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OSCILLATION OF THIRD-ORDER NEUTRAL DYNAMIC
EQUATIONS ON TIME SCALES

MERVE ZINGIL AND FATMA SERAP TOPAL

ABSTRACT. In this paper, some new sufficient conditions for the oscillation of
all solutions of nonlinear third order neutral dynamic equations are established
aiming at extending some well known results in the literature. By using a
generalized Riccati transformation and an integral averaging technique, we
obtain some new results which ensure that every solution of this equation
oscillates or converges to zero. Moreover, an example is given to illustrate the
applicability of these results.

1. INTRODUCTION

The theory of measure chains was introduced and developed by Hilger [12]. It
was created in order to unify continuous and discrete analysis, and it allows a simul-
taneous treatment of differential and difference equations, extending those theories
to so-called dynamic equations. A time scale T is an arbitrary nonempty closed
subset of real numbers with the topology and ordering inherited from R, and the
cases when this time scale is equal to the reals or to the integers represent the
classical theories of differential and of difference equations. Of course many other
interesting time scales exist, and they give rise to plenty of applications, for exam-
ple, in the study of insect population models, neural networks, heat transfer and
epidemic models. We refer the reader to the excellent introductory text by Bohner
and Peterson [1] as well as the recent research monograph [2]. In recent years,
there has been much research activity concerning the oscillation and nonoscillation
of solutions of various dynamic equations on time scales, e.g., see [3, 6-10, 13-17]
and the references cited therein.

In [17], Zhang and Wang studied the second-order nonlinear dynamic equation

(r() (&) +p@)y(T(0))2)) + fr(t,y(81(1)) + falt, y(J2(1) = 0

on a time scale T.
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In [8], Grace et al. considered the following third-order neutral delay dynamic
equation

(r()(@(t) — a(®)z(7())22)2 + p()2" (5(t)) = 0.

Recently, some authors studied on oscillation criteria for third order neutral non-
linear dynamic equations on time scales in [4, 5, 11]. Also, in [15], Utku and Senel
considered the oscillatory behavior of all solutions of the third-order quasilinear
neutral delay dynamic equation

[r(1)([2() + p(t)z(10(1))]22)]> + g (D)2 (71(t)) + g2 () (72(t)) = 0
on a time scale T.

Inspired from the above works, in this paper we consider third-order neutral
dynamic equations of the following form:

2 2
(ra@®)[(r1 (D) (8) + D pi®)2(m(8)]*) A1) + Y fult, 2(8:(1)) = 0 (1)
=1 =1

on a time scale T satisfying inf T = ¢y and sup T = oo, where v > 0 is a quotient of
odd positive integers.
Throughout this paper we assume the followings:

(Hl) Th(t), Jz(t) S O,«d(T,T) such that ﬁl(t) < t, ng(t) > t, 51(t) < t, 52(t) >t
and tlim ni(t) = tlim 0i(t) =00, 1=1,2,
— 00 — 00

(H3) pi(t) € Cra(T,[0,1)), r:i(t) € Cra(T,(0,00)) and 7§ (t) < 0 such that

—— At = 00, — | At=00
/to r1(t) to (7‘2(?5))

(Hs) fi(t,u) : T x R — R are continuous functions such that wf;(t,u) > 0 for
all u # 0 and there exist ¢;(t) € Crq(T, RT) (i = 1,2) such that |ufi(t,u)| >
qi(t) [u[7 .

This paper is organized as follows. After this introduction, we introduce some
basic lemmas in Section 2. In Section 3, we present the main results and give an
example to illustrate the main results.

We use the following notations for convenience and for shortening the equations:
2(8) i= 2(t) +pr (D2(m () + o (Da(ma(), 21 = (125)3, 221 = ry(21)7 and
S8l .— (2[2])

For D = {(t,s) € T? : t > s > 0}, we define the set H = {H(t,s) € C!,(D,[0,00)) :
H(t,t) = 0, H(t,s) > 0 and H>(t,s) > 0 for t > s > 0}, the function a €
C’Tld( ,(0,00)) is to be given Theorem 3.1 and Theorem 3.2 such that o (t) =
maz{a®(t),0} and H? is the partial derivative of H with respect to second vari-
able.

2. SOME PRELIMINARIES

To establish oscillation criteria of (1.1), we give here some useful lemmas which
will play an important role in the study of the oscillation behavior for the solutions
of (1.1).

