Recently several similar classes of ICgk) (7, p) for analytic and univalent function have
been defined and investigated, some of them we refer to [4, 7, 11, 12, 13, 14, 15, 17].
Motivated essentially by the above mentioned class ngk) (v, p) and the above refered
works for analytic and univalent functions, we now introduce a new class for p-valent
analytic function in the following manner:
Definition 1. For 0 < o <1 and 0 < 8 <1, a function f € A, is said to be in the
class K;(,k)(oz, B), if there exist a function g € S;(@) (k € N is a fixed integer),
such that

Ut £ () 0zt g (2)

9k (2) 9k (2)

where gy, is defined by the equality (2).
Remark.(i) For p=1, we get the class /Cgk)(oz, B) studied by Wang [16].
(ii) For p=1 and k=2, we get the class ICgQ)(cu7 B) studied by Wang [15].
In the present paper, we derive several properties including coefficient estimates,
sufficient condition, distortion theorem and inclusion relationships for function be-
longing to the class ICI(,k)(a, B).
In order to prove our main result for the function class ICI(,k)(a, B), we need the

+p (4)



EJMAA-2018/6(2) CERTAIN PROPERTIES OF P-VALENTLY CLOSE TO CONVEX FUNCTIONS 187

following lemmas:
Lemma 1. [3] If

= k-1
0:) = 2+ Y by e 5312
n=1
then -
gr\z n *
G(z) = Tilzp ="+ Byt e Sy, (5)

n=1
where gy, is given by (2).
Lemma 2. [2] Let G(z) € S, given by (5) and p be a complex number, then
Byia = nB2p| < p(maw{1,[1+2p(1 - 20)]}).
Let © be class of analytic functions of the form:

w(z) = w1z +wy2? + ... (z €U), (6)

in the unit disk U satisfying the condition |w(z)| < 1.
Lemma 3. ([6], p.10) If w(z) € Q, then for any complex number y:

wi| <1, fws — pwi] < 1+ (Jp] = Dwi| < maz{L, |uf}.

The result is sharp for the functions w(z) = z or w(z) = 22.

Lemma 4. Let the function K(z) = p + k12 + ko2? + k323 + ... (z € U) be
analytic in the unit disk U, and satisfies the condition
K(z) —p
— U
’aK(z)er <#h (z€U),

for 0 <a<1land 0 < g <1, if and only if there exist an analytic function ¢ in
the unit disk U, such that |¢(z)| < 8 (z € U), and

p — pz¢(2)
K(z)= ——F—~"2~ .
(2) 1+ azp(z)’ (z€0)
Proof. Assume that the function
2f (2
CJ;((z)) =p+kiz+kl+ks2+ ... =K(2) (z€U),
satisfies the condition
K(z)—p
|aK(z)+p|<B (z €U).
Setting
_ p—K(2)
M) = TR ()

we see that the function k(z) is analytic in U, satisfies the inequality |k(z)| < § for
z € U and k(0) = 0. Now, by using schwarz’s lemma, we get that the function k(z)
has of the form k(z) = z¢(z), where ¢(z) is analytic in U and satisfies |¢(z)| < S
for z € U. Thus, we obtain

_ p—pk(2) _ p—pz9(2)
K(z) = 1+ak(z) 14+aze(z)’
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Conversely, if
_ p—pz9(2)
1+ az¢(z)
and |¢p(z)| < B for z € U, then K is analytic in the unit disk U. so we get
e =l <si < (zeD)
which completes the proof of our lemma.
Lemma 5. [8] Let —1 < By < By < A; < Ay < 1. Then
1+A12 1+ Az
14+ Bz 14 Byz’
Let f(z) = £521a,2™ and g(z) = X521 b,2™ be two analytic functions defined in D.
Then there Hadamard product (or convolution) is the function (f * ¢g)(z) defined
by

K(z)

(fx9)(2) = Z3l1anbnz".
The classes of starlike and convex functions are closed under convolution with
convex function. The following lemma is required for our next result.
Lemma 6. [10] Let ¢ and ¢ be convex in U and suppose f < v, then

