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EXISTENCE OF COMMON FIXED POINT IN SYMMETRIC
SPACE WITH APPLICATION

ANITA TOMAR, SHIVANGI UPADHYAY AND RITU SHARMA

ABSTRACT. Motivated by the fact that most of the times techniques used to
establish coincidence and common fixed point do not require triangle inequal-
ity of the distance function, an attempt has been made in this paper to obtain
coincidence and common fixed point theorems for S and T-compatible of type
(E) and S and T- sub-sequentially continuous pairs of self-mappings in a sym-
metric space. Examples are given to illustrate our results and an application
is also furnished to demonstrate the applicability of results obtained.

1. INTRODUCTION

M. Fréchet [4] axiomatically framed the idea of distance at the beginning of
nineteen century although its knowledge is as old as the history of civilization.
Actually, appreciating the Euclidean distance between two points given by the
absolute difference, Fréchet expressed and generalized the notion of distance in an
abstract form. It is an imperative fact that the origination of the notion of metric
unlocks a novel era to mathematical analysis and consequently the interconnected
disciplines. Recently, the notion of F-contraction has fascinated the attentiveness
of numerous researchers and by now there exists a substantial literature related to
this notion. For instance: Minak et al. [5], Tomar et al. [11]-[12], Tomar and Ritu
[14], Wardowski [15], Wardowski et al. [16] and many others. Aim of this paper is
to establish some common fixed-point theorems for mappings satisfying Ciri¢ type
F-contraction in symmetric (semi-metric) space using S and T-compatibility of type
(E) and S and T-sub-sequential continuity. Motivation behind is the fact that most
of the times techniques used to establish coincidence and common fixed point do not
require triangle inequality of the distance function. Further this appears to be of
fundamental significance in view of a traditionally noteworthy open question raised
by Rhoades [7] whether or not there is a contractive condition which is convincing
to establish a fixed point, but does not force the mapping to be continuous at the
fixed point. In this paper, we postulate one more affirmative solution to an open
question of Rhoades [[8], page 242] in a symmetric space. It may be witnessed
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that in most of the fixed-point theorems in the literature, the contractive condition
forces the mapping to be continuous at the fixed point however continuity is neither
assumed nor implied by the contractive definition. Apart from these, we give several
illustrative examples that signify the inspiration of our explorations. In fact, the
common fixed-point theorems presented here enrich and improve earlier known
results on the topic in the literature. Also we utilize our result to establish the
existence and uniqueness of the solution of an integral equation.

2. PRELIMINARIES

A symmetric on a set X is a nonnegative real valued function d on X x X such
that
(i) d(z,y) = 0 if and only if z = y,
(i) d(z,y) = d(y, z).
A set X together with a symmetric d is called a symmetric space.
Following Pant [6] reciprocal continuity in a symmetric space is defined as:
Definition 1 A pair of self mappings (S,T) in a symmetric space (X, d) is recip-
rocally continuous iff

lim STx, = St
n— oo
and
lim TSx, =Tt,
n— o0
whenever a sequence {x, } in X such that lim Sz, = lim Tz, =t for somet € X.

n—oo n—0o0

Following H. Bouhadjera and Godet-Thobie [3] sub-sequential continuity in a
symmetric space is defined as:
Definition 2 A pair of self mappings (S,T) in a symmetric space (X,d) is sub-
sequentially continuous iff there exists a sequence {z,} in X such that lim Sz, =

n—oo
lim Tz, =t for some t € X and satisfy
n—roo
lim STz, = St
n—o0
and

lim TSz, =Tt.

n— oo

It is worth mentioning here that continuous or reciprocally continuous mappings
are sub-sequentially continuous but the converse may be not be true.

