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ON SOME SEMICONSERVATIVE FK SPACES

M. TEMIZER ERSOY, H. FURKAN AND B. ALTAY

Abstract. Snyder and Wilansky give the definition of semiconservative FK
space and investigate the properties of this space in [5]. In their article, an
FK space X containing ϕ is called semiconservative space if Xf ⊂ cs holds.

In this paper, we study a new type of semiconservative space. Also, we give
some characterizations of these spaces.

1. Introduction

Let ω denote the space of all real or complex valued sequences. An FK space
is a locally convex vector subspaces of ω which is also a Fréchet space (complete
linear metric) with continuous coordinates. A BK space is normed a normed FK
space, [1]. The basic properties of such spaces can be found in [6], [7], [8] and [9].

By m, c0 we denote the space of all bounded sequences, null sequences, respec-
tively. These are FK space under ∥x∥ = supn |xn|. By ℓ we shall denote the space
of all absolutely summable sequences. The sequences space

cs =

{
x = (xn) ∈ ω :

∞∑
n=1

xn convergent

}
,

bs =

{
x = (xn) ∈ ω : sup

k

∣∣∣∣∣
k∑

n=1

xn

∣∣∣∣∣ < ∞

}
,

χ =
{
x = (xn) ∈ ω : ∀n ∈ N0, xn ∈ {0, 1}

}
,

ρ =

{
α ∈ ω :

∑
n

ank convergent and sup
m

∑
k

∣∣∣∣∣
m∑

n=0

(ank − ank−1)

∣∣∣∣∣ < ∞

}
,

in which A = (ank) = R.diag(α1, α2, . . . ).R
−1 = R.diag(α).R−1 and R is Riesz

matrix.
In this paper, let X = (xnk) be a matrix;
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(xnk) =


k.(qk−qk+1)

Qn
, k < n

k.qk
Qk

, k = n

0 , k ≥ n

and we suppose that
∑

n xnk convergent and

sup
m

∑
k

∣∣∣∣∣
m∑

n=0

(xnk − xnk−1)

∣∣∣∣∣ < ∞.

(cs)R = rs =

x ∈ ω : lim
n

∣∣∣∣∣∣ 1

Qn

n∑
k=1

k∑
j=1

qjxj

∣∣∣∣∣∣ exists

 ,

(bs)R = rb =

x ∈ ω : sup
n

∣∣∣∣∣∣ 1

Qn

n∑
k=1

k∑
j=1

qjxj

∣∣∣∣∣∣ < ∞

 ,

(c0)R = r0 =

x ∈ ω : lim
n

∣∣∣∣∣∣ 1

Qn

n∑
j=1

qjxj

∣∣∣∣∣∣ = 0


are FK spaces with the norms

∥x∥rb = sup
n

∣∣∣∣∣∣ 1

Qn

n∑
k=1

k∑
j=1

qjxj

∣∣∣∣∣∣ ,
∥x∥ro = sup

n

1

Qn

∣∣∣∣∣∣
n∑

j=1

qjxj

∣∣∣∣∣∣
respectively.

Let ϕ = span{δk : k ∈ N} and ϕ1 = ϕ ∪ {δ}. The topological dual of X is

denoted by X
′
. Let (X, τ) be a K space with ϕ ⊂ X and dual space X

′
, and let

x = (xk) ∈ X be arbitrarily given. Define the nth section of x to be sequence
x[n] =

∑n
k=1 xkδ

k = (x1, x2, . . . , xn, 0, . . . ), where δk denotes the sequence having

1 in the j-th position and 0’s elsewhere. Also, r[n]x = 1
Qn

∑n
k=1 qkxkδ

k is called

the nth Riesz section of x . This here r is the set {r[n] : n ∈ N}. We define the
following properties:
x has AK(sectional convergence) if x[n] → x in (X, τ),

x has SAK(weak sectional convergence) if x[n] → x in (X,σ(X,X
′
)),

x has FAK(functional sectional convergence) if
∑

k xkf(e
k) converges for all

f ∈ X
′
,

x has AB(sectional boundedness) if {x[n] : n ∈ N} is bounded in (X, τ).

In addition an FK space is said to have rK space (or rK) if X ⊃ ϕ and for each
x ∈ X,

1

Qn

n∑
k=1

qkx
[k] → x , n → ∞.

Every AK space is a rK space. For example ω, c0 are AK spaces and so rK space
[2], [3].
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Then

Xf =
{
{f(δk)} : f ∈ X

′
}
.

In addition

XY = {x : yx = (ykxk) ∈ Y for every y ∈ X} = (X → Y ),

Xβ = {x : yx = (ykxk) ∈ cs for every y ∈ X}

=

{
x :

∞∑
k=1

xkyk exists for every y ∈ X

}
,

Xr = {x : yx = (ykxk) ∈ rs for every y ∈ X}

=

x : lim
n

1

Qn

∣∣∣∣∣∣
n∑

k=1

k∑
j=1

qjxjyj

∣∣∣∣∣∣ exists for every y ∈ X

 ,

Xrb =

x : sup
n

1

Qn

∣∣∣∣∣∣
n∑

k=1

k∑
j=1

qjxjyj

∣∣∣∣∣∣ < ∞ for every y ∈ X

 .

