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DISLOCATED QUASI RECTANGULAR b»-METRIC SPACES AND
RELATED FIXED POINT THEOREMS

P. G. GOLHARE AND C.T. AAGE

ABSTRACT. In this paper, we introduce the notion of dislocated quasi rectan-
gular b-metric space. We extend the well-known Banach and Kannan fixed
point theorems in this space. We also prove some well known fixed point the-
orems for ¢-weak contraction in it. We give examples to support our results.

1. INTRODUCTION

Now a days fixed point theory is being extensively studied. Many researchers
have been generalized concept of metric spaces and proved fixed point theorems
for different types contraction mappings in these spaces. Initially, metric space
was generalized by Wilson[14] by introducing the concept of quasi-metric space.
Bakhtin[2] introduced the b-metric space which is generalizes the metric spaces and
established basic fixed point theorems it. Hitzler et al.[11] put forth concept of
dislocated metric spaces. R. George et al.[12] introduced notion of rectangular b-
metric spaces as a generalization of both metric spaces and b-metric spaces. They
also proved analogue of Banach contraction principle and Kannan type contraction
in rectangular b-metric spaces. In the literature, many generalizations of metric
spaces are found namely dislocated b-metric space, quasi b-metric space, dislocated
quasi b-metric space etc. In this paper, we also introduce the new generalization
of metric space, which we call dislocated quasi rectangular b-metric space. We
establish analogues of some well known results in the literature in dislocated quasi
rectangular b-metric spaces.

Bakhtin[2] defined the b-metric space as follows:

Definition 1 ([2]) Let X be a non-empty set and mapping d : X x X — [0,00)
satisfies:

(i) d(z,y) =0if and only if z = y for all z,y € X,

(ii) d(z,y) =d(y,z) for all z,y € X,
(iii) there exists a real number k£ > 1 such that d(x,y) < k[d(x, z) + d(z,y)] for all
z,y,z € X.
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Then d is called b-metric on X and (X, d) is called a b-metric space with coefficient
k.
Shah and Huassain[10] extended b-metric space to quasi-b-metric spaces and proved
some fixed point theorems in it. Alghamdi, Husasain and Salimi[8] defined the term
b-metric-like spaces or dislocated b-metric spaces to generalize metric-like spaces.
Some of generalizations of metric spaces are mentioned below.
Definition 2([10]) Let X be a non-empty set. Let d : X x X — [0,00) be a
mapping and k£ > 1 be a constant such that:

(i) d(x,y) = 0=d(y,z) if and only if z =y for all z,y € X,

(ii) d(z,y) < kld(z,2) +d(z,y)] for all z,y,z € X.
Then pair (X, d) is called quasi-b-metric space.
Definition 3 ([8]) Let X be a non-empty set. Let d : X x X — [0, 00) be a mapping
and k > 1 be a constant such that:

(i) d(z,y) =0 then x =y for all x,y € X,

(ii) d(z,y) = d(y,z) for all z,y € X,
(iii) d(z,y) < k[d(z,z) + d(z,y)] for all z,y,z € X.
Then pair (X, d) is called dislocated b-metric space.

Chakkrid and Cholatis[4] defined the concept of dislocated quasi-b-metric space

as follows:
Definition 4([4]) Let X be a non-empty set. Let the mapping d : X x X — [0, 00)
and constant k > 1 satisfy following conditions:

(i) d(z,y) =0=d(y,z) then z =y for all z,y € X,

(i) d(z,y) < kld(z, z) + d(z,y)] for all z,y,z € X.
Then the pair (X, d) is called dislocated quasi-b—metric space or in short dgb-metric
space. The constant k is called coefficient of space (X, d). It is clear that b-metric
spaces, quasi-b-metric spaces and b-metric-like spaces are dgb-metric spaces but
converse is not true.

Example 1([9]) Let X = R* and for p > 1,d : X x X — [0,00) be defined as,
d(z,y) = o =y’ + ||’ Vo, y € X.

Then (X,d) is dgb-metric space with k = 2P > 1. But (X, d) is not b-metric space
and also not dislocated quasi metric space.
Example 2([4]) Let X = R and suppose,

d(z,y) = 22 — y|* + |2z + y/*,

then (X, d) is dgb-metric space with coefficient k¥ = 2 but (X, d) is not a quasi-b-
metric space. Also (X,d) is not dislocated quasi metric space.
Definition 5([1])Let X be a non-empty set and mapping d : X x X — [0,00)
satisfies:

(i) d(z,y) =0if and only if z = y for all z,y € X,

(i) d(z,y) =d(y,z) for all z,y € X,

(iii) d(z,y) < [d(z,u) + d(u,v) + d(v,y)] for all z,y € X and all distinct points

u,v € X\ {z,y}.
Then d is called a rectangular metric on X and (X, d) is called a rectangular metric
space.
R. George et al.([12]) defined rectangular b-metric space as follows:

Definition 6([12]) Let X be a non-empty set and mapping d : X x X — [0,00)
satisfies:
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(i) d(x,y) =0if and only if x = y for all z,y € X,
(ii) d(z,y) = d(y,z) for all z,y € X,
(iii) there exist a real number s > 1 such that d(z,y) < s[d(z,u)+d(u,v)+d(v,y)]
for all 2,y € X and all distinct points u,v € X \ {z,y}.