[*¢=1xo.
2. MAIN RESULTS

First of all, we show in which way our class is associated with the appropriate
subordination.
Theorem 1. A function f(z) € ICI(jk)(a, B) if and only if there exits g (=) satisfying
the condition (2) such that

lzf/(z) - 148z
p G(2) 1—apz
where G(z) is given by (5).
Proof. Let f(z) € K]E,k)(a, B). Then, for a # 1 and § # 1, squaring and expanding
both sides of (4), we see that the region of %% for z € U is contained in the

2
disk C whose center is % and radius is ([1551(;2‘%}). Since q(z) = f_"fgz maps

the unit disk U to the disk C and ¢(z) is univalent in U, we obtain the relation (7).
Conversely, assume that the relation (7) holds true. Then we have

lzf/(z) - 1+ 8z

p G(2) 1—aBz’

0<a<1,0<8<1;2€0),

where w(z) is analytic in U, w(0) = 0 and |w(z)| < 1 for z € U. Therefore from
the above equation, we obtain the inequality (4), that is, f(z) € ICI(,]C)(a7 B).
Theorem 2. Let 0 <a <1,0< 3 <1, f given by (1) and g € S, (@) are
such that the condition (4) holds. Then, for n > 1, we have

(z € U), (7)

m—1
mam = pBol*~(1+0)28%* < 3 { (0282 1)n?an P +(87 = 1)p| BalP+20(a 8+ 1)l an B}
n=1
(8)
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where the coefficients B,, are given in (5).
Proof. Suppose that the condition (4) is satisfied then by lemma 4, we have

() _ p-peol2)
G(z) 1+ az¢(z)

where ¢ is an analytic functions in U, ¢(z) <1 for z € U and G(z) is given by (5).
From the above equality, we obtain that

(z € D),

[azf'(2) + pG(2)] 2¢(2) = pG(2) — zf'(2) . (9)

Now, we put

z) = Ztnz" (z €U).

Thus from (9), we find that

oo (o) oo
((1 +a)p+ Z a(p+n)apinz" +p Z Bp+nzn> Z tn2"
n=1

n=1 n=1

=p Z Bpynz" Z(p +n)aptnz” . (10)

n=1

Equating the coefficient of 2™ in (10), we have

po+’rn_(p+m)ap+7rL = (1+a)pt7rL+(a(p+1)ap+1+po+1)t7rL—1+-~-+(a(p+m_1)afp+m—1+po+m—1)t1

which shows that pBj1,, — (p+n)dptrn on the right hand side of (10) depends only
on Gpi1, Bpt1,apt2, Bpt2, ..., Gptn—1, Bpyn—1, of left-hand side. Hence , for n > 1,
we can write as

( (1+a)p mz: (anay, +an)z"> Zm: —nap)z" + Z 2"

n=1 n=m-+1
(11)

Using the fact that |z¢(z)| < 8|z] < B for all z € U in (11), this reduce to inequality

i (pB,, — nay)z" + i 2"

n=m-+1

m—1
1+ a)p+ Z (ana, + pBy)
n=1

Then squaring the above inequality and integrating along |z| = r < 1, we obtain
2

27 m—1
B2 / (1+a)p+ Z (anay, + pBy,)r"e™| do
0 n=1
2w | m 2
>/ Z(pB — nay,)rte™? 4 Z car™e™| df .
0 n=1 n=m-+1

Using now the Paraseval’s inequality, we obtain

m—1 [e%s}
3 ((Ha 2+ 3" |ona, +pB,[*r 2”) >Z|pB —nay P4 Y e Prn

n=1 n=1 n=m-+1

Letting » — 1 in this inequality, we get
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m m—1
> nan — pBnl* < 8° ((1 +a)’p* + > |anay, + pB, |2>

n=1 n=1
Hence we deduce that

m—

[man = pBul’ = (140)28%* < Z {0282~ 1)n% a2+ (82~ 1)p? | Bu[*+2p(af* +1)nlan Bl }
and thus we obtain the inequality (8). Which completes the proof of Theorem 2.
Theorem 3. Let 0 < a <1,0< <1, f given by (1 )andgES*(’C 1);;) such
that
(14 apB) Zp—i—n lapsn] + (1 4+ 3) pZ|Bp+n\<(1+a)ﬂp, (12)
n=1 n=1

where the coefficients By, are given by (5), then f € ICI()k)(a,B).
Proof. For f given by (1)) and g defined by (2), we set

