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ON A q-ANALOGUE OF HILBERT’S INEQUALITY

R. DUMITRU AND J. A. FRANCO

Abstract. In this article an expression relating sinq(πqα) and the q-analogue

of the beta function Bq(α, λ − α) is found. This is used show that the q-
analogue of Hilbert’s inequality∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dqx dqy ≤
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p′)

∥f∥p∥g∥p′

holds and a generalization of this inequality is proved.

Hilbert’s inequality∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dxdy ≤ π

sin(π/p)
∥f∥p∥g∥p′ , (1)

where 1 < p < ∞, p′ = p
p−1 and f ∈ Lp[0,∞) and g ∈ Lp′

[0,∞), has been heavily

studied in mathematics. Of particular interest for us is the proof found in [3], where
Schur’s test is applied to the homogeneous Hilbert kernel

k(x, y) =
1

x+ y

on [0,∞) × [0,∞) to prove the result. In this article, we prove the q-analogue of
Hilbert’s inequality (see Theorem 4),∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dqx dqy ≤ 2πq

(2)αq (2)
1−α
q sinq(πq/p′)

∥f∥p∥g∥p′ , (2)

is satisfied. To show this result, a special case of Schur’s test is proved in the
quantum calculus setup (see Theorem 3).

For p = p′ = 2, a generalization for the classical Hilbert’s inequality is proved
in [1]. For those values of p and p′ and λ > 0, they show that given two positive
constants a, b and two functions f, g ∈ L2([0,∞), t1−λdt), the inequality:∫ ∞

0

∫ ∞

0

f(x)g(y)

(ax+ by)λ
dxdy <

B(λ/2, λ/2)

(ab)λ
∥f∥2∥g∥2 (3)

is satisfied, with the norms on the right-hand-side are the norms induced by the
measure t1−λdt. Here B(·, ·) is the classical beta function. To obtain a similar, but
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stronger, generalization for the q-analogue, we show that the q-analogue of the beta
function satisfies:

Bq(x, λ− x) =
πq

sinq(πqx)

λ−1∏
k=1

[
1 +

x

k

]
qk

.

for λ ∈ N and 0 < x < λ (See Lemma 1). With this result, we are able to show
that under certain conditions:∫ ∞

0

∫ ∞

0

|f(x)g(y)|
(ax+ by)λq

dqx dqy ≤ Mλ,β
q (a, b)∥f∥p∥g∥p′ .

is satisfied for some constant Mλ,β
q (a, b) that is explicitly calculated (see Theorem

6).

1. Preliminaries

In this section, we will introduce the basic definitions of q-calculus that will be
needed throughout this exposition. For the rest of the article, we will assume a
deformation parameter 0 < q < 1. The q-analogue of x ∈ R will be denoted and
defined by

[x] =
1− qx

1− q
.

Later it will be useful to consider the qk analogue of x ∈ R defined by:

[x]qk =
1− qkx

1− qk
.

Integrals in this article will be understood as the Jackson integrals:∫ b

0

f(x)dqx = (1− q)b
∞∑
j=0

qjf(qjb),

∫ ∞

0

f(x)dqx = (1− q)

∞∑
j=−∞

qjf(qj).

We remark that the Fundamental Theorem of Calculus is satisfied by the Jackson
integral (see Theorem 20.1 in [5]) and for later use, we record the q-analogue of the
power rule ∫

xαdqx =
xα+1

[α+ 1]
α ̸= −1.

An important estimate used in this article uses the q-analogues of the gamma (c.f.
[4]) and beta functions (c.f. [2]). For s, t > 0:

Γq(t) =
(1− q)t−1

q

(1− q)t−1
(4)

Bq(t, s) =
Γq(s)Γq(t)

Γq(s+ t)
(5)
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where,

(a+ b)nq =
n−1∏
j=0

(a+ qjb) for n ∈ N,

(1 + a)∞q =
∞∏
j=0

(1 + qja) and

(1 + a)tq =
(1 + a)∞q
(1 + aqt)∞q

for t ∈ C.

