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PROPERTIES AND CHARACTERISTICS OF A FAMILY
CONSISTING OF BAZILEVIC (TYPE) FUNCTIONS SPECIFIED
BY CERTAIN LINEAR OPERATORS

A.R.S. JUMA, S.N. AL-KHAFAJI, H. IRMAK

ABSTRACT. In this paper, through the instrument of the well-known Gauss
hypergeometric function and Hadamard product, a linear operator is firstly
defined and a family consisting of Bazilevié¢ (type) function is then described
by using the related operator. Several systematic investigations of the various
properties and characteristics of the concerned family are also presented.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let RT = (0,00) be the set of positive real numbers, N = {1,2,37 . } be the
set of positive integers, Z~ = { -1,-2,-3,-- } be the set of negative integers,
C be the set of complex numbers and also let Ng = NU {0}, Zg = Z~ U {0} and
Ry =R+ U {0}.

We let A denote the family of functions f(z) which are analytic in the open unit
disk

U:{z: z € C and |z|<1}
and normalized with the following conditions

f(0)=0 and f(0)=1.
Clearly, these functions f(z) have the following Taylor-Mclaurin series form:
f(2)=z4a2® +as® + - +ap2 + - (ar > 0;z € U). (1)
In the light of well-known binomial expansion, we can now introduce a novel

operator denoted by
DM o DEMNAR)

l,a l,a

also defined by

DPNfl =2+ ) et (2)
k=2
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where l Ak
1)\ n
k= cr(n, Lo, N)ay == (M;_+—£¥)) o

and
f=fz)eAd, neNy, AeR} , a€R" | and z€U.

As a natural consequence of the operator given by (), it can be easily determined
by the following relationships:

DY2f] =2+ ) apzkto! (3)
k=2
1, - Z—AO[—FOé 0,\ 0,\ Iz
D = (e T )P+ (P)
_ l+a+Ak-1) ka1
== +Z (e e @)
and also
2N p1 [+ a+ A DN2 ka1
Dilf) = = +Z (Hr MY he, (5)

wherefzf(z)EA,)\GRO,OzGRJFandeU.

For our main results, we need also to recall the Gauss hypergeometric function
defined by

oF1(a,b,c;2) = kz:% Ei)):((lfg:zk (z € ), (6)

where a,b € C, ¢ ¢ Z; and (k), denotes Pochhammer symbol (or the shifted
factorial) given, in terms of the Gamma function I'; by

F(k;+n){ k(k+1)(k+2)---(k+n—1) if neN M)
L'(k) 1 if n=0.

Next, corresponding to the function o F(a, b, ¢; z), we introduce a linear operator:
A A
H[fl(z) or HU(S]
which is defined by means of the following Hadamard product (or convolution):

Dlng\[ﬂ(z) * oF1(a,b,¢;2)

(k)n =

of the functions
Dlrf’of‘[f](z) and oF(a,b,c;2)
or, equaivalently7 by
P lf] = DRNAR) *+ aFi(a,b, ¢ 2)
l—|—a—|—/\ ) n (a)k(b)k kta—1
(o7 , 8

t Z( [+a ) ©n(L)r ™ ®

where n € No, A\ € Ry, a € RY, c ¢ Zy, f(2) € Aand z € U.

Finally, under the conditions of the definitions in 7 @, and @ and also by
making use of the above-linear operator ’Hl"o? [f], we say that a function f := f(z) €
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A, given by , is in the aforementioned family Bl’:f‘(ﬁ,v, d), which also consists
of Bazilevié¢ (type) functions, if it satisfies the following inequality:

e (HE2) - e
(6 —1)ztte (’lef’a)‘[f])I — (07 — az??)

foralln € Ng, \€ Rf, 0 € RY, 0<8<1,0<y<land0<4<1.

<B (z€0) (9)

In the literature, from time to time, we encounter several works associated with
a great number of operators (linear or nonlinear) constituted by certain complex
functions (with one variable or several variables) which are analytic or univalent in
certain domains of the complex plane C. As examples, one can see those given by
the papers in [3], [, [7], [8], [9], [I0], [11], [12], and also [13]. Moreover, since some
of them are very important for the theory of functions, intrinsically, they or some of
them have also an important roles for analytic or geometric function theory, which
is a special field of complex analysis and includes the study of the relations between
the analytic properties of a function f(z) and the geometric properties of the image
domain f(U). For these properties of certain complex functions, one may also refer
to the works in [II, [2], [5], [6] and also others.