Following S. Beloul [2] weak sub-sequential continuity, S-sub-sequential continu-
ity and T-sub-sequential continuity in a symmetric space are defined as:
Definition 3 A pair of self mappings (S,7) in a symmetric space (X,d) is
weakly sub-sequentially continuous iff there exists a sequence {z,} in X such that

lim Sz, = lim Tx, =t for some t € X and satisfy
n— oo n— o0

lim STz, = St
n—00

or
lim TSz, =Tt.

n— oo
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Definition 4 A pair of self mappings (S,7) in a symmetric space (X,d) is
S-sub-sequentially continuous iff there exists a sequence {x,} in X such that

lim Sz, = lim Tx, =t
n—oo n—oo

for some ¢t € X and satisfy lim STz, = St.
n—oo
Definition 5 A pair of self mappings (S,7) in a symmetric space (X,d) is
T-sub-sequentially continuous iff there exists a sequence {x,} in X such that

lim Sz, = lim Tx, =t
n— 00 n—oo

for some t € X and satisfy lim TSz, =Tt.
n—oo

Example 1 Let X = [0,1] be endowed with a symmetric d. Let S and T be
defined as follows:

T 0<zx
Sx:{17x 1
1 §<.CL'

IAINA

1 1
2 Tx:{ l—z, 0<z<3

1 1
] §<.’ES1,

Clearly S and T are discontinuous at 3. If we consider a sequence {z,}, which is

1
defined for each n > 1 by z,, = %, lim Sz, = lim Tx, = 3 Also we have:
n—oo n—oo

1 1

lim STx, = lim S= =5=

n— 00 n—oo 2 2

and

. . 1 1

lim TSz, = lim T- =T-.

n—oo n—oo 2 2
So a pair of self mappings (5,7 is sub-sequentially continuous and hence weakly
sub-sequentially continuous. Now let {y,} be a sequence defined for each n > 1 by

Yn = 3 — +, we have
lim Sy, = lim Ty, = -,
n—o00 n—o00 2
and X X , )
lim STy, = lim S(=+ =)= = # S~
lim STy, = lm S(5+-) =3 #55
but ! : , :
A T = i T =) =5 =Ty

Hence, it is not reciprocally continuous.

Notice that reciprocally continuous or sub-sequentially continuous pair of map-
pings is weakly sub-sequentially continuous however the reverse implication is not
essentially true. Also one may notice that a pair of self mappings (S,T) is T-sub-
sequentially continuous but not S-sub-sequentially continuous.

Example 2 Let X = [0, 4] be endowed with a symmetric d. Let S and T be defined
as follows:

4—x

=2 0<x< 1 2—z, 0Lz<1

— 3 — — — ) = s

Sz {g l<z<a, = {3 l<z<4,

Clearly S and T are discontinuous at 1. If we consider a sequence {z,}, which is
defined for each n > 1 by z,, = 1 such that

lim Sz, = lim Tx, = 1.
n—oo n—oo
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Also we have:

lim STz, = lim S1= 51,
n—oo

n—oo
and
lim TSz, = lim T1=T1.

n—oo n—oo

But, if {y,} be a sequence defined for each n > 1 by 5, = 1 — 1, we have

n’

lim Sy, = lim Ty, =1
n—oo

n—oo

and ) )
lim STy, = lim S(1+ —)= - # S1.
n— o0 n 2

n— oo

and )

lim TSy, = lim T(14+ —)=3#T1.

n— oo n— oo 3n
So a pair of self mappings (S,T) is sub-sequentially continuous, S-sub-sequentially
continuous and T-subsequentially continuous but not reciprocally continuous.

Example 3 Let X = [0,10] be endowed with a symmetric d. Let S and T be
defined as follows:
_ hwid
Sm:{z& z, 0<zx<4 Tm:{ 2 0<z<4

z 4 <z <10, 7, 4d<az <10,

Clearly S and T are discontinuous at 4. If we consider a sequence {z,}, which is
defined for each n > 1 by =, =4 — % such that

lim Sz, = lim Tz, = 4.
n—oo n—oo

Also we have:

1

lim STz, = lim S4—-—)=4=54

n—00 n—00 3n
and )

lim TSz, = lim T(44+ —)=7#T4.

n— oo n—00 n
So a pair of self mappings (S,T) is S-sub-sequentially continuous but is neither
T-sub-sequentially continuous nor reciprocally continuous.

Notice that appropriate change of position of S and T in the Definition 4 yields
Definition 5. S-sub-sequentially continuous (or T-sub-sequentially continuous) pair
of self mappings is weakly sub-sequentially continuous but not sub-sequentially
continuous. For details on the variants of continuity one may refer to Tomar and
Karapinar [13].

