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SOME NEW OSCILLATION CRITERIA FOR

FOURTH-ORDER NEUTRAL DIFFERENTIAL EQUATIONS

WITH DISTRIBUTED DELAY

CEMIL TUNÇ AND OMAR BAZIGHIFAN

Abstract. In this paper, we study the oscillation of fourth-order neutral dif-
ferentiale quations with continuously distributed delay

[
r (t)

[
[z (t)]′′′

]α]′
+

∫ d

c
q (t, ξ) f (x (g (t, ξ))) d (ξ) = 0

where

z (t) = x (t) +

∫ b

a
p (t, σ)x (τ (t, σ)) dσ

under a condition ∫ ∞

t◦

1

r
1
α (t)

dṫ = ∞.

New oscillation criteria are obtained by employing a refinement of the general-

ized Riccati transformations. An illustrative example is given for illustrations.

1. Introduction

In this paper, we consider a fourth order neutral differential equation with a
continuously distributed delay of the formr (t)[[x (t) + ∫ b

a

p (t, σ)x (τ (t, σ)) dσ

]′′′]α′

+

∫ d

c

q (t, ξ) f (x (g (t, ξ))) d (ξ) = 0.

(1)
We assume the following conditions hold:

(H1) α is a quotient of odd positive integers.
(H2) r (t) ∈ C ([t0, ∞) ,R) , r′ (t) ≥ 0.

(H3) p (t, σ) , τ (t, σ) ∈ C ([t0, ∞)× [a, b],R) , 0 ≤ p (t) ≡
∫ b

a
p (t, σ) dσ ≤

P < 1, τ ′ (t) > 0, τ (t, σ) is a nondecreasing function in σ, τ (t, σ) ≤
t, limt→∞ τ (t, σ) = ∞.
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(H4) q(t, ξ), q(t, ξ) ∈ C ([t0, ∞)× [c, d],R) , q(t, ξ) is positive, g(t, ξ) is a
nondecreasing function in ξ, g(t, ξ) ≤ t lim

t→∞
g(t, ξ) = ∞.

(H5) There exists a constant k > 0 such that f (u) /u
γ ≥ k, for u ̸= 0.

We define the corresponding function z (t) of a solution x (t) of (1) by

z (t) = x (t) +

∫ b

a

p (t, σ)x (τ (t, σ)) dσ.

We mean a non-trivial real function x(t) ∈ C ([tx,∞)), tx ≥ t0, satisfying (1) on
[tx,∞) and moreover, having the properties: z(t), z′(t), z′′(t) and r (t) [z′′′ (t)]

α
are

continuously differentiable for all t ∈ [tx,∞).
We consider only those solutions x (t) of (1) which satisfy sup{|x(t)| : t ≥ T} > 0,
for any T ≥ tx.
A solution of (1) is called oscillatory if it has arbitrary large zeros, otherwise it is
called nonoscillatory.

The problem of the oscillation of higher and fourth order differential equations
have been widely studied by many authors, who have provided many techniques
for obtaining oscillatory criteria for higher and fourth order differential equations.
We refer the reader to the related books (see [2, 6, 18], [13]-[15]) and to the papers
(see [1], [3]-[12], [16]-[23]).
In what follows, we present some relevant results that have provided the background
and the motivation for the present work.

Li et al. [16] studied the oscillatory behavior of the fourth-order nonlinear dif-
ferential equation

[r (t) z (t)]
(4)

+ q (t)x (τ (t, σ)) = 0 t ≥ t0.

Elabbasy et al. [9, 10], Moaaz et al. [18] and Zhang et al. [23] examined the
oscillation of the fourth-order nonlinear delay differential equation[

r (t) (x′′′ (t))
α]′

+ q (t)xα (t) = 0 t ≥ t0.

Parhi and Tripathy [19] have considered the fourth-order neutral differential equa-
tions of the form[

r (t) (y (t) + p (t) y (t− τ))
′′]′′

+ q (t)G (y (t− σ)) = 0

and [
r (t) (y (t) + p (t) y (t− τ))

′′]′′
+ q (t)G (y (t− σ)) = f (t)

and they established the oscillation and asymptotic behavior of the above equations,
under the conditions ∫ ∞

t0

1

r
1
α (t)

dṫ < ∞

and ∫ ∞

t0

1

r
1
α (t)

dt = ∞ (2)

respectively.
Our aim, in the present paper, is to use the Riccati method to establish new

conditions for the oscillation of all solutions of (1) under condition (2).
The proof of our main result is essentially based on the following lemmas.