By virtue of the reasons indicated by above, a function f(z) € A in the family
@ defined by the operator in is of significance for its analytic and geometric
properties. For this, firstly, the authors introduced a new and also general family
an&/\(ﬁ ,7,0) of functions which are Bazilevié (type-univalent) functions in the open
unit disk U and then obtained a necessary and sufficient condition for a function to

be in the family Bln’;‘(ﬁ ,7,0). They also presented several basic results, derived here
for functions in the family Bl"’a’\ (8,7,0), in relation with some growth and distortion
theorems, the radii of the Bazilevié (type-univalent) functions and certain extremal
functions. In addition, they also pointed some interesting and possible other results
of the basic results out.

2. BASIC PROPERTIES AND CHARACTERISTICS OF THE FAMILY Bl"’of(ﬁ,y,é) AND
SOME OF 1TS CONSEQUENCES

We begin by giving and then proving a characterization property of the above-
defined family Blrft"j (8,7,9), which is contained in the following theorem.

Theorem 1. Let the function f(z) € B}“(ﬁ,%a) be in the form . Then, f(z)

R

is in the family B (3,7, 0) if and only if

Bé(a —7)
1—-B5+p5

wherea >0,6>0,¢>0,A>0,a>0,0<8<1,0<y<1,0<6< 1, a—y #0,
and n € Ng.

i (l +a+ k- 1))”(a)k(b)k

= RO

I+« (10)

The result is sharp for the extremal function given by

Bo(a —v)(e)2(1)2 (l+a+)\>—"22
(1+a)(1 =86+ B)(a)2b)2\ I+a ’

fz)=z+ (11)
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wherea >0,0>0,¢>0,A>0,a0a>0,0<<1,0<y<1,0<6< 1, a—v #0,
n €Ny, and z € U

Proof. Firstly, assume that the function f(z) € B” )‘(ﬂ v, 0) is defined by and
the inequality holds true. Then, for z € 9(U), we calculate that

2 (HE211) — 0z = 8|6~ )2 (W21 (5 — a2™)
ey e
vl (22

x(k+a— 1)akz2°‘+k_1} — (67 — a2®)

L+a+ Ak —1)\"(a)k(b) Bé(a—1)
< ( ) E+a—1a, — —— <0,
Z I+a RO )= TG54 )
by virtue of the desired inequality in . Hence, by maximum modulus theorem,
the function f(z) belongs to the family BZ’Q)‘(B, v,0).
To prove the converse, suppose that the function f(z) is defined by and is in
the family B;"; (,6’ v,9). So that the condition @) readily yields that

(2] o
(6= Dzt (H72(11) — (07— aze)

Za+1[O[Za_1 4 2232(1“‘@‘5‘)\%—1) )n (@) (D) k (a 4 k— l)akza—i-k—Z} _ az2o¢

_ = I+o ©r @)k
- _ 00 l+a+A(k— n (a)r(b atk— o
(6 = Dzertifaza=t + TR2 (i) SR (0 + b — Dagzo =2 — Gy + 022
< B. (12)
Since |§Re ‘ < |z| for any z € U, if we choose z to be real and let z — 1—, we

shall find from ) that
Z (l +a+ /\(/f - ))” (a)r(b)k

[+«

(a+k—1ag(a)
k=2

- I+a+Ak—1)\"(a)r(b)x
§6<k22(51)( [+a ) <c)k<1>k(“+’f1>ak<a>+5<av>>,

which readily yields that the desired assertion (10]).

Finally, by observing that the function f(z) defined by is indeed an extremal
function for the assertion , the proof of Theorem 1 is therefore completed.

The next theorem is also contained in the following form.
Theorem 2. The family B (ﬁ 7, 6) is closed under convex linear combination.

Proof. Let the functions

z)=z+ Zak,jzk (ar; =055 =1,2), (13)
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be in the family Bl’fj(ﬁ ,7,0). Then, we have to show that the function h(z) defined
by

h(z) = M)+ (1= Nfa(z) (0= A <), (14)
is in the family BZ’O:\ (8,7,0). If one takes cognizance of the assertion for the

definition of functions f;(z) (j=1,2) defined by and also for the function h(z)
defined by , or, equivalently, in the form:

h(z) =2+ [Aaraz" + (1= Nag22"],

k=2
the inequality:
2l a+ ME—=1)\"(a)p(b)k
];2{( I+« ) (C)k(l)k(kJrail)
Bé(a—1)
*Pawae) + (1= Noral@]} < 7= 515

is easily obtained. Thereby, that function h(z) belongs to B;fg‘(ﬂ,’y,(;) and the
desired proof is here completed.