Lemma 1 Assume that z is an eventually positive solution of (1.1) holds. Then,
there is a t1 € [tg, 00)r such that either
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(i) z(t) >0, 22(t)>0, 2M(t)>0, telty,o0)r,
. (i) z(t) >0, 22(t)<0, zH(#) >0, telt,o00)r.

Proof. If z(t) is an eventually positive solutions of (1.1), then there exists a
t1 € [to,00)r such that

x(t) >0, x(n:i(t)) >0, x(0;(t)) >0, for t>t;, i=12. (2)
From (2.2), z(t) > 0 eventually. Since (1.1) and (H3), we obtain
() < —qu ()27 (81(t)) — q2(t)a” (82(1)) <0, ¢ € [t1,00)r, (3)

which implies that z[2(¢) is a strictly decreasing function on [t;,o00)r. We claim
that 2[I(t) > 0 on [t;,00)r. Assume not, there exists a ty € [t;,00)r such that
22J(t) < 0 on [tz,00)r. Then, there exist a negative constant ¢ and t3 € [tz,00)t
such that

A0t <e<0, telts,00)r

A < <7‘Qc(t)) %, (4)

Integrating (2.4) from t3 to ¢t and using (Hz), we obtain
: 1
1 v
ri(t)22(t) < 71(t3) 25 (t3) +C%/ < ) o
t5 \72(5)

which implies that 7 (t)22(t) — —oo as t — oo. Therefore, there exists a t4 €
[t3, 00)T such that

and it follows that

r1(t)z2(t) < 71(ta)z2(ts) <0, t € [ts,00)T. (5)
Dividing both sides of (2.5) by r1(¢) and integrating it from ¢4 to ¢, we obtain

z(t) — 2(tg) < 7“1(754)ZA(754)/ .

£ T1(5)

Hence, we see from (Hs) that z(t) — —oo as t — oo, which contradicts the fact
that z(t) > 0 and z[2(t) > 0 for t € [t;,00)7. Since ro(t) > 0, zl1(t) > 0 for
t € [t1, 00)r it follows that rq ()2 (¢) < 0 on [t1,00)T or r1(t)z(¢) > 0 on [t1,00)T.
From 71 (t) > 0, 22(t) < 0 on [t;,00) or z2(t) > 0 on [t;,00)T.

The proof is completed. O
Lemma 2 Assume that x is an eventually positive solution of (1.1) and (i) of
Lemma 1 holds. Then, there exists a t; € [tp, 00)T such that

A0 2 n(t O and 20 > 2 ) (6)
1
for t € [t1,00)T where r1(t,t1) = :1 Tﬁ,(ls(’;)l)As and ro(t,t1) = fttl Qs

' (s)

Proof. Since z[?(t) is strictly decreasing on [t1,00), we have

rl(t)zA(t) > rl(t)zA t) — rl(tl)zA(tl)
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it follows that

and so

ro(t,t 1
Ay > 2ED gt e o). (7)
r1(t)
Integrating (2.7) from t¢; to ¢, we obtain

A0 2 P [ A

and so

2(t) > ri(t, 1)), t € [ty 00)r.
The proof is completed. O

Lemma 3 Let 2 be an eventually positive solution of (1.1). Assume that (i) of
Lemma 1 and 0 < p;(t) + p2(t) < p < 1 holds. If

/: rll(t)/tw [ris) /:O[Ch(u) + g2 (u)]Au %AsAt = 00 (8)
0

then tlim z(t) =
—00
Proof. Since (i) of Lemma 1 is satisfied,
tlggo z(t) =1>0.
We claim that flim z(t) = 0. Assume that [ > 0. Then for any € > 0 we have

U (o)
I < z(t) < 1+ e for a sufficiently large t € [t1,00). Choose 0 < € < @. On the
other hand, since

2(t) = 2(t) + pr(H)x(m(t) + p2(t)z(n2(t)),

there exists a sufficiently large ta € [t1, 00), for ¢ € [t2,00) we have

a(t) 2(t) = pr()z(m (1)) = pa()x(12(1))
2(t) = pr(H)z(m (t) — p2(t)z(12(1))
L—pi(t)(I+€) — p2(t)(I +€)
L= (p1(t) + p2()) (L + €)
I—p(l+e)
E(l+¢€) > kz(t),

VoIVl

V

where k = = ’;ﬁ:‘e) > 0.
Then we get
x(t)

Substituting (2.9) to (2.3) for ¢
2B(1)

z(t) > kl > 0. (9)
t3 we obtain
)27 (01(t)) — q2(t)x7 (d2(1))
(k1) = q2(kl)”
—q1(t) (k)" — q2(kl)”
= —(kD)"[q1(t) + ¢2(t)]. (10)

>k
>

< —q
< —q
<

(t
(t
(t
l
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Integrating (2.10) from ¢ to oo, we get

o) " | la(s) + qa(s)]As.

