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PRE-SCHWARZIAN NORM ESTIMATE FOR FUNCTIONS
CONVEX IN ONE DIRECTION

SUDHANANDA MAHARANA AND JUGAL K. PRAJAPAT

ABSTRACT. For the normalized analytic function f in the open unit disk
D := {z € C : |z|] < 1}, we consider the class F(a) of functions f sat-

isfying the analytic characterization (1 + ZJ{,(S)) > —5-t%, where «

is an arbitrary number and is not less than 3/2. For a locally univalent
analytic function f defined on D, we consider the pre-Schwarzian norm by

1"
Hf” = Sup|z\<1 (1 - |Z‘2) J}/<(j))
mate for the functions f in the class F(a).

. In this paper, we find the sharp norm esti-

1. INTRODUCTION

Let H denote the space of analytic functions in the open unit disk D = {z €
C : |z| < 1} and A denote the set of all functions f € H satisfying the usual
normalization f(0) = f'(0) — 1 = 0 with the Taylor’s expansion of the form

f(z):z+2anz", z € D. (1)
n=2

We denote by S the subclass of A which are also univalent in D.

A domain D C C is said to be convex if it is starlike with respect to each of its
points, that is, if the line segment joining any two points of D lies entirely in D. A
function f € S is said to be convex function, if and only if f(D) is a convex domain.
It is well known that a function f € A is called convex of order a (0 < o < 1), if
and only if R{1+ zf"(2)/f(2)} > «, z € D, and we denote this class of function
by K(«). In particular, it is well known that £(0) = K.

A domain D C C is called convex in the direction ¢ (0 < ¢ < ), if every line
parallel to the line through 0 and e’¥ has a connected or empty intersection with
D. A function f € § is said to be convex in the direction ¢, if and only if f(D) is
convex in the direction ¢.
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Umezawa [10, Theorem 1] studied that, if functions f € A of the form (1) be
meromorphic in D and satisfying the relation

a>%(1+ZJ{,(iz)))>—2aa3, z €D, (2)

where « is an arbitrary number not less than 3/2, then f(z) is analytic and univalent
in D. Moreover, f(z) maps |z| = r for every r < 1 into a curve which is convex in
one direction, and |a,| < n for all n.

Several special cases of inequality (2) can be drawn by allowing different values
of & > 3/2 which have been studied for different contexts. Let the class of all
functions f € A satisfying the condition

z2f"(2) e
(1 > — eD, 3
(+55) > ws )
be denoted by F(«). In particular, we denote the class F := F(o)|,_, ., i-e., class

F satisfies the analytic characterization

2f"(z 1
R+ LE). 1 Lo

The class F plays an important role in the discussion on certain extremal
problems for the classes of complex-valued and sense-preserving harmonic convex
functions and some other related problems in determining univalence criteria for
sense-preserving harmonic mappings. In view of Kaplan characterization [4, p.48,
Theorem 2.18], functions in F are also close-to-convex (hence univalent) in D.
Recently, Ponnusamy et al. [9] have studied the radius of convexity of partial sums
of functions f € F and proved that every section s,,(2) = 2+ _,_, axz" of function
f € F is convex in disk |z| < 1/6. Agrawal and Sahoo [1] proved that every section
Son—1(2) =24+ Y 1y asp—122F=1 of odd univalent function f € F is convex in the
disk |z| < v/2/3. Furthermore, authors have studied the bounds on third Hankel
determinant for coefficients of Taylor’s series expansion of functions in F [2].

For two analytic functions f and g in D, we say that the function f is subordinate
to the function g, written as f(z) < g(z), if there exists an analytic function w in D
such that |w(z)| < 1, z € D, and w(0) = 0, with f(z) = g(w(z)) in D. In particular,
if g € S, then f(z) < g(2) if and only if f(0) = g(0) and f(D) C g(D).