EJMAA-2019/7(1) OSCILLATORY BEHAVIOR OF 4th-ORDER NEUTRAL DIFF. EQU. 237

Lemma 1. [21] Let β ≥ 1 be a ratio of two numbers, where U and V are
constants. Then

Uy − V y
β+1
β ≤ ββ

(β + 1)β+1

Uβ+1

V β
, V > 0.

Lemma 2. [14] If the function z satisfies z(i) > 0, i = 0, 1, ..., n, and z(n+1) < 0,
then

z (t)

tn/n!
≥ z′ (t)

tn−1/ (n− 1)!
. (3)

Lemma 3. [2] Let h ∈ Cn ([t0,∞) , (0,∞)) . Assume that h(n) (t) is of a fixed
sign and not identically zero on [t0,∞) and that there exists a t1 ≥ t0 such that
h(n−1) (t)h(n) (t) ≤ 0 for all t ≥ t1. If, lim

t→∞
h (t) ̸= 0 then for every λ ∈ (0, 1) there

exists tλ ≥ t0 such that

h (t) ≥ λ

(n− 1)!
tn−1

∣∣∣h(n−1) (t)
∣∣∣ for t ≥ tλ. (4)

2. Main result

In this section, we establish some oscillation criteria for equation (1).
For convenience, we denote

η (t) =

∫ ∞

t

1

r
1
α (s)

ds, ρ′+ (t) := max {0, ρ′ (t)} , and Q (t) =

∫ b

a

q (t, ξ) d (ξ) .

Theorem. Let (H1) − (H5) hold. If there exists a positive function ρ ∈
C ([t0,∞)) such that∫ ∞

t0

(
kρ (s) (1− P )

α
(g (s, a) \s)3α Q (s)− 2α

(α+ 1)
α+1

r (t)
(
ρ′+ (t)

)α+1

µαt2αρα (t)

)
ds = ∞

(5)
for some µ ∈ (0, 1) and ∫ ∞

t◦

Q (s) (g (s, a) \s)α ds = ∞, (6)

then all solutions of (1) are oscillatory.

Proof. Let x be a nonoscillatory solution of equation (1) defined in the interval
[t0,∞). Without loss of generality, we can assume that x (t) is eventually positive.
It follows from (1) that there are two possible cases, for t ≥ t1, where t1 ≥ t0 is
sufficiently large:

(C1) z′ (t) > 0, z′′ (t) > 0, z′′′ (t) > 0,
(
r (t) (z′′′ (t))

α)
< 0,

(C2) z′ (t) > 0, z′′ (t) < 0, z′′′ (t) > 0,
(
r (t) (z′′′ (t))

α)
< 0.
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Assume that case (C1) holds. Since τ (t, σ) ≤ t and z′ (t) > 0, z (t) > x (t) , we
get

x(t) = z(t)−
∫ b

a

p (t, σ)x (τ (t, σ)) dσ

≥ z(t)−
∫ b

a

p (t, σ) z (τ (t, σ)) dσ

≥ z(t)− z (τ (t, b))

∫ b

a

p (t, σ) dσ

≥ z(t)

(
1−

∫ b

a

p (t, σ) dσ

)
= (1− P )z(t).

From equation (1), we see thatr (t)

((
x (t) +

∫ b

a

p (t, σ)x (τ (t, σ)) dσ

)′′′

(t)

)α
′

= −
∫ d

c

q (t, ξ) f (x (g (t, ξ))) d (ξ)

so that (
r (t) (z′′′ (t))

α)′ ≤ − (1− P )
α
∫ d

c

kq (t, ξ)xα (g (t, ξ)) d (ξ)

≤ − (1− P )
α
kzα (g (t, c))

∫ d

c

q (t, ξ) d (ξ) ,(
r (t) (z′′′ (t))

α)′ ≤ −kQ (t) (1− P )
α
zα (g (t, c)) . (7)

Now, we define a generalized Riccati substitution by

ω (t) := ρ (t)
r (t) (z′′′ (t))

α

zα (t)
.

