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SOME NEW OSCILLATION CRITERIA FOR
FOURTH-ORDER NEUTRAL DIFFERENTIAL EQUATIONS
WITH DISTRIBUTED DELAY

CEMIL TUNC AND OMAR BAZIGHIFAN

ABSTRACT. In this paper, we study the oscillation of fourth-order neutral dif-
ferentiale quations with continuously distributed delay
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O L1 + [T 0566w a)ae =0
where

b
z(t):z(t)—l—/ p(t, ) (r(t, o)) do

o0 1 R
/ T dt = oo.
to 1Y (t)

New oscillation criteria are obtained by employing a refinement of the general-
ized Riccati transformations. An illustrative example is given for illustrations.

under a condition

1. INTRODUCTION

In this paper, we consider a fourth order neutral differential equation with a
continuously distributed delay of the form

o]

We assume the following conditions hold:

o’

d
f/q@,ﬂfWWQ,ODMO=0
(1)

"

b
x(t)+/ p(t, o)z (7 (t, a))do]

(H1) « is a quotient of odd positive integers.

(Ha) r(t) € C([to, o0),R),r'(t) > 0.

(H3) p(t, o), 7(t. 0) € C (o, °0) x [a,bLR), 0 < p(t) = [/p(t, 0)do <
P <1, 7(t) >0, 7(t, o) is a nondecreasing function in o, 7 (¢, o) <
t,limy o0 7 (t, 0) = 0.
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(Ha) q(t, &), q(t, §) € C([to, o0) x [c,d],R), q(t, &) is positive, g(t, £) is a
nondecreasing function in &, g(¢,£) <t tlim g(t, &) = oo.
—00

(Hs) There exists a constant k& > 0 such that f (u) /u’ >k, for u # 0.
We define the corresponding function z (t) of a solution « (¢) of (1) by
b

S =2 (1) +/ p(t, o)z (r(t, o)) do.
We mean a non-trivial real function x(t) € C ([tz,0)), t > to, satisfying (1) on
[tz,00) and moreover, having the properties: z(t), 2/(t), 2" (t) and r (¢) [2"" (¢)]" are
continuously differentiable for all ¢ € [t,, 00).

We consider only those solutions z (¢) of (1) which satisfy sup{|x(¢)| : ¢ > T} > 0,
for any T > t,.

A solution of (1) is called oscillatory if it has arbitrary large zeros, otherwise it is
called nonoscillatory.

The problem of the oscillation of higher and fourth order differential equations
have been widely studied by many authors, who have provided many techniques
for obtaining oscillatory criteria for higher and fourth order differential equations.
We refer the reader to the related books (see [2, 6, 18], [13]-[15]) and to the papers
(see [1], [3}-[12], [16]-[23]).

In what follows, we present some relevant results that have provided the background
and the motivation for the present work.

Li et al. [16] studied the oscillatory behavior of the fourth-order nonlinear dif-
ferential equation

() 2P + g a(r(t, o) =0 t>t

Elabbasy et al. [9, 10], Moaaz et al. [18] and Zhang et al. [23] examined the
oscillation of the fourth-order nonlinear delay differential equation

[r () @ ()] +a®a* @) =0 ¢ >t

Parhi and Tripathy [19] have considered the fourth-order neutral differential equa-
tions of the form

[r &) @) +p®yt-1)""+at)Gy(t—0)=0
and
[r@) (&) +p@®yt—7)""+a)Gyt—0)=[(t)

and they established the oscillation and asymptotic behavior of the above equations,

under the conditions
/ L i<
to T (t)

/t:OIdt:oo (2)

re (t)

and

respectively.

Our aim, in the present paper, is to use the Riccati method to establish new
conditions for the oscillation of all solutions of (1) under condition (2).

The proof of our main result is essentially based on the following lemmas.
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Lemma 1. [21] Let 8 > 1 be a ratio of two numbers, where U and V are
constants. Then

B41 ﬂﬁ UB+t
Uy—Vy s < V>a0.
R I

Lemma 2. [14] If the function z satisfies 2 > 0,7 = 0,1, ...,n, and 2"tV <0,
then

z (t) 2" (t)
Pl = 1 =) 3)

Lemma 3. [2] Let h € C™ ([tg,0), (0,00)). Assume that h(™) () is of a fixed
sign and not identically zero on [tp,00) and that there exists a t; > ¢y such that
=1 (£) h(™) () < 0 for all t > ty. If, tli}m h(t) # 0 then for every A € (0,1) there

oo
exists £ty > to such that

A
(n—1)!

h(t) > 1 ‘h("—l) (t)‘ for t > ty. (4)

2. Main result

In this section, we establish some oscillation criteria for equation (1).
For convenience, we denote

0o b
10 = [ s A0 =m0, g0}, ama Q) = [Ta. a6,

Theorem. Let (Hy) — (Hs) hold. If there exists a positive function p €
C ([to, 00)) such that

> e sa 022 (@)Y
/to (kp (S) (1 P) (g (57 (L) \s) Q (S) (a + 1)o¢+1 Mat2apa (t) > ds = o0
(5)

for some p € (0,1) and

T Q) (g(s, a)\s)" ds = oo, (6)

to

then all solutions of (1) are oscillatory.