These q-binomials satisfy many properties of which we mention the following, for
later use, (c.f. [2])

(1 + x)s+t
q = (1 + x)sq(1 + qsx)tq, (6)

for s, t ∈ R. Integral representations of these functions

Γq(t) = K(A, t)

∫ ∞/A(1−q)

0

xt−1e−x
q dqx

Bq(t, s) = K(A, t)

∫ ∞/A

0

xt−1

(1 + x)t+s
q

dqx, (7)

are proved in [2], where

K(A, t) =
1

1 +A
At

(
1 +

1

A

)t

q

(1 +A)
1−t
q (8)

and ∫ ∞/A

0

f(x)dqx = (1− q)b
∞∑
j=0

qj

A
f(qj/A).

In particular, (7) will be especially important to our exposition. One last fact
regarding the q-gamma functions will be useful for our purposes. In [6], they obtain:

Γq(t)Γq(1− t) =
πq

sinq(πqt)
, (9)

where

sinq(x) =
eq(ix)− eq(−ix)

2i
and πq is the analogue of π defined via the equation

sinq(πqx) = πq[x]
∞∏
k=1

[
1 +

x

k

]
qk

[
1− x

k

]
qk

. (10)

In the following lemma, we generalize equation (9).

Lemma 1. For λ ∈ N and 0 < x < λ we have

Bq(x, λ− x) =
πq

sinq(πqx)

λ−1∏
k=1

[
1 +

x

k

]
qk

. (11)

Proof. It is known that (c.f. Eq. 3, [6]):

Γq(x)
−1 = [x]

∞∏
k=1

[
1 +

x

k

]
qk

([
1 +

1

k

]
qk

)−x

,
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we calculate:

Bq(x, λ− x) =
[λ]

[x][λ− x]

∞∏
k=1

[
1 + λ

k

]
qk[

1 + x
k

]
qk

[
1 + λ−x

k

]
qk

=
[λ]

[x][λ− x]

∞∏
k=1

(1− qk+λ)(1− qk)

(1− qk+λ−x)(1− qk+x)

=
[λ]

[x][λ− x]

λ∏
k=1

(1− qk−x)

(1− qk)

∞∏
k=1

(1− qk)(1− qk)

(1− qk−x)(1− qk+x)

=
[λ]

[x][λ− x]

λ∏
k=1

(1− qk−x)

(1− qk)

∞∏
k=1

1[
1 + x

k

]
qk

[
1− x

k

]
qk

=
πq

sinq(πqt)

λ−1∏
k=1

(1− qk−x)

(1− qk)
,

which is the desired result. �
Notice that when λ = 1, Equation (11) reduces to (9), thus generalizing this

result. With all these tools at hand, we are now able to tackle the proof of the
q-analogue of Hilbert’s inequality.

2. q-Hilbert’s Inequality

The first step in our proof will be to obtain the value of the integral of x−αk(x, y)
where k(x, y) is the Hilbert kernel k(x, y) = 1/(x+ y).

Lemma 2. For 0 < α < 1,∫ ∞

0

1

(x+ y)xα
dqx =

2πq

yα(2)αq (2)
1−α
q sinq(απq)

. (12)

In particular, when α = 1/p′,∫ ∞

0

1

(x+ y)x1/p′ dqx =
2πq

y1/p′(2)
1/p′
q (2)

1/p
q sinq(πq/p′)

. (13)

Proof. Equation (13) follows from (12). So, using (7) with t = 1− α and s = α we
obtain: ∫ ∞

0

1

(1 + u)uα
dqu =

Bq(1− α, α)

K(1, 1− α)
.

Now we use (5) and (8) to obtain:∫ ∞

0

1

(1 + u)uα
dqu =

2Γq(α)Γq(1− α)

(2)αq (2)
1−α
q

.

In particular, (9) implies:∫ ∞

0

1

(1 + u)uα
dqu =

2πq

(2)αq (2)
1−α
q sinq(πqα)

.