The following result is more generalization of Theorem 2 and it can be similarly
proven, which is contained in the following theorem.

Theorem 3. Let each of the functions f;(z) be defined by
fi(2)=z+arjz+ag; 22 + - +ap 2"+
and also be in the same family Blrfgj‘(ﬁ, v, 9), where
ag,j>0;7=1,2,---,m; meNand z € U.
Then, the function h(z) defined by
h(z) = c1fi(2) + caf2(2) + - + e fm(2),

where
c; >0 (j:1,2,~~-,m) and ci+c+--+ cn=1,

is also in the family Bﬁg‘ (8,7,9).

The growth and distortion theorems for the function f(z), defined by (1), in
the family BZ;j‘(ﬁ,’y,é) are also presented by the following theorems, which are
Theorems 4 and 5 below.

Theorem 4. Let the function f(z) be in the family Blrfzj‘(ﬂ,’y,é). Then, the fol-
lowing inequalities:

Bé(a —v)(c)2(1)2 l+a+ X\
SO < B+ oy (=8 + By Tra ) 09
and
Bé(a—7)(c)2(1)2 l+a+2\"" 5
’f(z)|2|z‘_(1+a)(1_55+6)(a)2(b)2( o) P09
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are satisfied, where a > 0,5 >0,¢> 0, A >0,a>0,0< 8 <1, 0< v <1,
0<éd<l,a—vy#0,and n € Ny and z € U. Theboundsin and are
attained for the function f(z) given by
Bé(a —v)(c)2(1) I+a+A\",
e U). 17
a5+ s Tra ) # €D an

Proof. Let f(z), defined by (1)), be in the family B (ﬂ v,9). By using , we
then obtain

l+a+ A a)2b2 >
(1+a)( I+« ) (c)2(1)g kzﬁak

fz) =2+

Sl a+ Ak — 1)\ (a)r(b)k
k_z( I+a ) CROM.
< Bila—7)

ST

which yields

- Bo(ar —7)(c)2(1)2 R
;“’“5 1+a)(1—ﬂ6+6)(a2()( fra) (e,

By the help of the inequality just above, we get that

oo o0
A=z > | <lal + 1P Y
k=2 k=2

po(a =)

<zl + . ER
R = i+
and
oo oo
()] = ‘Z_Zakzk] > o = 122w
k=2 k=2
Bo(a —
> ol - e
a(=5a)" m( — B+ )

wherea > 0,0>0,¢>0,A2>0,a>0,0<8<1,0<~7y<1,0<6<1,a—y#0,
and n € Ny and z € U. Thus, the desired prof completes.

Theorem 5. Let the function f(z) be in the family Bn’ (8,7,9). Then, the fol-
lowing inequalities:

2B86(a — ¥)(€)2(1)2 l+a+ A\
! <1 18
|f (Z)| =t (1+a)(1—65+5)(a)2(b)2( I+« ) 12 (18)
and
286(a — ) (e)2(1)2 l+a+ A
! >1- 19
=) = (14 a)(1— B+ B)(a)2(b) 2< I+ a ) (19)
are also satisfied, where a > 0,0 >0,¢ >0, A>0,aa>0,0<8<1 OS'y 1,
0<6<1, 04777&0andnENoandzEUTheboundsin. nd (19)) are

attained for the function f(z) given by (17] .
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Proof. Let f(2), defined by (1), be in the family B;';\(8,7,6). By using (10), we
then obtain

1+a(l+o¢—|—)\) (a)2(b)2 Zkak
C

2 l+0£ 21
>kl a+ Mk —1)\"(a)(b)
kz_zk( e ) OmiEraD
(Lot Ak Dy (B,
_k=2( I+a ) CRONE.
55( )
S1_B+p

which yields

ikak < 2B0(ar = 7)(c)2(1)2 (l—l—a—i—)\)—” (neNo).  (20)

(1+a)1 =0+ p)(a)(b)2\ I+a

By means of the inequality given by , the assertions in and can be
easily obtained. The details are here omitted.