It follows that

1
5

| )+ e (1)

Integrating (2.11) from ¢ to oo and dividing both sides by r;(t), we obtain

Y w[ql<s>+q2<s>ms]im. (12)

Integrating (2.12) from t3 to oo, we get

o(ts) > kI / i / L;S) / m[ql(u)+q2(u)murmm,

which contradicts (2.8) and therefore [ = 0. By making use of 0 < z(t) < z(t) we
conclude that thm x(t) = 0.
—00

The proof is completed. [l
Lemma 4 [17] Let g(u) = Bu — Au =N , where A > 0 and B are constants, v is a

quotient of odd positive integers. Then g attains its maximum value on R at u* =

Y
B
(A(’Yll)) and

() > kl{

~Y B+l
max g(u) =

weR (v + 1)+t Ve (13)

3. MAIN RESULTS

In this section, we establish some oscillation criteria for (1.1). Since we are
interested in asymptotic behavior of solutions we will suppose that the time scale
T under consideration is not bounded above, i.e., it is a time scale interval of
the form [tg, 700)r. Recall a solution z(t) of (1.1) is said to be oscillatory if it is
neither eventually positive nor eventually negative, otherwise it is nonoscillatory.
The equation itself is called oscillatory if all its solutions are oscillatory.
Theorem 1 Let v > 0. Assume that m is a positive real valued A-differentiable
function such that

T —mA(t) <0 (14)
ri(t, t1)ry (£)re (t)
and
1= m1(0) - o) 28 (15)
Furthermore

1

/: rll(t) /t‘x’ [7'218) /Soo[ql(U)+Q2(u)]Au " AsAL = 0o (16)
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and one of the following conditions satisfied for sufficiently large ¢; € T:

(i) there exists a function aw € C!,(T, (0,00)) for 61(T) > t; such that

i t — aﬁ(s) § =00

i sy [ oo - 20 A=, (1"

where
Q) = ) (M) (1 (5a(s) — patas () LD

+4a(6) (1= (6a(s) — ettt "L )

(i1) there exists a function o € C,(T, (0, 00)) for 6;(T) > t; such that
im su t a(s)Q(s) — ri’(s)(aﬁ(s))”“ 5§ =00
s s [ faae - Aoy

(iii) there exists a function o € C,(T, (0,00)) and H € H for 6;(T) > t; such that

o 1 ' i (s)[C(t, s)]"* _
tliglo sup AT /T {H(t, s)a(s)Q(s) — it $)(7 + 1)7+1oﬂ(3)} As =00, (19)

where

C(t,s) := HR(t, s)a’ (s) + H(t, s)a™(s),

(iv) there exists a function o € C!,(T, (0,00)) and m > 1 for 6;(T) > t; such that

) I m BYtL(t,s)
tlggosuptm . {(t $)"a(s)Q(s) — D(s,t1) (t—s)m’Y}As 00, (20)
where .
_ _ ri(s)(ale(s))"
Dl ) = a0 ()raGe, 1)
and
B(t,s) = (t — s)mo‘ﬁ(s) —m(t — o(s))™ !
T a’(s) '

Then every solution of (1.1) is either oscillatory or tlim z(t) = 0.
— 00

Proof. Assume the contrary and let = be a nonoscillatory solution of (1.1). With-
out loss of generality, we may assume that ¢; € [tg, 00)r such that

x(t) >0, x(ni(t)) >0, x(6;(¢t)) >0, i=1,2 for t=>t. (21)

We first consider that z(t) satisfies Case (¢) in Lemma 1. From Lemma 1 and (Hz),

we have N e A
=0 = (T5°)
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Using Lemma 2 and (3.22), we get

() = mt )]
= (g (0)210(0)
= (bt (OrR O () + )y (O (0224 (1)
St t)ry (D222 (). (23)
It follows from (3.23) that
A < 0 (24)