Following Singh and Singh [10] compatiblity of type (FE), S-compatiblity of type
(E) and T-compatiblity of type (E) in a symmetric space are defined as:

Definition 6 A pair of self mappings (S,7T) in a symmetric space (X,d) is com-
patible of type (E), if
lim T2z, = lim TSz, = St

n—oo n—oo
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and
lim S%z, = lim STz, = Tt,

n— oo n—oo

whenever {x,} is a sequence in X such that

lim Sz, = lim Tz, =t
n— o0 n—o0

for some t € X.

Definition 7 A pair of self mappings (5,7T) of a symmetric space (X,d) is S-
compatible of type (E), if

lim S%z, = lim STz, =Tt

n— oo n—oo

whenever {x,} is a sequence in X such that

lim Sz, = lim Tx, =t
n— oo n—oo

for some t € X.

Definition 8 A pair of self mappings (S,T) of a symmetric space (X,d) is T-
compatible of type (F) if

lim 7%z, = lim TSz, = St

n— oo n—00

whenever {z,} is a sequence in X such that

lim Sz, = lim Tx, =t
n—roo n—roo

for some t € X.

Example 4 Let X = [0,1] be endowed with a symmetric d. Let S and T be
defined as follows:

T 0<zx
Sx_{l-’l-r 1
i §<.'L'

A INA
— D=

1 z
ore={ 1]
) 50 2

IAIA

x
€T

IAIN

We consider a sequence {x,}, which is defined for each n > 1 by z,, = % Clearly

lim Sz, = lim Tx, =0
n—o0 n—oo

and also we have:
lim S%z, = lim STz, =70

n— o0 n— oo
and
lim T?z, = lim TSz, = SO.

n—oo n—oo

Then (5,T) is Compatible of type (E).

Example 5 Let X = [0,10] be endowed with a symmetric d. Let S and T be
defined as follows:

- <z< oo <
S:C{S z, 0<z<2 Tx{ ZE, 0<z <2

1 2 <z <10, 2 <z <10,

1
2
If we consider a sequence {x, }, which is defined for each n > 1 by z,, = 1— % such
that

lim Sz, = lim Tx, = 2.
n—oo n—oo
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Also we have:

1 1
lim STz, = lim S(2+ 2—) =-=1T2

n—00 n—00 n 2
and
. . 1 1
lim SSz, = lim S(24+ —)=-=T2.
n—oo n—oo n 2
Similarly,
. . 1 1
lim TSz, = lim T(2+ —) = - # S2.
n—00 n—00 n 2
. . 1 1
lim TTz, = lim T(2+ —) = = # 52.

So a pair of self mappings (S,T) is T-compatible of type (E) but not compatible
of type (E) and also does not commute at 2 as ST2 = % #2=T52.

One may notice that T-compatiblity of type (E) does not reduce to weak compat-
ibility at coincidence point. It is worth mentioning here that compatiblity of type
(E) and S-compatibility of type (E) also does not reduce to weak compatibility at
coincidence point like most of the weaker forms of commutativity. For details on
this concept one may refer to Singh and Tomar[9]. Further notice that appropriate
change of position of S and T in the Definition 7 yields Definition 8.

Let F be the family of all continuous functions F' : RT™ — R satisfying:

e F'is strictly increasing.
e For each sequence {a,,} in X, lim «, = 0if and only if lim F(a,) = —o0,
n—oo n—oo
n € N.
o There exists k € (0,1) satisfying lim+ " F(a) = 0.
a—0

Example (1) F(t) = Int,
(2) F(t) =t+Int,
(3) F(t) = —%.
Definition 9 [15] A self mapping T on a metric space (X, d) is an F-contraction
if there exist F' € F and 7 > 0 such that

d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(z,y)),

for all z,y € X.
Definition 10 [5] A self mapping 7' on a metric space (X, d) is a Ciri¢ type F-
contraction if there exist F' € F and 7 > 0 such that

d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(M(z,y)),
where M(z,y) = max{d(z,y),d(z,Tz),d(y, Ty), 3[d(z, Ty) + d(y, Tz)]}, for all
z,y € X.

Wardowski and Dung [16] introduced it independently as F-weak contraction.
Every F-contraction is an F-weak contraction however reverse implication does
not hold.
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3. MAIN RESULTS

First we define Ciri¢ type F-contraction for two pairs of mappings in a symmetric
space as follows:
Definition 11 Two pairs of self mappings (4, S) and (B,T) on a symmetric space
(X, d) are said to satisfy Ciri¢ type F-contraction if there exist F € F and 7 > 0
such that
d(Sz,Ty) >0 = 7+ F(d(Sz,Ty)) < F(M(zx,y)) (1)

where
1
M (z,y) = max{d(Az, By),d(Az, Sz),d(By, Ty), i[d(A:r,Ty) + d(By, Sx)]},
for all z,y € X.