Then d is called a rectangular b-metric on X and (X,d) is called a rectangular
b-metric space with coefficient s.
Example 3([12]) Let X =N, define d : X x X — [0,00) by

0, ifzx=y,
d(z,y) =< 4o, ifz,y € {1,2}and = # y,
a, ifzxoryé¢{l,2tand z #y,

where @ > 0 is a constant. Then (X,d) is a rectangular b-metric space with
coefficient k = % > 1.

Example 4([6]) Let A = {0,2},B = {+ : n € N} and X = AUB defined : X x X —
[0,00) by

0, ifzx=y,

d(z,y) = 1, ifz#yand {z,y} C Aor{z,y} C B,
W= y?, ifr € Aandy€ B,
22, ifr € Bandyc A,

then (X, d) is rectangular b-metric space with coefficient k& = 3. Now, we introduce
the notion of dislocated rectangular b-metric space as follows:
Definition 7 Let X be a non-empty set and mapping d : X x X — [0, co) satisfies:

(i) d(z,y) =0 then x =y for all x,y € X,
(i) d(z,y) =d(y,z) for all z,y € X,
(iii) there exist a real number k > 1 such that d(z,y) < k[d(x, u)+d(u,v)+d(v,y)]
for all 2,y € X and all distinct points u,v € X \ {z, y}.

Then d is called a dislocated rectangular b-metric on X and (X, d) is called a dis-
located rectangular b-metric space with coefficient k.

One can note that every rectangular b-metric space is dislocated rectangular b-
metric space but converse need not be true as illustrated by following example.
Example 5 Let X =N, define d: X x X — [0,00) by

i) 4o, if 2,y € {1,2},
1’7 = .
Y «, otherwise

where o > 0 is a constant. Then (X, d) is a dislocated rectangular b-metric space
with coefficient £ = 2 > 1. Note that d(1,1) = 4a # 0 and d(2,2) = 4o # 0.
Therefore (X, d) is not a rectangular b-metric space.
Now, we define the notion of dislocated quasi rectangular b-metric space or in short
dg-rectangular b-metric space as follows
Definition 8 Let X be a non-empty set and mapping d : X x X — [0, co) satisfies:
(1) d(z,y) =0=d(y,z) then z =y for all z,y € X,
(ii) there exist a real number k > 1 such that d(z,y) < k[d(z, u)+d(u,v)+d(v,y)]
for all z,y € X and all distinct points u,v € X \ {z,y}.
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Then d is called a dislocated quasi or dg-rectangular b-metric on X and (X,d) is
called a dislocated quasi or dg-rectangular b-metric space with coefficient k.
Example 6 Let X =N, define d: X x X — [0,00) by

da, ifx=1,y=2,
dz,y) =< 3a, ifx=2y=1,
5, otherwise

where a > 0 is a constant. Then (X, d) is a dislocated quasi rectangular b-metric
space with coefficient & = 3 > 1. Note that for any x € N, d(z,z) = § # 0.
Therefore (X,d) is not a rectangular b-metric space. Also d(1,2) = 4a # 3a =
d(2,1).

We give some definitions regarding dislocated rectangular b-metric spaces with
inspiration from M. Alghamdi et al.([8]). We define open ball of radius r about
in dislocated quasi rectangular b-metric space (X, d) as

B.(x) = {y € X : max{|d(z,y) — d(z, 2)|, |d(y, z) — d(z,z)|} < 7"}.

Definition 9 A subset G of a dislocated rectangular b-metric space (X, d) is said
to be open if for every x € G there exists r > 0 such that B,(z) C G.

Definition 10 A subset F of a dislocated rectangular b-metric space (X, d) is said
to be closed if its complement X \ F' is open.

Dislocated rectangular b-metric space (X, d) with coefficient k£ > 1 is not neces-
sarily Hausdorff. Indeed in Example 1, there does not exist 1,72 > 0 such that
B, (1) N B,,(2) = 0. In fact for every r > 0, 1 € B,.(2) and 2 € B,(1).

Definition 11 A sequence {z,} in a dislocated quasi rectangular b-metric space
(X, d) is said to be convergent to x € X if and only if lim,, o d(zy,, z) = lim, o d(z, x,) =
d(z,x). In this case, we say that x is limit of sequence {x,}.

This can also put as lim,, oo |d(zy, ) —d(z, )| = 0 = lim,_,  |d(z, z,)—d(z, z)]|.
From this definition it is clear that given ¢ > 0 there exists N € N such that
max{|d(zy,z) — d(z, )|, |d(z,z,) — d(z,z)|} < € for all n > N. We write this as
Ty —> T aS N — 00.