For example, it is claim (rs)r = ρ :

(rs)r = ((cs)R)
r

= {α ∈ ω : (αx) ∈ (cs)R,∀x ∈ (cs)R}
= {α ∈ ω : A = R.diag(α).R−1 ∈ (cs, cs)}
= {α ∈ ω : A ∈ (cs, cs)}

= {α ∈ ω :
∑
n

ank convergent and sup
m

∑
k

∣∣∣∣∣
m∑

n=0

(ank − ank−1)

∣∣∣∣∣ < ∞}

= ρ

By taking advantage of [1] , we can easily see the following lemma:
Lemma 1.1 Let X,X1 be sets of sequences. Then for k = f, β, r, rb
(1) X ⊂ Xkk,
(2) Xkkk = Xk,
(3) if X ⊂ X1 then Xk

1 ⊂ Xk holds.
Lemma 1.2 Let X be an FK space containing ϕ and limn→∞

n
Qn

= 1. Then

(1)Xβ ⊂ Xr ⊂ Xrb ⊂ Xf ,
(2)If X is rK space then Xf = Xr,
(3)If X is an AD space then Xr = Xrb.
Proof. The proof is quite clear from [10].

Let A = (aij) be an infinite matrix. The matrix A may be considered as a linear
transformation of sequence by the formula y = Ax, where yi =

∑∞
j=1 aijxj . For

an FK space (λ, u) we consider the summability domain λA = {x ∈ ω : Ax ∈ λ}.
Then λA is an FK space under the semi-norms pi = |xi|, (1, 2, . . . ). A conservative
matrix A, and the corresponding matrix method, is called coregular if χ(A) ̸= 0
and conull if χ(A) = 0, where χ(A) = limA δ −

∑
k limA δk, [1].

Recall that, given a matrix A with ℓA ⊃ ϕ is called ℓ-replaceable if there is a
matrix B = (bnk) with ℓB = ℓA and

∑∞
k=1 bnk = 1 for all k ∈ N, [4].

In addition an FK space X is called semiconservative if Xf ⊂ cs, this means
that X ⊃ ϕ and

∑∞
j=1 f(δ

j) is convergent for each f ∈ X
′
, [5].
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2. Riesz semiconservative FK Space

Firstly, we have defined the notations of Riesz semiconservative FK space and
Riesz conull in this section. Then, we investigate the properties of these spaces and
we also give the relationship between ℓ- reblaceable and Riesz semiconservative FK
space. Furthermore, in this paper it is accepted Qn → ∞, (n → ∞).

Definition 2.1 An FK spaceX is called Riesz semiconservative or shortly (Rsc)
if Xf ⊂ rs. It is obvious that Xf ⊂ rs if and only if δk is weakly Riesz Cauchy i.

e.
{

1
Qn

∑n
k=1 qkf(δ

k)
}
is convergent for each f ∈ X ′ equivalently

lim
n

 1

Qn

n∑
k=1

k∑
j=1

qkf(δ
k)


exists.

Definition 2.2 An FK space containing ϕ1 is called Riesz conull if

f(δ) = lim
n

1

Qn

n∑
k=1

k∑
j=1

qjf(δ
j),

for all, f ∈ X
′
.

For example c0 is Riesz semiconservative FK space. Every semiconservative FK
space is an Riesz semiconservative FK space.

Theorem 2.1 If a matrix A is ℓ-replaceable then ℓA is not Riesz semiconservative
FK space.

Proof. If A is ℓ-replaceable then there is f ∈ ℓ
′

A such that f(δj) = 1 for all
j ∈ N,[4]. Hence

lim
n

1

Qn

n∑
k=1

k∑
j=1

qjf(δ
j)

does not exist, so ℓA is not Riesz semiconservative space.
Theorem 2.2 If XA is Riesz conull FK space then it is Riesz semiconservative

space.
Proof. Suppose that XA is Riesz conull. Then

f(δ) = lim
n

1

Qn

n∑
k=1

k∑
j=1

qjf(δ
j),

for all f ∈ X
′

A. Hence Xf
A ⊂ rs.

Theorem 2.3 (1) A closed subspace, containing ϕ, of a Riesz semiconservative
space is a Riesz semiconservative space.
(2) An FK space that contains a Riesz semiconservative space must be a Riesz
semiconservative space.
(3) A countable intersection of Riesz semiconservative space is a Riesz semiconser-
vative space.