Theorem 1 Let A, B, S and T be self mappings of a symmetric space (X,d)
such that:
(1) apair (4, S) is S-sub-sequentially continuous and S-compatible of type (F)
then A and S have a coincidence point.
(2) a pair (B,T) is T-sub-sequentially continuous and T-compatible of type
(E) then B and T have a coincidence point.
If pairs of self mappings (A, S) and (B, T) satisty Ciri¢ type F-contraction then A,
B, S and T have a unique common fixed point in X.

Proof: Since a pair (4, S5) is S-sub-sequentially continuous, there exists a se-
quence {x,} in X such that
lim Az, = lim Sz, = u,
n—oo n— oo
for some v € X and satisfy
lim SAz, = Su.

n—oo

Also (4, S) is S-compatible of type (E), so

lim SAz, = lim S%z, = Au.
n—oo n—oo

Consequently we obtain Au = Su, i.e., A and S has a coincidence point.
Similarly, since a pair (B,T) is T-sub-sequentially continuous and compatible of
type (E), there exists a sequence {y,} such that
lim By, = lim Ty, = v,
n—oo n—oo
for some v € X and
lim T By, =Twv.

n—oo

Also (B, T) is T-compatible of type (E) which implies
lim TBy, = lim T?%y, = Bv.
n—oo

n—roo
Consequently we obtain Bv =T, i.e., B and T has a coincidence point.
Now we claim that Au = Bw, if not using £ = u and y = v in condition (1),
d(Su,Tv) >0 = 74 F(d(Su,Tv)) < F(max{d(Au, Bv),d(Au, Su),d(Bv,Tv),

1[al(Au, Tv) + d(Bv, Su)]}).

2
(2)
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Therefore
F(d(Au, Bv)) < 7+ F(d(Su,Tv)) < F(d(Au, Bv)),
a contradiction, since F is strictly increasing function and 7 > 0.
So d(Au, Bv) =0, i.e., Au = Su = Bv =Tw.
Now we claim that © = Au, if not using ¢ = z,, and y = v in condition (1),

d(Szy,,Tv) >0 = 7+ F(d(Sxn,Tv)) < F(max{d(Az,, Bv),d(Azx,, Sz,),d(Bv, Tv),

%kuAmn,Tv)+wﬂfhqunﬂ})

3)

Taking lim n — oo, we get
T+ F(d(u, Tv)) < F(max{d(u, Au), d(u,u), %(d(u, Au) + d(Au,u))}).

Therefore,
F(d(u, Au)) < 7+ F(d(u, Au)) < F(d(u, Au)),

a contradiction, since F is strictly increasing function and 7 > 0.
Then d(u, Au) = 0, i.e., u = Au. Therefore u = Au = Su.
Now we claim that v = Bw, if not using * = v and y = y,, in condition (1),

d(Su,Tyn) >0 = 7+ F(d(Su,Ty,)) < F(max{d(Au, Byy), d(Au, Su), d(Byn, Tyn),
S (A Tyn) +d(By,, Su)l}))
(4)

Taking lim n — oo, we get
T+ F(d(Su,v)) < F(max{d(Au,v),d(v,v), %[d(Au, v) + d(v, Su)}).

Therefore,
F(d(Bv,v)) < 7+ F(d(Bv,v)) < F(d(Bv,v)),
a contradiction, since F is strictly increasing function and 7 > 0.
Then d(v, Bv) =0, i.e., v = Bv. Therefore v = Bv = Tv.
Hence, u is a common fixed point for A, B, S and T'.
The uniqueness of common fixed point of A, B, S and T is an easy consequence of
(1). This completes the proof.

Now, we conclude our main result by furnishing two interesting examples to demon-
strate Theorem 1 besides exhibiting its superiority over earlier relevant results.