Proof. Let x be a nonoscillatory solution of equation (1) defined in the interval
[to, 00). Without loss of generality, we can assume that x (t) is eventually positive.
It follows from (1) that there are two possible cases, for ¢t > t1, where t; > t¢ is
sufficiently large:
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Assume that case (C7) holds. Since 7 (¢, o) <t and 2’ (¢t) > 0, z (t) > x (t), we
get

b
z(t) = z(t)—/ p(t, o)x(7(t, 0))do

v

z(t)—/ p(t, o)z (7 (t, o)) do

Y]

b
) — 2 (r (1, b))/ p(t, o) do

b
A(t) (1—/ »(t, a)da> — (1- P):(t).

From equation (1), we see that

b " a\ / a
r<t><<x<t>+ / p(t, o)z (7t o))do> <t>) _ / G(.€) f (x (g (£:€)) d (€)

v

so that
d
COEY < -0-P° [ ko oe)dE
d
< SU-PP RS o) [ a9d(),
(r (1) (2" (1)) < —kQ (t) (1= P)* 2* (g (t, ¢)). (7)

Now, we define a generalized Riccati substitution by

ot e oy O ()

(0= p () =25

Then w (t) > 0. Differentiating w(t) and using the inequality (7), we obtain

—ap (t) Wz’ (t).

From Lemma 3, we have that z (£) > £z’ (t), and hence

z ,a 3(t, a
(gz(zft) ) 9 (tt3 ) )

Since 1’ (t) > 0 and (r (¢) (2 (t))a)/ <0, then we get z(® (t) < 0. Tt follows from
Lemma 4 that

>

2 () > %th"’ (t), (10)

for all v € (0,1) and every sufficiently large ¢. Thus, by (8), (9) and (10), we get

S0 = Ldow-rmwoena-p LY

—« —tQ Wi (t)
Horta () p/e (1) ‘
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. . Lt aut?
Using Lemma 1 with U = 'D;(E)) V= WM and y = w, we get

e ) 22 (@) (o ()"
w (t) S kp (t> (1 P) taa Q (t) + (a + 1)a+1 ‘uat2apa (t) :

This implies that

/t (’w(s) (1-P)° %Q(s)— 210 (1)

a+1

(a+ 1) pot2ps (1) )dsg‘*’(“)’

for some p € (0,1) which contradicts with (5).
Assume that case (C3) holds. Integrating (1) from ¢; to ¢, we obtain

—r(t) (2" (t))" < */t kQ (t) 2% (g (s, €)) ds. (11)
From 2’ () > 0, z(t) > (1 — P)z(t) and g (s, &) <t, it follows that
/t kQ (s) (1= P)* 2 (g (s, a))ds < (t1) (2" (t1))" .

From (9), we get

[ 1)1 Py (g5, @\ ds < 1) (Za) .

t z (t1)

which contradicts with (5).
The proof of the theorem is complete. O

Let p (t) = t3. As a consequence of Theorem 2, we obtain the following oscillation
criterion.

Corollary. Let (Hy) — (Hs) and (2) hold, for some constant Ag € (0, 1)

/too (ktf"Q (t) (1= P)* (g (t, a)\t)** — (a i 1)a+1 (i)a >3y (t)) ds = oo,

and (6) are satisfied. Then all solution of (1) are oscillatory.

3. Example

In this section, we give the following example to illustrate our main results.
Eexample. Consider the following differential equation of fourth order

([x (t) + /01 %x (t;)a) da} m>/ + /01 (V\t*) & (75—2§> d¢ =0, (12)

where v > 0 is a constant. Let

A= 1) =100t )= 57 =g, gt )= 5, alt, § = (A& [ @) = v

Then, we get

Q)= [ att 0de= 5
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If we now set k = 1, then

/too E2Q () (1 — P)* (g (¢, a)\t)3°‘—< : >a+1 <A2o)at23%(t) d&

o a+1
9 <1 144
= (3’/2 — 2)\0> /t ;dt =00, ifv> o for some constant Ag € (0, 1).

Thus, by Corollary 2, every solution of equation (12) is oscillatory, provided
144
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