To obtain our result, notice that∫ ∞

0

1

(x+ y)xα
dqx =

∫ ∞

0

1

(1 + x/y)yα+1(x/y)α
dqx,

and now the substitution u = x/y gives the result (c.f. Eq. 19.15 [5]). �
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To show Hilbert’s inequality we will need a q-analogue of Schur’s test in the
quantum calculus setup. We show this in the following theorem.

Theorem 3 (q-Schur’s test). For k = k(x, y) and 1 < p < ∞, suppose that there

exist functions s ∈ Lp[0,∞), t ∈ Lp′
[0,∞) and constants A and B such that such

that the integrals exist and satisfy:∫ ∞

0

k(x, y)t(y)p
′
dqy ≤ (As(x))p

′

for every x ∈ [0,∞), and ∫ ∞

0

k(x, y)s(x)pdqx ≤ (Bt(y))p

for every y ∈ [0,∞). Then, if f ∈ Lp[0,∞),

T (f)(x) =

∫ ∞

0

k(x, y)f(y)dqy

exists for every x ∈ [0,∞), T (f) ∈ Lp[0,∞) and

∥T (f)∥p ≤ AB∥f∥p.

Proof. By the q-Hölder’s inequality, it suffices to show that for every non-negative
functions h ∈ Lp′

[0,∞) and g ∈ Lp[0,∞), the following inequality is satisfied

∥h · T (g)∥1 ≤ AB∥g∥p∥h∥p′ .

Then, by the q-Hölder’s inequality and the hypothesis of the theorem we obtain:∫ ∞

0

k(x, y)g(y)dqy =

∫ ∞

0

(
t(y)k(x, y)

g(y)

t(y)

)
dqy (14)

=

∫ ∞

0

(
t(y)k(x, y)1/p

′ g(y)k(x, y)1/p

t(y)

)
dqy

≤
(∫ ∞

0

t(y)p
′
k(x, y)dqy

)1/p′ (∫ ∞

0

g(y)pk(x, y)

t(y)p
dqy

)1/p

≤ As(x)

(∫ ∞

0

k(x, y)g(y)p

t(y)p
dqy

)1/p

.

Now, we consider the norm:

∥h · T (g)∥1 ≤ A

∫ ∞

0

h(x)s(x)

(∫ ∞

0

k(x, y)g(y)p

t(y)p
dqy

)1/p

dqx (15)

≤ A∥h∥p′

(∫ ∞

0

∫ ∞

0

s(x)p
k(x, y)g(y)p

t(y)p
dqy dqx

)1/p

(16)

= A∥h∥p′

(∫ ∞

0

s(x)pk(x, y)dqx

∫ ∞

0

g(y)p

t(y)p
dqy

)1/p

(17)

≤ AB∥h∥p′

(∫ ∞

0

g(y)pdqy

)1/p

, (18)

where the (15) follows from (14), (16) follows from the q-Hölder’s inequality, (17)
follows from Fubini-Tonelli’s theorem, and (18) follows from the hypotheses of the
theorem. �
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We are now able to show the q-analogue of Hilbert’s inequality.

Theorem 4 (q-Hilbert’s inequality). Let 1 < p < ∞ and let k(x, y) =
1

x+ y
. If

f ∈ Lp[0,∞) and g ∈ Lp′
[0,∞). Then,∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dqx dqy ≤ 2πq

(2)
1/p
q (2)

1/p′
q sinq(πq/p)

∥f∥p∥g∥p′ . (19)

Furthermore, the constant
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p′)

is the best possible.

Proof. Let

s(x) = t(x) =
1

x1/(pp′)
.

Then, by Lemma 2,

∫ ∞

0

s(x)pk(x, y)dqx =

∫ ∞

0

1

(x+ y)x1/p′ dqx =
2πq

y1/p′(2)
1/p′
q (2)

1/p
q sinq(πq/p′)

=
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p′)

t(y)p =
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p)

t(y)p

and

∫ ∞

0

t(y)pk(x, y)dqy =

∫ ∞

0

1

(x+ y)y1/p
dqy =

2πq

x1/p(2)
1/p′
q (2)

1/p
q sinq(πq/p)

=
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p)

s(x)p
′
.