Example 6 Let X = [0,4] and symmetric d(x,y) = (z —y)2. Let self-mappings A4,
B, S and T on X be defined as follows:

<< <z<
Ax:{%;’-m 0<z<1 Bx:{};’_ 0<x<1

5, 1<z <4 57, 1<z <4,

1, 0<z<1, 1, 0<z<1

Sx:{fg, 1<z <4, Tx:{g, 1<z <4

Consider a sequence {x,} for all n > 1 such that x,, = 1. Tt is clear that

lim Az, = lim Sz, = 1.
n—oo n—roo
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So
lim SAx, = S1,

n—o0
ie., (A,S) is S- sub-sequentially continuous. Also,
lim SAz, = lim Sz, =1 = Al.

n—oo n—oo
Hence (A4, S) is S-compatible of type (E).
Similarly, consider a sequence {y,} for all n > 1 such that y,, = 1 — L, it is clear
that
lim By, = lim Ty, =1,
n—oo

n— o0
such that
lim T By, =1T1,

n—oo

i.e. (B,T) is T- sub-sequentially continuous. Also,

lim TBy, = lim T?%y, =1 = BI.
n—oo

n—oo
Hence (B, T) is T-compatible of type (E).
For z,y € [0, 1], we have:

d(Sz,Ty) = (1—-1)? =0.

For z € [0,1] and y € (1, 4], we have:

1 40 -5
7+ In(d(S, Ty)) = = +2In(1 - %) <2l — Y = In(d(By, Ty)).
For z € (1,4] and y € [0, 1], we have:
1 10+ 2
7+ In(d(Sz, Ty)) = 5 +2In(1 — %) <2In —|5— - In(d(Sx, Ax)).
For z,y € (1,4] , we have:
1 — 1 2
T+ In(d(Sz,Ty)) = R +2In 5;1040 Y <om 0—'5_ - In(d(Sz, Ax)).

Hence pairs (A, S) and (B,T) satisfy Cirié type F-contraction (1) for 7 = 1 and
F =Inz and 1 is the unique common fixed point of A, B, S and T. One may no-
tice that none of the mappings is continuous and neither AX Z SX nor BX € TX.

Example 7 Let X = [0,10] and symmetric d(z,y) = (x — y)%. Let self-mappings
A, B, S and T on X be defined as follows:

2—z, 0<z<1 iz o<zr<l1
— K —_ —_ _ 3 — —
Ax_{lo, 1<z <10, B“‘{?, 1<z <10,

1 1
L 1<z <10, L l<z<10.

Consider a sequence {x,} for all n > 1 such that x,, = 1. Tt is clear that

lim Az, = lim Sz, = 1.
n—oo n—roo
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So
lim SAz, = S1,

n—oo

ie. (A,S) is S- sub-sequentially continuous. Also,
lim SAz, = lim Sz, =1= Al.

n— oo n—o0

Hence, (A, S) is S-compatible of type (FE), but it is neither reciprocally continu-
ous nor compatible of type (E) as there exists a sequence z, = 1 — % such that
lim Az, = hm Sz, = 1, but hm SAz, # S1 and hm ASz, # Al. Also,

n—oo

lim SAz, = hm 5SSz, # Al and hm ASz, = hm AAzn ;é S1.

n—oo
Similarly, con81der a sequence {y,} for alln>1 Such that 4, = 1, it is clear that
lim By, = hm Ty, =1,

n— 00
such that
lim TBy, =T1,

n— oo

i.e., (B,T) is T- sub-sequentially continuous. Also,
lim T By, = hm T?y, =1= Bl.

n—oo

Hence, (B,T) is T-compatible of type (E), but it is neither reciprocally continu-

ous nor compatible of type (E) as there exists a sequence u, = 1 — % such that

lim Bu, = lim Tu, = 1, but lim TBu, # T1 and hm BTu, # Bl. Also,
n—00

n—oo n—roo

lim T Bu,, = hm TTu, # Bl and hm BTu, = hrn BBun #T1.

n—oo

For z,y € [0, 1] we have:

10 1— 11z + 10y 2

2-3 2
7+ In(d(Sz, Ty)) = 9 +1In( 110 ) < ln(izw

3 ) =In(d(Azx, By)).
For z € [0,1] and y € (1, 10], we have:
10
T+ 1In(d(Sz, Ty)) = 5 +2In(1l — 1—0) <21In6.9 = 3.87 = In(d(By, Ty)).

For z € (1,10] and y € [0, 1], we have:

10 109 — 10y

T+ In(d(Sz, Ty)) = n + 21In( ) <2In9.9 = 4.585 = In(d(Azx, Sx)).