Since (3.24), we have

( 2(t) )A A Hmt) — 2()mA ()

m(t) -

I
—~

~~
~—

3

(

m(t)m(t) rl(t,tl)T§ (t)rlA(t)

~~
~

IN

—m2(t)| <0
and so % is decreasing. Since z2(t) > 0 and 7, (t) < t, we get

—z2(m(t)) = —2(?). (25)

Also, from ;((tt)) is decreasing and n(t) > t, we get

> 1—p1(t) — p=2(t) m(t) )z(t) (27)

Since %tt)) is decreasing, 01(t) <t and v > 0, we have

(W) < —(m“l“”)vzw. (28)

m(t)
Also, from z2(t) > 0, 62(t) >t and v > 0, we get
— 27 (02()) < =27(). (29)

By virtue of (3.27)-(3.29), (1.1) and (H3), we obtain
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—f1(t x(81(t)) — fa(t, x(d2(t))
2 (6, (t t

IA
|

(=)

,_.

H-
Q

1(t)) — @2(t)27(02(1))
< —a t( = 60 = paldr(0) ") 3 o)
~aa(0) (1= p1(62(0) — pa(5a(0) ") 5y )
m(n2(61(1)\" (m(a(t)\"
< [ “(1‘“ 600 =m0 (Mt
oot (1 p(6a(0) ~ pa(5a(6) "LEEDN) T
It follows that
Bl + Q1)z*(t) < o. (30)
(7) Let we define
w(t) = o)) o i, (31)
: - > 1.

Then w(t) > 0 for ¢t > t;. From (3.31), we have
WA = (@A 2@ L2 p)e a®(t)27(t) — a(t) (27 ()>
0 = s (5) +eHor (SRR
(=P (#))” a2 (t) (=P ()) 7 () (t))A.

< —a)Qt) +

(o) 2(8)(27(1)

)
By the P?tzsche chain rule, if 22(¢t) > 0 and vy > 1, then

)

1
O = [ =0+ uhe o) 0
y /O (1= B)=(t) + he" ()] 22 (t)dh

Y

! 7—1ZA
Y / (2(8) 122 (t)dh

V(=) 2R (). (33)
Also again by the P?tzsche chain rule, if 22(t) > 0 and 0 < v < 1, then

@) = 4 / [2(t) + p(t)h= (1)1 (£)dh
1
7/0 [(1— h)2(t) + hz ()]~ 122 (t)dh

Y

¥ / (27 ()22 (t)dh

= (=7 (1)) (). (34)
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Since 212 () > 0 and using (3.33)-(3.34), we get
EB)7amE )
G 0) L
In view of 2[2(t) is decreasing and t < o(t), we have
()" < 2P(). (35)
Therefore, from (3.35), Lemma 2 and 22 (¢) > 0, we obtain
A
A af (1)
t) < —a(t)Q(t .
WA () < —a(Q() + F =0
Integrating the above inequality from T to ¢ for ¢t > T, we get

t OCA s
/T [a(s)Q(s) £05) A5 < w(ty) — w(t) < w(ty). (36)

- T?(Sﬂfl)

Taking lim sup on both sides as ¢ — 0o, we obtain a contradiction with (3.17).
Therefore, every solution z(t) of (1.1) is oscillatory. When (i¢) of Lemma 1 holds,
we can conclude from Lemma 3 that tlim x(t) = 0.

—00

(1) From (3.32), we have

A a w° a®(t)  EPI®)7at)(z7(1)*

Since z(t) is increasing, z[2(t) is decreasing and using Lemma 2, for v > 1, we get
EE)7a@E @) | () A Mat) (2P(1)”
2(t)(27(1))7 - 27(t)(27(t))7
vz (a(t) (2P (1)°
- 2740 (1))
Ara(t, 1) [ (0] 7 a(t) (A (1)
- r1(t)z7HL

ro(t, t1)a(t) 1
— (W) . (37)
ri(t)a7 (o(1))