For a locally univalent analytic function f, the pre-Schwarzian derivative of f is
defined by

f//
Tf - 7,
and its norm is defined by

|77l = sup (1 —[2]?) |Ty(2)]-
|z|<1

The pre-Schwarzian derivative Ty and its norm ||7|| have significant meanings in
the theory of Teichmiiller space [6, 15]. It is known that || T|| < oo if and only if
f is uniformly locally univalent, that is, there exists a constant p = p(f) > 0 such
that f is univalent in each disk

{ZG(C: ‘za
1—az

< |a|<1},
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(see [11, 12]). It is well known that [|Ty|| < 6 for f € S, and ||T}|| < 4 for f € K.
Conversely, by Beckers theorem [3] it follows that if f € A and ||T%|| < 1, then
f € 8. For f € S the Alexander transform J[f](z) := [;(f(t)/t)dt is locally
univalent and it has been obtain by Kim et al. [5] that [T || < 4. Yamashita [14]
proved that, if f € S*(«) then ||T}|| < 6 — 4a and [|Tyf|| < 4(1 — «). Both the
inequalities are sharp.

In this work we investigate the sharp norm estimates for functions in the class
F(a), and for the class F as its particular case. Consider the function

2(:) = 222 (1- (1 o)), ()

for which

2®"(z) 1+ (33:2) z
o'(z) 11—z
Then ®(z) € F(a). It is well known that the function ®(z) is the extremal function

for the following estimate of az. For all function f € F(a), we have |ag| < 32=3
and the equality holds if and only if

f(z) = n®(pz), ()

where y is a unimodular constant, that is, p is complex with |u|? = pm = 1.
The class of Carathéodory functions P, is the class of functions p € H of the
form

1+

p(z) =1+ chz", z €D, (6)
n=1

having a positive real part in ID. Following are the well known results for the
functions belonging to the class P and can be found in Duren [4] and Libera and
Zlotkiewicz [7].

Lemma 1.1. If p € P be of the form (6), then

len] <2, neN, (7)
and
2 =ct +x(d—ct), c €R, (8)
for some x with |x| < 1. The inequality (7) is sharp and the equality holds for the
. 142
function o(z) = 17 e D.

By using Lemma 1.1, we obtain the following result which is needful to obtain
the Corollary 2.2.

Lemma 1.2. If the function f € F be of the form (1), then

|9az — 8aj| < 9/2. 9)
Proof. If f € F be of the form (1), then we may write
2f"(z) 3 1
1 = p(z) — =
Fre "y

where p € P be of the form (6). Substituting the series expansions of f and p
and equating the coefficients, we get az = 3c¢1/4 and a3 = (3¢? + 2¢2)/8. Using
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these value of coefficients and Lemma 1.1 for some ¢; = ¢ € [0,2] and x such that
lz] = p <1, we get
9
905 — 8a3| < (4~ ) = H(e.p)
Let Q = {(c,u) : 0<¢<2 0<pu <1} To find the maximum value of H over
the region 2, note that H is increasing function of p and decreasing function of

¢ , hence the maximum value of H(c, 1) is attained at the point (0, 1) in €, that is
max H(e,p) = H(0,1) = 9/2. This completes the proof. O

2. MAIN RESULT

Here we obtain the pre-Schwarzian norm estimation for function f in the class

Fla).
Theorem 2.1. For o > %, the following propositions holds good.

6a — 6
(a) Suppose that f € F(a). Then ||Ty|| = 2¢, where ¢ = 22773, if and only if

f is of the form (5).
(b) Suppose that f € F(a) is not of the form (5). Then

1+A+B 6o — 6
T <20 | m——— = 1
I <2 (5 0g). for (=5 (10)
where )
OSA:Z\a2\<1, (11)
and | ‘
2 |3¢az —2(¢ + 1)a3
0<B=- <1+A<2, 12
¢ ¢ —2las| 12)
so that
1<1+A+B<1+A<1.
37 3-A+B~ 2
Proof. Consider the function
. 149z 4o -3
F(2)=F,(2) = T where n=5—3- (13)