110
For z,y € (1,10] , we have:
d(Sz,Ty) = 0.
Hence pairs (A4, S5) and (B, T) satisfy Cirié¢ type F-contraction (1) for 7 = ¥ and

F =lInz and 1 is the unique common fixed point of A, B, S and T. One may no-
tice that none of the mappings is continuous and neither AX Z SX nor BX € T'X.

It is interesting to note that these examples cannot be covered by all those co-
incidence and common fixed point theorems which require containment of range
space of both the pairs, continuity /reciprocal continuity/sub-sequential continuity
requirement of self mappings along with completeness (or closedness) of underlying
space. Further the notions of S and T-compatiblity of type (E) are more general
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than other weaker forms of commutativity as it does not reduce to the weak com-
patibility even at the coincidence point [9].

Definition 12 A pair of self mappings (A4, S) on a symmetric space (X, d) is said
to satisfy Ciri¢ type F-contraction if there exist F' € F and 7 > 0 such that

d(Sz,Sy) >0 = 7+ F(d(Sz,Sy)) < F(M(z,y)) (5)

where M (z,y) = max{d(Az, Ay), d(Azx, Sz), d(Ay, Sy), §d(Az, Sy) + d(Ay, Sz)]},
for all z,y € X.

If A= B and S =T, we obtain the following corollary:
Corollary 1 Let A and S be self mappings in a symmetric space (X, d) such that:
(1) (A,S) is S-sub-sequentially continuous and S-compatible of type (F) then
A and S have a coincidence point.

If pair of self mappings (A, S) satisfy Ciri¢ type F-contraction (5) then A and S
have a unique common fixed point in X.

If F(t) = Int, we obtain the following corollary:
Corollary 2 Let A, B, S and T be self mappings in a symmetric space (X, d) such
that:

(1) (A,S) is S-sub-sequentially continuous and S-compatible of type (E), then
A and S have a coincidence point.

(2) (B,T) is T-sub-sequentially continuous and T-compatible of type (F), then
B and T have a coincidence point.

If there exists 7 > 0 such that

d(Sz,Ty) >0 = 7+ 1In(d(Sz,Ty)) < In(M(z,y)) (6)

where
M(z,y) = max{d(Ax, By), d(Az, Sv), d(By, Ty), 5 [d(Az, Ty) + d(By, S2)]}

for all x,y € X, then A, B, S and T have a unique common fixed point in X.

It is interesting to point out here that all these results remain true even if we
assume (A,S) to be A-sub-sequentially continuous and A-compatible of type (E)
and (B,T) to be B-sub-sequentially continuous and B-compatible of type (E).

Theorem 2 Let A, B, S and T be self mappings in a symmetric space (X,d)
such that

(1) (A,S) is weakly sub-sequentially continuous and compatible of type (E),
then A and S have a coincidence point.
(2) (B,T) is weakly sub-sequentially continuous and compatible of type (F),
then B and T have a coincidence point.
If pairs of self mappings (4, S) and (B, T) satisfy Ciri¢ type F-contraction (5) then
A, B, S and T have a unique common fixed point in X.
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Proof: Proof of Theorem 2 follows on the similar lines as of Theorem 1.

If A= B and S =T, we obtain the following corollary:
Corollary 3 Let A and S be self mappings in a symmetric space (X, d) such that,

(1) (A,S) is weakly sub-sequentially continuous and compatible of type (E),
then A and S have a coincidence point.

If a pair of self mappings (A4, 5) satisfies Ciri¢ type F-contraction (5) then A and
S have a unique common fixed point in X.

Remark 1 Batra et al. [1] proved unique coincidence point result for a pair
of self mappings satisfying F-g contraction by taking containment of range space
of involved mappings, completeness of space along with continuity and commu-
tativity of both the mappings. We have established existence and uniqueness of
coincidence and common fixed point for two pairs of discontinuous self mappings
without exploiting containment of range space of involved mappings and complete-
ness of underlying space which is symmetric. Moreover both the pairs are S and
T-compatible of type (E), which is weaker than commutativity of a pair of map-
pings. Further Ciri¢ type F-contraction used is more general than F'— g contraction
used by Batra et al. [1].