Proof. (1) Let ϕ ⊂ X. If X is closed in Y then Xf = Y f [6, Theorem 7.2.6]
Y is Rsc space ⇔ Y f ⊂ rs. By Y f = Xf ⊂ rs, Xf ⊂ rs ⇔ X Rsc. Hence (1) is
true.
(2) Let X Rsc space and X ⊂ Y . Xf ⊂ rs since X Rsc space. Since X ⊂ Y ⇒
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Y f ⊂ Xf , then Y f ⊂ Xf ⊂ rs. So, Y f ⊂ rs ⇒ Y Rsc space.
(3) First the intersection X = ∩Xn is an FK space by [6, Theorem 4.2.15]. Every

f ∈ X
′
can be written f =

∑m
k=1 gk where each gk ∈ X

′

n for some n by [6,
4.0.3,4.0.8].
Theorem 2.4 If zr is a Riesz semiconservative space then z ∈ rs.
Proof. Let zr be a Riesz semiconservative space. Then zrf ⊂ rs. Since zr is a rK
space, we have zrf = zrr. So since {z} ⊂ zrr ⊂ rs, we get z ∈ rs.

Definition 2.3 An FK space is called bounded convex Riesz semiconservative
if it is Riesz semiconservative space and includes δ.
The definition of Riesz conull FK space X which X ⊃ ϕ, can be given as follows
by using Riesz semiconservative; A Riesz semiconservative space X is called Riesz
conull, if

f(δ) = lim
n

1

Qn

n∑
k=1

k∑
j=1

qjf(δ
j),

for all f ∈ X
′
. A Riesz semiconservative space need not contain δ but must contain

δ , if it is Riesz conull. A Riesz conull space is automatically bounded convex Riesz
semiconservative space.

3. Distinguished Subspaces of Riesz Semiconservative FK Spaces

In this section we give the relation between the distinguished subspaces which
are rF+, rF, rB+, rB, Riesz semiconservative and bounded convex Riesz semi-
conservative FK spaces. Additionally, we proved some theorems on these spaces.
Let X be an FK space containing ϕ. Then we define

rF+(X) =

{
x ∈ ω :

{
lim
n

1

Qn

n∑
k=1

qkxk

}
is weakly Cauchy in X

}

=

x ∈ ω : lim
n

1

Qn

n∑
k=1

k∑
j=1

qjxjf(δ
j) exists for all f ∈ X

′


=

{
x ∈ ω : {xnf(δ

n)} ∈ rs for all f ∈ X
′
}
= (Xf )r.

rB+(X) =

{
x ∈ ω :

{
1

Qn

n∑
k=1

qkx
(k)

}
is bounded in X

}
=

{
x ∈ ω : {xnf(δ

n)} ∈ rb for all f ∈ X
′
}

= (Xf )rb

Also rF = rF+ ∩X and rB = rB+ ∩X.
Theorem 3.1 Let X be an FK space containing ϕ and z ∈ ω. Then z ∈ rF+ if

and only if Y = z−1 ·X = {x : zx ∈ X} is Riesz semiconservative FK space, where,
zx = {znxn} in particular δ ∈ rF+ if and only if X is Riesz semiconservative FK
space.

Proof. Let (z−1 ·X) be Rsc, so (z−1 ·X)f ⊂ rs. Hence f ∈ (z−1 ·X)
′
. Then

f(x) = αx+ g(z · x), α ∈ ϕ, g ∈ Y
′
, by [6, Theorem 4.4.10] and f(δn) = αn + g(z ·
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δn) = αn + g(znδ
n) = αn + zng(δ

n). Hence, since α ∈ ϕ ⊂ rs then {f(δn)} ∈ rs if
and only if {zng(δn)} ∈ rs, i. e. z ∈ rF+.

Theorem 3.2 Let X be an FK space containing ϕ and z ∈ ω. Then z ∈ rF if
and only if z−1 ·X is bounded convex Riesz semiconservative FK space in particular
δ ∈ rF if and only if X convex Riesz semiconservative FK space.

Proof. Let z ∈ rF . Since rF = rF+ ∩ X then z ∈ X so δ ∈ z−1 · X and
since z ∈ rF+, z−1 ·X is Riesz semiconservative FK space by Theorem 3.1. Thus
z−1 ·X ∈ X is bounded convex Riesz Semiconservative FK space. Conversely, let
z−1 ·X be a bounded convex Riesz semiconservative FK space. So, since z ∈ rF+

by Theorem 3.1 and z ∈ X by Definition 2.3, then z ∈ rF .

Theorem 3.3 Let Y be a Riesz semiconservative FK space and Z an AD space.
Suppose that for an FK space X, X ⊃ Y.Z. Then X ⊃ Z,where Y ·Z = {y.z : y ∈
Y, z ∈ Z}.

Proof. Let z ∈ Z. Then, since X ⊃ Y · Z, z−1 · X ⊃ Y . Thus, since Y
is Riesz semiconservative space then z−1 · X is Riesz semiconservative space by
Theorem 2.3 and so z ∈ rF+ by Theorem 3.1. Hence Z ⊂ rF+ = Xfr . Thus
Xf ⊂ Xfrr ⊂ Zr ⊂ Zf and so Z ⊂ X by [6, Theorem 8.6.1].
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