Hence,

AB =

(
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p)

)1/p+1/p′

=
2πq

(2)
1/p′
q (2)

1/p
q sinq(πq/p)

in Theorem 3. This completes the proof of the inequality.
Now, we proceed to show that the constant is the best possible. Let χS : [0,∞) →

{0, 1} denote the characteristic function of the set S and define

fλ(x) = [λ− 1]1/px−λ/pχ[1,∞)(x)

and

gλ(y) = [λ− 1]1/p
′
y−λ/p′

χ[1,∞)(y).
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Then, if 1 < λ < p, we have∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dqx dqy = [λ− 1]

∫ ∞

1

1

yλ/p′

(∫ ∞

1

1

xλ/p(x+ y)
dqx

)
dqy

= [λ− 1]

∫ ∞

1

1

yλ/p′

(∫ ∞

0

1

xλ/p(x+ y)
dqx

)
dqy

− [λ− 1]

∫ ∞

1

1

yλ/p′

(∫ 1

0

1

xλ/p(x+ y)
dqx

)
dqy

=
2πqq

λ−1

(2)
1−λ/p
q (2)

λ/p
q sinq(λπq/p)

− [λ− 1]

∫ ∞

1

1

yλ

(∫ 1/y

0

1

uλ/p(1 + u)
dqu

)
dqy

by (12). For the last integral, notice that 0 ≤ x ≤ 1 and 1 ≤ y < ∞. Thus,
1 + u ≥ 1. So, we obtain:∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dqx dqy ≥ 2πqq
λ−1

(2)
1−λ/p
q (2)

λ/p
q sinq(λπq/p)

− [λ− 1]

∫ ∞

1

1

yλ

(∫ 1/y

0

1

uλ/p
dqu

)
dqy.

Observe that ∫ 1/y

0

u−λ/pdqu =
y(λ/p)−1

[1− λ/p]
.

Then,∫ ∞

1

1

yλ

(∫ 1/y

0

1

uλ/p
dqu

)
dqy =

1

[1− λ/p]

∫ ∞

1

y−(λ/p′)−1dqy = − 1

[1− λ/p][λ/p′]qλ/p′ .

Therefore, ∫ ∞

0

∫ ∞

0

|f(x)g(y)|
x+ y

dqx dqy ≥ 2πqq
λ−1

(2)
1−λ/p
q (2)

λ/p
q sinq(λπq/p)

+
[λ− 1]

[1− λ/p][λ/p′]qλ/p′ .

Now, as λ → 1,

2πqq
λ−1

(2)
1−λ/p
q (2)

λ/p
q sinq(λπq/p)

+
[λ− 1]

[1− λ/p][λ/p′]qλ/p′ → 2πq

(2)
1/p
q (2)

1/p
q sinq(πq/p′)

and this implies equality for these particular functions f and g. This completes the
proof. �

3. A Generalization of q-Hilbert’s Inequality

In this section, we show the q-analogue of (3) for λ ∈ N. We start this section
with a generalization of Lemma 2.
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Lemma 5. For λ ∈ N and 0 < α < 1,∫ ∞

0

1

(ax+ by)λq y
α
dqy

= bα−1(ax)1−α−λ 2πq

(2)αq (2)
1−α
q sinq(απq)

λ−1∏
k=1

[
1 +

1− α

k

]
qk

. (20)

and∫ ∞

0

1

(ax+ by)λqx
α
dqx

= aα−1(by)1−α−λ 2πq

(2)λ+α−1
q (2)2−λ−α

q sinq(απq)

λ−1∏
k=1

[
1 +

1− α

k

]
qk

. (21)