Then ω (t) > 0. Differentiating ω(t) and using the inequality (7), we obtain

ω′ (t) ≤ ρ′ (t)

ρ (t)
ω (t)− kρ (t)Q (t) (1− P )

α zα (g (t, a))

zα (t)
(8)

−αρ (t)
r (t) (z′′′ (t))

α

zα+1 (t)
z′ (t) .

From Lemma 3, we have that z (t) ≥ t
3z

′ (t), and hence

z (g (t, a))

z (t)
≥ g3 (t, a)

t3
. (9)

Since r′ (t) > 0 and
(
r (t) (z′′′ (t))

α)′ ≤ 0, then we get z(4) (t) < 0. It follows from
Lemma 4 that

z′ (t) ≥ µ

2
t2z′′′ (t) , (10)

for all µ ∈ (0, 1) and every sufficiently large t. Thus, by (8), (9) and (10), we get

ω′ (t) ≤
ρ′+ (t)

ρ (t)
ω (t)− kρ (t)Q (t) (1− P )

α g
3α

(t, a)

t3α

−αµ
t2

2r1/α (t) ρ1/α (t)
ω

α+1
α (t) .
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Using Lemma 1 with U =
ρ′
+(t)

ρ(t) , V = αµt2

2r1/α(t)ρ1/α(t)
and y = ω, we get

ω′ (t) ≤ −kρ (t) (1− P )
α g

3α

(t, a)

t3α
Q (t) +

2α

(α+ 1)
α+1

r (t)
(
ρ′+ (t)

)α+1

µαt2αρα (t)
.

This implies that∫ t

t1

(
kρ (s) (1− P )

α g
3α

(s, a)

s3α Q (s)− 2α

(α+ 1)
α+1

r (t)
(
ρ′+ (t)

)α+1

µαt2αρα (t)

)
ds ≤ ω (t1) ,

for some µ ∈ (0, 1) which contradicts with (5).
Assume that case (C2) holds. Integrating (1) from t1 to t, we obtain

− r (t1) (z
′′′ (t1))

α ≤ −
∫ t

t1

kQ (t)xα (g (s, ξ)) ds. (11)

From z′ (t) > 0, x(t) ≥ (1− P )z(t) and g (s, ξ) ≤ t, it follows that∫ t

t1

kQ (s) (1− P )
α
zα (g (s, a)) ds ≤ r (t1) (z

′′′ (t1))
α
.

From (9), we get∫ t

t1

kQ (s) (1− P )
α
(g (s, a) \s)3α ds ≤ r (t1)

(
z′′′ (t1)

z (t1)

)α

,

which contradicts with (5).
The proof of the theorem is complete. �

Let ρ (t) = t3. As a consequence of Theorem 2, we obtain the following oscillation
criterion.

Corollary. Let (H1)− (H5) and (2) hold, for some constant λ0 ∈ (0, 1)∫ ∞

t0

(
kt3Q (t) (1− P )

α
(g (t, a) \t)3α −

(
3

α+ 1

)α+1(
2

λ0

)α

t2−3αr (t)

)
ds = ∞,

and (6) are satisfied. Then all solution of (1) are oscillatory.

3. Example

In this section, we give the following example to illustrate our main results.
Eexample. Consider the following differential equation of fourth order([

x (t) +

∫ 1

0

1

2
x

(
t− σ

3

)
dσ

]′′′)′

+

∫ 1

0

(
ν\t4

)
ξx

(
t− ξ

2

)
dξ = 0, (12)

where υ > 0 is a constant. Let

α = 1, r (t) = 1, p (t, σ) =
1

2
, τ (t, a) =

t

3
, g (t, a) =

t

2
, q (t, ξ) =

(
ν\t4

)
ξ, f (x) = x.

Then, we get

Q (t) =

∫ 1

0

q (t, ξ) dξ =
ν

2t4
.
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If we now set k = 1, then∫ ∞

t0

(
kt3Q (t) (1− P )

α
(g (t, a) \t)3α −

(
3

α+ 1

)α+1(
2

λ0

)α

t2−3αr (t)

)
ds,

=

(
ν

32
− 9

2λ0

)∫ ∞

t0

1

t
dt = ∞, if ν >

144

λ0
for some constant λ0 ∈ (0, 1) .

Thus, by Corollary 2, every solution of equation (12) is oscillatory, provided
ν > 144

λ0
.