Remark 2 For different values of F' we get different contractions and hence dif-
ferent common fixed point theorems. Further F-contraction is proper generalization
of ordinary contraction and using the fact that every metric space is a symmetric
space. Our results generalize, extend and improve the results of Wardowski [15]
and others existing in literature (for instance: Batra et al. [1], Beloul [2], Bouhad-
jera and Thobie [3], Minak et al. [5], Wardowski [15], Wardowski et al. [16] and
references therein).

Remark 3 We now show that the mappings A and S used are discontinuous at
a common fixed point u(Au = Su = u). Let a pair (4, S) satisfies Ciri¢ type F-
contraction and there exists a sequence {z,} in X such that lim,, Az,, = lim,, Sx,, =
u, for some u € X. If possible, suppose A is continuous. So, lim, ASz, =
Au = u and lim, AAx, = Au = u. Using x = Az, and ¥y = u in Cirié
type F-contraction, we get: d(SAz,,Su) > 0 = 7 + F(d(SAx,,Su)) <
F(max{d(AAz,, Au),d(AAx,, SAz,), d(Au, Su), 3d(AAz,, Su)+d(Au, SAz,))}),
ie, 7+ F(d(SAx,, Su)) < d(Su, SAz,), which is a contradiction. Therefore A is
discontinuous at a common fixed point. If we assume S to be continuous, following
similar pattern we may show that S is also discontinuous at common fixed point.
So we give one more answer to the open problem posed by Rhoades [7] regarding
continuity of mappings at fixed point. ?

4. APPLICATION IN INTEGRAL EQUATION

Consider the following integral equation:

A
u(t) = h(t) + /Ki(t,s,u(s))ds,i =1,2, (7)
0
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where t,s € [0,A\], A € RT, K; : [0,A\] X [0,\] xR — R and h : R — R. Assume that
X =R(]0, A]) be the set of all functions defined on [0, A].
Now, we define

(i)
p: X x X - Rt

(ii) d(z,y) = supiejo ) (x(t) — y(t))?. Then (X, d) is a symmetric space.
(iii) 6(z,y) = max{d(Az, Ay), d(Az, Sz),d(Ay, Sy), 5 (d(Az, Sy) + d(Ay, Sz))}.

Theorem 3 Let A, S : [0,00) — [0,00). Suppose the following hypotheses hold:
(i) there exists a function ¢ : [0, A] X [0, A] — [0, +00], such that
| K’L(tv S, u(t)> - Kl(tv S, ’UJ( ) |§ ¢(t7 S)F(G(U, U})),Z = 17 27

for each u,v € R and each ¢, s € [0, \] and F be strictly increasing function.
A
(ii) sup;eqo,a] fd) (t,s)ds < n for some n < [0,1),

(iii) There ex1sts a sequence {x,} such that hm Ax, = lim Sz, =t for some t in

n—r
X and satisfy hm ASz, = At or 11_>rn SA:Cn = St and llmooSan = 11_>m SAzx, =
At or h_}m ASgcn = hm AAzx, = St.

Then the system of equatlons (7) have a unique common solution in [0, c0).
Proof: Consider the two mappings A and S such that

A
+ [ Ki(t,s,u(s))ds
/

and

Now,

A
| Su(t) = Sw(t) |=| Of[fﬁ(t, s, u(s) — Kai(t, s, w(s)]ds |

A A
< / o(t, $)F(0(u,w))ds < F(0(u, w)) / o(t, 8)ds < nF(0(u,w)).

Consequently all the hypotheses of Corollary 3 hold. Hence A and S have a unique
common fixed point and so the system of equations (6) have a unique common
solution.

Conclusion Discontinuities appear everywhere. For instance in different biologi-
cal, industrial and economic phenomena involving threshold operations which are
discontinuous. In particular, neurons in a neural net either fires (function value =
1) or does not fire (function value =0) conditional to the fact that whether the input
crosses a certain threshold or not. Numerous industrial censors, band passes filters
and the diode also work in this manner. Motivated by these facts we provide yet
new solutions to the once open problem on the existence of a contractive mapping
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which possesses a common fixed point in symmetric space but is not continuous

at

the common fixed point. It is worth mentioning here that even a contractive

mapping does not have a fixed point in a complete metric space. For instance, if

T

: X — X defined by Tx = xz+ H%’ for all z € X, where X is a set of nonnegative

real numbers.
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