)zf() gk (2)

2(k=1)p

ﬁ‘azf/ (2) + p;,’:lezp

‘Z ptn)ap, 22T —pz Bpin 2Pt ‘—6‘ (14-a)pzP+a Z pHn)ap 2" —i—pz Bpin 2Pt ‘

n=1 n=1 n=1

o0
Z P+ 1)l apenllzP +pZ | Byl 27"

n=1

o0 oo
B+ Izl = a Y 0+ Wlapinl 277 =2 Y Byl 27H)

n=1 n=1

—(L+@)Bplz|” + (1 + ap) Z P+ 0)lapnl 2P+ (L4 B)p Y | Bpull2/7

n=1

oo

= (= +a)Bp+ (1 +aB) > (0 + n)lapal + 1+ Bp Y [Byral ) 21"

n=1 n=1

From the inequality (12), we obtain that A < 0.
Thus we have

< B‘azf gk(z)

2(k=1)p

‘Zf( ) gl;: Dp

which is equivalent to (4). Hence f € Kék)(a,ﬂ). This completes the proof of
Theorem 3.
Theorem 4. If f € Kz(,k)(a,ﬂ), then for |z| =7 (0 < r < 1), we have

p(1 — Br)rr=t p(1+ Br)rP=1
(14 aBr)(1+7) (1—afr)(1—r)2

y " op(1—Br)rrt " op(l+4 )Tt
(#) /0 (1+aB7)(1+7)%P dr <|f(z) < /0 (1—afr)(1— T)QPdT (14)

(4)

= <If () <
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Proof. If f € IC,(,k)( ,3), then there exist a function g € S*( (k= 1)p) such that
(4) holds. (i) From Lemma 1 it follows that the function G( ) given by (5) is
p—valently starlike function.Hence from [1, Theorem 1] we have

mﬁm( )|7W (Je[=r(0<r<1)). (15)
Let us define ¥(z) by
1) =28 e
then by (7), we have
(p—pBr) _ (p+pBr)
(0 Fapr) = < |¥(z)| < (= apr) (z €. (16)

Thus from (15) and (16), we get the inequalities (13).
(i) Let z = re? (0 < r < 1). If I denotes the closed line-segment in the complex
¢—plane from ¢ =0 and ¢ = z, i.e. [ = [0,7re'?], then we have

= [F©ic= [ feenetar (A=r0<r<1)
l 0

Thus, by using the upper estimate in (13), we have

_ ' ' "(re)|dT "+ pr)r T z|=r r
A= [F@ad < [ 1 et < [ IR —mir (] =r 0 < <),

which yields the right hand of the inequality in (14).

In order to prove the lower bound in (14), let zg € U with |z| = 7 (0 < r < 1),
such that

| (20)] = min{[f(2)| : |2] = r}.

It is sufficient to prove that the left-hand side inequality holds for this point zj.
Moreover, we have

fI =2 1f(z0)l (2l =7 (0 <7 <1)).
The image of the closed line-segment lo = [0, f(20)] by f~! is a piece of arc T’
included in the closed disk U, given by

U,={z:2€C and |z| <r (0<r<1)},
that is, I' = f~1(lg) C U,. Hence, in accordance with (13),we obtain

el = [t = [ 17 @lacl > [ GHSET

This finishes the proof of the inequality (14).
Theorem 5. Let —1 < —asfs < —a181 < f1 < B2 <1 Then.