The function F(z) is univalent in I, and satisfying the conditions
F'(0) =¢, F"(0) =2,

and

F(D) = {zE(C:?R(z) >2aa_3},

where (:=1+n= ga — g For the function f € F(«), set
o —
zf"(2)
g(z) =1+ , z¢eD.
B =17

-1
Note here that F~1(w) = wT, then the composed function
w-n

db=Flog:D—D,
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is analytic in D with ¢(0) = 0 and g = F o ¢. In particular, for all f € F(«), g is
subordinate to F. It is clear that

/ —1y\/ ! Cg/(z)
z)=(F z Z)= )
¢'(z) = (F) (9(2)) - ¢'(2) @) L)
and
() = ¢ g"(2) (g(2) +n) — 2(9’(3))2.

(9(=) +m)°
Since

g (0) =2a; and ¢"(0) = 12a3 — 8a2,
it follows that

¢'(0) = %ag and ¢"(0) = a (12((13 - 8(¢C+ 1)a2) (14)

Clearly, the function ¢(z) satisfy the conditions of Schwarz lemma. Hence the
Schwarz lemma for ¢ shows that

6/(0)] = A = % laa] < 1,

and further A =1 if and only if
¢(z) = pz, (15)

for a unimodular constant yu, or f is of the form (5). On the other hand, it follows
from the fact g = F o ¢ that

f"(2)
f'(2)

¢(2)
z(1-9(2))

=< (16)
is in the unit disk D.

For the proof of (b), remark that ¢ is not of the form (15). Thus form [13, p.313,
(6.8**(a)] it follows that

lp(2)] < |2|Q(|2]), z€D, (17)
where )
z°+Bx+ A
Q@) = g B 0Sest
Here
160
2(1 =g’ (0)])’

which together with (14), provides the value of B in terms of as and az. By the
help of Schwarz-Pick inequality at 0 applied to x(z) = ¢(z)/z, where |x| < 1, we

observe that )
B
__ X' (0)] <1
L+1¢"(0)]  1—[x(0)|

Hence
B<1+|¢0)=1+A<2,

by |¢'(0)] = A < 1. By using (16) and (17), one can compute
L@ aEPedh
014 [ | < ey = 0D 1
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where
_ (1-2)Q()
U IR
(1+z)(2* + Bz + A) -
2?2+ (1-A+Baz+1"  —

To prove that

2(14 A+ B)
_ <zx<
s 1 0Se<L (19)

let H(z) be the numerator of the derivative G'(x). Then,

G(z) < G(1) =

H(0)=(1— A)B+ A% >0,
H'(0)=2(1—- A+ B) >0,
H"(0)=2(B*+ (1 - A)B+2(2— A)) >0,
and,
H"(z)=1222+B—-A+1)>0 for 0<z<1.

Hence, H(z) > 0 or G(x) is nondecreasing in 0 < x < 1, which prove the condition
(19). Combining (18) and (19), we finally get the result (10), that is

1+A+B
< _— .
I <2 (455

Now it remains to prove that

IT¢l = 2¢,
for f be of the form (5). If f is of the form (5), then
2f"(2) pz @ (pz)
14 =1+ = F(uz).
7 IR
Thus it follows that
f'(= 1—|2%) [6()] 1|2
f'(z) 2] (11 = ¢(2)]) 11— pz
Since (1 — [z]?) ’Ccl,l((j))‘ =((l1+x) for z=px, 0 <z <1, tends to 2¢ as x — 17,
we finally get the result that ||T|| = 2¢. This is what we wanted to proof. O

In particular case, when « approaches co in Theorem 2.1, together with Lemma
1.1 and Lemma 1.2, we get the following results:

Corollary 2.2. The following propositions holds good.
(a) Suppose that f € F. Then || f|| =6 if and only if f is of the form

f(z) = p@(pz)

z—22/2

where ®(z) = T
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(b) Suppose that f € F is not of the form
f(z) = e (pz)
z—2%/2

where ®(z) = T Then

1-|-A-|—B)7 (20)

< - rere
<o (3 ey

where A € [0,1) and B € (O L )

' l—a
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