Proof. The proof of (20) is similar to the proof of (12) noting that

(ax+ by)λq =

λ−1∏
j=0

(ax+ qjby) = (ax)λ
λ−1∏
j=0

(1 + qj(by)/(ax)) = (ax)λ(1 + (by)/(ax))λq

and using (11) instead of (9) at the end. Hence, it is omitted. However, the proof
of (21) is inherently different due to the fact that (a+ b)λq ̸= (b+a)λq for λ > 1. For
this proof we will use the following property of the q-integrals (c.f [2]):∫ ∞/A

0

f(x)dqx =

∫ ∞·A

0

1

x2
f

(
1

x

)
dqx. (22)

We start by rewriting the integral:∫ ∞

0

1

(ax+ by)λqx
α
dqx =

∫ ∞

0

1

xα+λaλ(1 + by/(ax))λq
dqx.

Now we let u = ax/(by) to obtain:∫ ∞

0

1

(ax+ by)λqx
α
dqx = aα−1(by)1−α−λ

∫ ∞

0

1

uα+λ(1 + 1/u)λq
dqu.

To use (22), we rewrite this as:∫ ∞

0

1

(ax+ by)λqx
α
dqx = aα−1(by)1−α−λ

∫ ∞

0

1

u2
· (1/u)

α+λ−2

(1 + 1/u)λq
dqu.

So that, the integral becomes∫ ∞

0

1

(ax+ by)λqx
α
dqx = aα−1(by)1−α−λ

∫ ∞

0

uα+λ−2

(1 + u)λq
dqu.

Now, using (7) we obtain∫ ∞

0

1

(ax+ by)λqx
α
dqx = aα−1(by)1−α−λBq(λ− (1− α), 1− α)

K(1, λ− (1− α))
.

Now, (11) and the fact that sinq(π1(1−α)) = sinq(π1α) give the desired result. �
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It must be noted that when a, b, λ = 1 we recover the result in Lemma 2. To
show our generalization of (23), let 0 < β < min{1/p, 1/p′} and we consider

I : =

∫ ∞

0

∫ ∞

0

|f(x)g(y)|
(ax+ by)λq

dqx dqy =

∫ ∞

0

∫ ∞

0

|f(x)g(y)|
(ax)λ(1 + (by)/(ax))λq

dqx dqy

=

∫ ∞

0

∫ ∞

0

|f(x)|(x/y)β

(ax)λ/p(1 + (by)/(ax))
λ/p
q

· |g(y)|(y/x)β

(ax)λ/p′(1 + qλ/p(by)/(ax))
λ/p′
q

dqx dqy.

By Hölder’s inequality, Equation (6), and Lemma 5, we have:

I ≤
(∫ ∞

0

∫ ∞

0

|f(x)|pxpβ

(ax+ by)λq y
pβ

dqy dqx

)1/p
(∫ ∞

0

∫ ∞

0

|g(y)|p′
yp

′β

(ax+ qλ/pby)λq x
p′β

dqx dqy

)1/p′

≤ Mλ,β
q (a, b)

(∫ ∞

0

|f(x)|px1−λdqx

)1/p(∫ ∞

0

|g(y)|p
′
y1−λdqy

)1/p′

,

where

Mλ,β
q (a, b) :=

2πq(ab)
−λ qλ/p(1−p′β−λ)

((2)βq (2)
1−β
q )1/p((2)λ+β−1

q (2)2−λ−β
q )1/p′ sinq(απq)

·
λ−1∏
k=1

[
1 +

1− pβ

k

]1/p
qk

[
1 +

1− p′β

k

]1/p′

qk
.

This proves the following theorem:

Theorem 6 (Generalization of the q-Hilbert’s inequality). Let 1 < p < ∞, a, b >
0, and λ ∈ N. Let β ∈ R such that 0 < β < min{1/p, 1/p′}. Then, if f ∈
Lp([0,∞), t1−λdqt) and g ∈ Lp′

([0,∞), t1−λdqt), then,∫ ∞

0

∫ ∞

0

|f(x)g(y)|
(ax+ by)λq

dqx dqy ≤ Mλ,β
q (a, b)∥f∥p∥g∥p′ . (23)
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