From z(t) is increasing, 2[?1(¢) is decreasing and Lemma 2, for 0 < < 1, we get

EE)7amE @) (7)) A Ot (P (1)7

AOE0)7 T S(OE (1)
o A 0a) 1)
B CO)
o et )R] a0 (1)
- r1(0)27+1 (o (1))
> 200 (38)

ri(t)a’™ (o(t))
From (3.37) and (3.38), we obtain

At malttalt) oo
ar (t) 7r1(t)a%“(a(t))( @

w?(t) < —a(t)Q(t) + w? (1) (39)
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Setting
A
. 1) LU0
a?(?) ri(t)a’> (o(t))
and using Lemma 4, we obtain
r1(s)(af ()

u)A(t) < —la(t)Q(t) + (v + D7t rav(s)ra(t, ty) |

Integrating the above inequality from T to t for ¢ > T, we obtain

' ri(s)(ef(s)7
— As < w(ty) —w(t t1). 40
[ Jaae) - s < utn) < wi) <w(e). @0

Taking lim sup on both sides as ¢ — oo, we obtain a contradiction with (3.18).
Therefore, every solution z(t) of (1.1) is oscillatory. When Case (i) of Lemma 1
holds, we can conclude from Lemma 3 that li}m x(t) = 0.

(#41) Since (3.39), we have that for H € Hand ¢t > T

aB(s
/ H(t,s) / H(t,s) (S)As+/ H(t,s)w’(s) a”((s))As
H(Es)ra(st)als) o
(w?(s))>" As
ri(s)a’s (a(s))

By integration by parts we obtain

/H s)As=H /HAts (s)As.

It follows that

/tH(t $)a(s)Q(s)As < H(t, t1)w(t )+/t [HA(t s)+ H(t S)QA(S) w?(s)As
) = 5 U1 1 s ) ) C¥0<S)
T T
H t,s)ra(s, t1)a(s) y41
PO e () A
" (a(s))
- (t5) (t.5)ra(s, t)a(s)
C(t,s YH(t,s)ra(s,t1)a(s
B=——, A= — , u=w7(s).
a?(s) ri(s)a’ (o(s)

From Lemma 4, we obtain that for all ¢t > T,

' 7+1 7(8)
[ aesasewas < e+ [ OG-y
That is,
L i (s)[C(t,5) !
W/T {H(t a()Q(s) - HY(t,5)(y +1)7Fla7(s) As < w(l).

Taking lim sup on both sides as ¢ — 0o, we obtain a contradiction with (3.19).
Therefore, every solution z(t) of (1.1) is oscillatory. When (i¢) of Lemma 1 holds,
we can conclude from Lemma 3 that tlim x(t) = 0.

— 00

(iv) Multiplying (3.39) by (¢ — s)™ and integrating from T to ¢, we have
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t m — t — 8)™w?(s)As t —smwasﬁ s
[a=smatamas <~ [a-grut@ast |-l
/Tfy(ts)mTQ(S’tl)a(s)(wg(s))’yjrlAs. (41)

ri(s)a™ (a(s))

By integration by parts we obtain
t

f/ (tfs)mwA(s)As:(th)mw(T)+/ ((t—s)™Aw’(s)As.  (42)
T

T
Next, we show that if ¢ > o(s) and m > 1, then

((t = 5)™)% < —m(t —o(s))"". (43)
If u(s) = 0 then we have
(£ = 5)™)> = —mft — 5™,

If pu(s) # 0 then we have

—§)™)As = L —o(8)™—=(t—s)™
((t=s)") ﬂ(s)[(t ()™ = (t—5)"]

Using inequality
A — B >yB""Y(A - B),
where A and B are nonnegative constants and « > 1, we have
[(t =)™ = (t = a(s))"] = m(t —a(s))"H(o(s) — 5)

so we see that (3.43) holds.
From (3.41)-(3.43), we obtain

/T (t— "a(s)Q(s)As < (t—T)w(T)

. (t — s)™ra(s, tl)oz(s).
a’(s) ri(s)a™ (a(s))

From Lemma 4, we obtain that for all ¢t > T,

/T (t—9)"a(s)Q(s)As < (t—T)"w(T)

t [B(t, )] 177 (s) .
+/T =0+ e (s)ra(s )
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that is,
1 t

tm

(= 9malsQ(s) - Dlsst)

Taking lim sup on both sides as ¢ — 0o, we obtain a contradiction with (3.20).
Therefore, every solution z(t) of (1.1) is oscillatory. When Case (ii) of Lemma 1
holds, we can conclude from Lemma 3 that tlim z(t) = 0.