’Cék)(alvﬁl) C ’C;gk)(@%ﬂz)
Proof. Suppose that f € ICI(,k)(al,ﬂl) Then
12f(2) , 1+pie
p G(z) 1—a1612
since —1 < —apfs < —a1 01 < B1 < P2 < 1. By Lemma 5, we have

}zf/(z) - 1+ Bz - 1+ B2z
p G(z) l-aifriz  1—asfz
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it follows that f(z) € IC;(;k)(ozg, B2), which implies the inclusion result.

Theorem 6. For a function f(z) given by (1) is in the class /C;E,k)(oz, B) and p € C,
the following estimates holds.

p 2up? p° (14+a)(1+apB)sp
sz = aa] < 20+ )| = [+ pgm + T (17)
where ) )
1 zmax{1,|1+2p(l—/;§(f$2))|} (18)
. (15 0)(p-+2)Bup — (1+aB)(p+ 1)?
. +a)(p+ up— (1 +ap)(p+
po = mar {1, L+ aB)(1+p)? } 19)
Proof. Let f € ICI(;k)(a,B), then
1z2f(2) 1+ Bu(z) (e U) (20)

p G(z) 1-aBuw(z)
where G(z) is given by (5) and w(z) is schwarz function given by (6) which is
analytic in U with w(0) = 0 and |w(z)| < 1.

Using the series expansions in (20), we have

+1 + 2 +1
1+ (p e *Bzwrl)z+ (p P b » ap1Bpi1+ (Bl *Bp+2))22 + ...

=14+ (1 +a)fwiz+ (1+a)1+aB)B(w? +wy)z? + ... (21)
Equating of coefficients in (21) gives us

W1 = 7 ——((1+ @)Bw1 + Byy1),
apyo = + Py (14 @)BwiBpi1 + (1+ a)(1+ af)B(w] + ws) + Byia).
Therefore, we have
® +2p) p 2up®
‘a’erQ ﬂap+1| = pt2 p+27 (p n ) p+1 ( +O‘)B p+2 (p i 1)2 ‘le P+1|
P p(l+a)Bp® +2p) — L+ aB)(p+1)y
P 14 a)0 ‘ - ( ) ‘ 22
+p+2( +a)(1+ap)B|w: 1+ aB)(p+1)2 wil- (22)
Now, the desired result follows upon using lemma 2 and lemma 3 in (22).
Theorem 7. If f(z) € ICék)(a, B), then there exists
1+ 82
q(z) <7 P
such that for all s and t with |s| <1 and [¢| <1,
p=1¢ 1—
t _ f/(sz)q(tz) ( tZ)Qp- (23)
sP=Lf (tz)q(sz) 1—sz
Proof. Let f(z) € /C;(;k)(oz,ﬁ), then there exist g(z) € S ( (k= 1)p>
Suppose
1 zf/ z
o(z) = 2220 (21)

p G(z)
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where )
_ 9k(2
G(z) = ~o—Dp -
Then by (7) ,we have
1+ Bz
a(z) < 1—apz
logarithmic derivative of (24), implies
2f"(2) 24 (2) =G (2)
7 - +1—-p= —-p. 25
G ) ato) )
Since G(z) € S,
12G'(2) 14z
- _< s
p G(z) 1—2
S0
2G (2) 2pz
— 2
G(z) 1—2 (26)
From (25) and (26), we have
S W), e o

= a4 -z

For s and t such that |s| <1 and [¢| < 1, the function

h(z) = /0 s L g (28)

1—su 1—tu

is convex in U.
Applying Lemma 6, we have
(Zf"(z) 24 (2) 2pz
I (z) q(z) 1—2z
Given any function k(z) analytic in U, with k(0) = 0, we have

@*M@)lwumm‘ (= € V),

p u

+1—p)*h(z) < * h(2).

which implies that

(s2)172f (s2)q(t2) 1—tz72p
oo [y Fiastaen) | = 0 T=5)
°d (t2)1=Pf' (tz)q(sz) Y1 s,
which is equivalent to (23). This completes the proof of Theorem 7.
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