The last result in regard to the radii of Bazilevi¢ (type-univalent) function of
order w (0 < w < 1) is contained in the following theorem.

Theorem 6. Let f(z), defined by , be in the family BZ&)‘(ﬂ,fy,é). Then, f(z) is
Bazilevic (univalent) function of order w (0 < w < 1) in disk |z| < 7, where

ro= 7"(7”117 Lan,apB,7, 670‘))

_ _ _ _ =
—inf (1-w)(a)g(®)p(k+a—1)(1—p65+P) (l +a+ Ak 1))” 1)
k Bé(o = y)k(k —w —2)(c)x(1)k I+a
wherea > 0,6 >0,¢>0,A>0,a>0,0<8<1,0<~+v<1,0<d<1,a—vy#0,
and n € Ny. The result is sharp for the extremal function given by
_ Bé(a =) (e)k(1)k I+a+Ak—1)\"
) =2+ (k+a—1)(1—55+6)(a)k(b)k< [+a ) -
for all k =3,4,--- and z € U.
Proof. Let f(z) € Bf’a’\(ﬂ,v, ) be in the form (??). Then, the function f(z) is
Bazilevié¢ (type-univalent) function of order w (0 < w < 1) in |z| < r, provided that
') | S ke~ Va2t
() T+ Y, kagekt
< Lo bk = Dag|2]*
T 14, kagz R
<l-w (]zl<rm0<w<), (23)

(22)

where r is given by .
As is known, the last inequality in holds true if
k(k —w—2) 1 < (1= B3+ B)(a+k—1)(a)y(b)r <z +a+ k- 1)>n
1- - Bo(ar = 7)(e)r(1)k I+a ’
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which yields the expression in (21), when it is solved for |z|. This completes the
proof of Theorem 6.

It is easy to see that all theorems, which are Theorems 1-6, include several
special or general results. For all of them, it is enough to choose the values of
the parameters which are available in all theorems. As certain consequences of our
results, we want to present only four.

Under the conditions of Theorem 1, an immediate consequence of Theorem 1
may be given by the following corollary, which is Corollary 1.

Corollary 1. If the function f(z) given by (1) is in BZ;’;\(B,’}/,(S), then
Bo(a — ) () (1)k (l+a+)\(7€—1))‘"

o U0+ H@®r\  ita

forall k=2,3,---.

ag <

Under the conditions of Theorem 1 and as a special application of the operator
, by setting n := 0 in Theorem 1, the next consequence can be presented by the
following corollary.

Corollary 2. If the function f(z) given by is in B?}’é‘ (8,7,9) if and only if

o (@k(b)r pola =)
kzzz(c)k(l)k(kJra—l)akg st

The result is sharp for the extremal function given by

Bd(a —7)(c)2(1)2 2
z)=z+ z® (2 €U).
O =% Traya=po + el V)
Under the conditions of Theorem 4 and as a special application of the operator
(), by setting n := 1 in Theorem 4, the third consequence can be also given by the
following corollary.

Corollary 3. If the function f(z) given by is in Bll,’(i‘(ﬂ,fy,é), then

Bo(a —7)(1 + a)(c)2(1)2
L+a)(1 = 86+ B)(I 4+ a+ X)(a)2(b)

‘|f(z)|—\z|‘ g( 2|Z|2 (€U, (24)

The above bounds are attained for the function f(z) given by

Bo(a =) + a)(c)2(1)2
(I+a)(1 =B+ B) 1+ a+ N)(a)2(b)2

fz)=2z+ 22 (z€l). (25)

Under the conditions of Theorem 6 and as a special application of the operator
, by letting n := 2 in Theorem 6, the last consequence of our results can be given
by the following corollary.

Corollary 4. If the function f(z) given by is in Bll”:‘(ﬁ,'y,é), then f(z) is
Bazilevic (type-univalent) function of order w (0 < w < 1) in disk |z| < r*, where

T* = T*(l7)\;n>a7ﬁa’77§’ W)

<(1 —w)(a)k(d)r(k+a—1)(1— B85+ 3) (l +a+ Mk - 1))2)131
Bé(a = k(k —w = 2)(c)r(1)k I+a :

= inf
k
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The result is sharp for the extremal function given by

f(Z) =2+ ﬂé(aiv)(c)k(l)k ( l+a )2Zk

(k+a—1)(1—=pB5+B)(a)e(d)r \l +a+ Ak

for all k =3,4,--- and z € U.
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