—00

As < w(T). (44)
T

The proof is completed. U
Theorem 2 Let v > 1. Assume that m is a positive real valued A-differentiable
function such that

) —mA (1) <0 (45)
ri(t t)ry (Hre(t)
and
1= m1(t) ~ o) 280 > (46)
Furthermore
/too rll(t) /too [7‘215) /Oo[fh(u) + (p(u)]Au] ;ASAt =00 (47)

and one of the following conditions satisfied for sufficiently large ¢; € T:
(i) there exists a function o € C!,(T, (0,00)) for 61(T) > t; such that

o 1 (5)(a2(5))? _
tlggo sup/T {a(s)@(s) — 23_V(u(s))7_1z(s)r;(s,tl)]AS = 00, (48)
where
Q(s) = ql(s)<m£§1§))> (1 —p1(01(s)) —P2(51(5))W>
+q2(s) (1 —p1(d2(s)) —p2(52(3))w> )

(ii) there exists a function o € C},(T, (0, 00)) for 6;(T) > t; such that

oy Clt, P (o) .
B w7 75 J, [P0~ et 2~ (9

where
C(t,s) := H (t,5)a” (s) + H(t, 5)a(s), D(t,s) := H(t,s)a(s)Q(s),
(iii) there exists a function o € C,(T, (0,00)) and H € H for 6;(T) > t; such that

t s 2
timsup g [ |- 9ma() - B O as w60
where
E(s,ty) := ri(s)
7 23=7va(s)(u(s)) 7ty (s, t1)
and

F(t,s):= (t—s)™a®(s) —m(t — o(s))™ La(s).

Then every solution of (1.1) is either oscillatory or tlim z(t) = 0.
— 00
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Proof. Assume the contrary and let « be a nonoscillatory solution of (1.1). With-
out loss of generality, we may assume that ¢; € [tg, c0)r such that

z(t) >0, x(n:(t)) >0, x(6() >0, i=1,2 for t=>t.

We first consider that x(t) satisfies Case (i) in Lemma 1.
(¢) Using the inequality

-yt =2 (e —y)?, vy 21

we have
0 I J L W
oy = HEDZE0 5 p2(o(0) - 210)
= 9ol=7 1 (2e) = 2B\ _ iy Y=1(,A (Y)Y
S e R U OR

From (3.33), (3.39), 22(t) > 0, Lemma 2 and using the fact that u —mu? < -
for every u, we obtain

() RO a2 ()~ (A1)

o (D) SO0

od(t) D)W,

) Pwyrerme O
a? « 1=y 1

< —aQ() +urin S0 - BB SO0 oy .

02O oy A2 O] ()

(@ ()] (aB (1)
()02 (1))?
B (D)) Talt)r] (6 61)

Integrating the last inequality from T to ¢, we obtain

r1(s)(af(s))?

[ o000~ s s 2 < v

Taking lim sup on both sides as ¢ — 0o, we obtain a contradiction with (3.48).
Therefore, every solution x(t) of (1.1) is oscillatory. When Case (ii) of Lemma 1
holds, we can conclude from Lemma 3 that tlim z(t) = 0.

—00

wi(t) < —at)Q(t) +w(t)

< —a(t)Qt) +w(t)

< —a(hQ() + (w ()*

< —a(t)Q(H) +

(74) From (3.39), we have that for H € H and ¢t > 1

aA(S) o
/Hts /Hts As—l—/Hts (S)w(s)
I o2 D) o g,
WA s

By integration by parts we obtain

— /Tt H(t,s)w™(s)As = H(t, T)w(T) + /Tt HA(t,5)w (s)As.
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Using the fact that u — mu? < =, we obtain

t t A ozA(S)
JL HsneQ@as < @)+ [ )+ HE9 5
T g i
. $)au(s)2 7 (u(s)) 1Y (s, 1
[ H 002 Tl ) g,

a“(s))*r{ (s)

Jw? (s)As

t (Ot 8)]2r (5)
1)+ [ 257l (u(s)) 13 (5. 11)

IN

As.

It follows that
1 ' [C (¢, 5)]r] (s)

- H(t _

s Jy (16900000 - e T
Taking lim sup on both sides as ¢ — oo, we obtain a contradiction with (3.49).

Therefore, every solution z(t) of (1.1) is oscillatory. When Case (ii) of Lemma 1
holds, we can conclude from Lemma 3 that tlim z(t) =0.
—00

As < w(T).

(#i) Multiplying (3.39) by (¢t — s)™ and integrating from T to ¢, we have

t t t oA (s
/(t—s)ma(s)Q(s)As < —/ (t—s)mwA(s)As—l—/ (t—s)m(()w”(s)

. - T a“(s)
B F(t—s)ma(s)2 7 (u(s)) " 1ry (s, 1) W (s)2As
/T (a7(s))?r](s) (W) 8.