References

[1] R. Agarwal, S. Grace and J. Manojlovic, Oscillation criteria for certain fourth order nonlinear
functional differential equations, Math. Comput. Model., 44 (2006), 163–187.

[2] R. Agarwal, S. Grace and D. O’Regan, Oscillation theory for difference and functional dif-
ferential equations, Kluwer Acad. Publ., Dordrecht (2000).

[3] R. Agarwal, S. Grace and D. O’Regan, Oscillation criteria for certain nth order differential

equations with deviating arguments, J. Math. Appl. Anal., 262 (2001), 601–622.
[4] B. Baculikova, J. Dzurina and J. R. Graef, On the oscillation of higher-order delay differential

equations, Math. Slovaca, 187 (2012), 387-400.
[5] O. Bazighifan, Oscillation criteria for nonlinear delay differential equation, Lambert Aca-

demic Publishing, Germany, (2017).
[6] O. Bazighifan, Oscillatory behavior of higher-order delay differential equations, General Let-

ters in Mathematics, 2 (2017), 105–110.
[7] E.M.Elabbasy and O.Moaaz, On the asymptotic behavior of third-order nonlinear functional

differential equations, Serdica Math. J., 42 (2016), 157–174.
[8] E. M. Elabbasy, O. Moaaz and O. Bazighifan, Oscillation Solution for Higher-Order Delay

Differential Equations, Journal of King Abdulaziz University, 29 (2017), 45–52.
[9] E. M. Elabbasy, O. Moaaz and O. Bazighifan, Oscillation of Fourth-Order Advanced Differ-

ential Equations, Journal of Modern Science and Engineering, 3 (2017), 64–71.
[10] E. M. Elabbasy, O. Moaaz and O. Bazighifan, Oscillation Criteria for Fourth-Order Nonlinear

Differential Equations, International Journal of Modern Mathematical Sciences, 15 (2017),
50–57.

[11] S. Grace and B. Lalli, Oscillation theorems for nth order nonlinear differential equations with
deviating arguments, Proc. Am. Math. Soc., 90 (1984), 65–70.

[12] S. Grace, R. Agarwal and J. Graef, Oscillation theorems for fourth order functional differential

equations, J. Appl. Math. Comput., 30 (2009), 75–88).
[13] I. Gyori and G. Ladas, Oscillation theory of delay differential equations with applications,

Clarendon Press, Oxford (1991).
[14] I. Kiguradze and T. Chanturia, Asymptotic properties of solutions of nonautonomous ordi-

nary differential equations, Kluwer Acad. Publ., Drodrcht (1993).
[15] G. Ladde, V. Lakshmikantham and B. Zhang, Oscillation theory of differential equations

with deviating arguments, Marcel Dekker, NewYork, (1987).
[16] T. Li, B. Baculikova, J. Dzurina and C. Zhang, Oscillation of fourth order neutral differential

equations with p-Laplacian like operators, Bound. Value Probl., 56 (2014), 41–58.
[17] O. Moaaz, E. M. Elabbasy and O. Bazighifan, On the asymptotic behavior of fourth-order

functional differential equations, Adv. Difference Equ., 261 (2017), 1–13.
[18] O. Moaaz, Oscillation properties of some differential equations, Lambert Academic Publish-

ing, Germany, (2017).
[19] N. Parhi, . and A. Tripathy, On oscillatory fourth order linear neutral differential equations-I,

Math. Slovaca, 54 (2004), 389–410.
[20] C. Philos, On the existence of nonoscillatory solutions tending to zero at ∞ for differential

equations with positive delay, Arch. Math. (Basel), 36 (1981), 168–178.
[21] C. Zhang, R. Agarwal, M. Bohner and T. Li, New results for oscillatory behaviorof even-order

half-linear delay differential equations , Appl. Math. Lett., 26 (2013), 179–183.

[22] C. Zhang, T. Li, B. Sun and E. Thandapani, On the oscillation of higher-order half-linear
delay differential equations, Appl. Math. Lett., 24 (2011), 1618–1621.



EJMAA-2019/7(1) OSCILLATORY BEHAVIOR OF 4th-ORDER NEUTRAL DIFF. EQU. 241

[23] C. Zhang , T. Li and S. Saker, Oscillation of fourth-order delay differential equations, J.

Math. Sci., 201 (2014), 296-308.
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