Since (3.42), (3.43) and the fact that v — mu? < 7, we obtain

/'(t—swa(s)Q(S)As < (t—T)™w(T)

T

¢ a? (s
+/ [(t—s)™ (s) —m(t— U(s))mfl]wa(s)As

- a”(s) 1
[ e o
<H(t, T)w(T) + /Tt = 8)7”23[_?(02;)(];@)()83—17~g(s,tl)As,
That is,
- Tt {(t —5)"a(:)Q(s) - E<t>[§(_t))]] A = wll)

Taking lim sup on both sides as ¢ — co, we obtain a contradiction with (3.50).
Therefore, every solution z(t) of (1.1) is oscillatory. When Case (ii) of Lemma 1

holds, we can conclude from Lemma 3 that lim x(¢) = 0.
—00

The proof is completed. O
Example 1 Let T = Z and we consider the following third order neutral dynamic
equation:

(G ——— Uy O R R

te [2, OO)]I.
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(H) m@)=t—-1<t, m@)=t+1>t 0=
hmm() 11{.105() 00,

<t 0y(t) =2t >t,

w\w

(HQ) (t) t S C7'd(T7R+)7 TlA(t) = _m < Oa TQ(t) =1le C7'd(T7R+)7
1
(0 Y Ar — i [ A — T a9 — LV
s (rz(t)> At = algr()lo ; At = alggoa 2 = oo, /2 %At = /2 tAt =
ala+1) 1
Tim Zk lim T2 -1 = 00, pit) = 5 € Cu(T[0,1), pa(t) =
e Cu(T,[0,1)), 0<pi()+palt) < - +2<1
3(t+1) rd s 1Yy ) D1 D2 2 3 )

<
(Hs) q1(t) = 5 € Cra(T.RY),q2(t) = 3 € Cra(T,RY), ma(t,ta) = [[ As =t —t1,

T
t 3

-~

t1—1

t —
ri(t,t1) = / 5 tlA —/(s —t18) As—Zs —tls—z,s — 118
ty

S

(t—1)t@2t—1) ty(t—1)t (tl—l)t1(2t1—1) ti(ty — Dty
6 2 6 * 2
t(t—1)(2t — 1 —3ty) +t1(ts — 1)(t1 + 1)
6

and so

Pt t)rd (e (t) =

Let m(t) = t, thus

(t(t— )2t —1— 3tlé+t1(t1 1t + 1)) ( - t(t-1|—1)>

( )m(n

1—p1(t) — pa(t 2 =1l1--————=—->0.
Pl() b2 m(

®)) 1 tot+1 1
) 2 3(t+1) t 6

Let we define,
h(t) =t(t —1)(2t — 1 —3t1) + t1(t1 — 1)(t1 + 1).
For t > t1, we get
RA() = (t—1)(2t —1—3t1) + (t+ 1)[1.(2t — 1 — 3t;) + .2]
= (t—1)(2t—1—3t) + (t+ 1)[4t — 1 — 3t,]
= 2% —t—3tt; — 2t + 1+ 3t; +4t> — 3ty —t + 4t — 3t — 1
= 61% —6tt; = 6t(t —t1) > 0,

so the function h(t) is increasing.
Since

h(ty) = ti(ty —1)(2t1 — 1 —=3t1) +t1(ty — 1)(t1 + 1)
= ti(th —1)(2ty —1 =3t +t1 +1) =0,
we have
h(t) > h(t1) = 0.
It follows that
B 6t2(t + 1) -
tt—1)(2t —1—3t1) +t1(t1 — 1)(t1 +1) —
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So we have

m(t) A — 6t2(t 1) )
ri(t t)rs (B8 (1) (t) tt—1)(2t —1—=3t1) +t1(t1 — 1)(t1 + 1) 1<0
and

RN AN . Lo 41N? L2 (] 2t 2t+1\°
AN 2 3(L+1) & s3 2 3(2t+1) 2t

10855
Let a(s) =1 in (ii) of Theorem 3.1, 6;(T) = £ > ¢; and we obtain

t t t—1
. . 1 .. 1
o [ @@as = fmop [ | oor|a = 08 LS Dy = o

T

Since Theorem 1, every solution of the neutral dynamic equation is oscillatory
or tlim x(t) = 0.
—00
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