Definition 12 Let (X, d;) and (Y, dz2) be two dislocated quasi rectangular b-metric

spaces. A mapping T : X — Y is said to be continuous at v € X if and only if

given € > 0 there exists § > 0 such that max{|ds(Tz, Tu) — di(u,w)|, |d2(Tu, Tx) —
dy(u,uw)|} < e whenever max{|dy(z,u) — di(u,u)|, |d1(u,z) — d1(u,uw)|} < 4.

Definition 13 A sequence {z,} in a dislocated quasi rectangular b-metric space

(X, d) is called as Cauchy sequence if and only if lim,,— o0 d(2p,, Tpai) and limy, s oo d(Tp4i, Tn)
exists and is finite for all 4 € N.

Definition 14 A dislocated rectangular b-metric space (X, d) is said to be complete

if every Cauchy sequence in X is convergent.

2. MAIN RESULTS

Our first results is given below.
Theorem 1 Let (X,d) be a complete dislocated rectangular b-metric space with
coefficient k > 1. Let T': X — X be a mapping satisfying

d(Tz, Ty) < ad(z,y), (1)

for all z,y € X, where 0 < a < % Then T has a unique fixed point in X.
Proof. We choose any arbitrary point o € X. Now define sequence {x,} in X
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such that z,, = Tz, _1 for all n € N. If for some n € N, z,_1 = x,, then z,,_;

becomes fixed point of T' and we have nothing to prove. Therefore, we assume that
ZTp—1 # Ty, for all n € N. From inequality (1), we have

d(xnfh xn) = d(Txnf% Txnfl) < ad(mnf% xnfl)- (2)
Applying inequality (2) repeatedly, we get,
d(#n—1,7n) < ad(Ty_2,n-1) < -+ < " Hd(zo, 1) (3)

Similarly,

d(zy, xn—1) < ad(zn_14, ,) < < a"_ld(xl,xo). (4)

We also assume that zg # xz, for any 2 < n € N. If not, then for some n > 2 in
view of (3), we have

d(xo, Txo) = d(zy, Txy)

d(zg,21) = d(Tpn, Tpt1).
It implies that
d(xo,21) < a"d(x0,21),

which is a contradiction unless d(xg,z1) = 0. Thus xg = z1 and s xg turns out to
be a fixed point of T'. So, we assume that x,, # x,, for all n # m € N. In view of
(1), for any n € N, we can write

d(l'nfly anrl) = d(Txnf%Txn) < ad(mnf%mn)- (5)
Applying (1) repeatedly, we get
A(Tn—1,Tns1) < @™ td(z0, 72). (6)

Similarly,
A(Tpi1,2n_1) < " Vd(zy, x0). (7)

Now, we will prove that {z,,} is a Cauchy sequence in X, equivalently, we will show

nl;n;o AT, Tnem) =0= nl;n;o d(Tptm, Tn),

for all n,m € N.
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Case (i): Suppose m is even i.e. m = 2i for some i € N and n may be even or
odd. Using inequalities (3), (4) and rectangular inequality, we get

d(l‘n, xn-&-m) S k[d(.’ll‘n, xn-i—l) + d(xn-i-la xn+2) + d(xn—i-% xn+2i)]

S k[d(xna anrl) + d(anrlv $n+2)] + k2 [d(xn+23 anrB) + d(xn+37 xn+4) + d(l’n+4, $n+2i)]

< kld(2n, Tni1) + d(@ng1, Tog2)] + KA @y, Tpps) + d(Tng3, Tnga)]

+ K d(@nta, Tys) + d(@ngs, Toge)H 4+

+ kM d(2n—a42i, Tn-342i) + A(@n—342i, Tn242:)] + k' d(Tn—242i, Tnt2i)]
< k[a™d(zo, z1) + o Td(zo, 21)] + k;z[ "F2d(20, 1) + " T3d(zg, 11)]

+ K3 [a"+4d(xo, x1) + Q" TPd(zo, x1)] 4+ -+ BT " T d (w0, 1) + @3 (30, 21)]

+ ka2 2 (g, 20)
< ka1 + ko + k2 + - )d(zo, 1) + k" TH1 + ko + K2t + - ]d(zo, 71)

+ ki_lan_2+2id(x07 1,2)

1+a)7, » i—1, n—2+2i

< [1 — koﬂ}ka d(zo,z1) + k' d(xg,z2)
(1 + Oé) n n—2

< [1—ka2}ka d(xo,z1) + & 2d(zg, z2).

Letting n — oo in last inequality above, we get

nhﬁngo d(xn, xn—&-m) =0,

for all even m € N.
Case (ii): Suppose m is odd i.e. m = 2i — 1 for some i € N and n may be even

or odd. Using inequalities (3), (4) and rectangular inequality, we get

d(xna xn+m) S k[d(xna anrl) + d(anrlv xn+2) + d(xn+27 xn+2i71)]

S k[d(mna xn-i—l) + d(xn+17 xn+2)] + kQ [d(xn-&-% xn+3) + d(.]?n+3, xn+4) + d(xn+47 $n+2i—1)]
)

+ d(@nr1, Tppo)] + K2 [d(@ng2, Tnts) + d(Tng3, Toga)]

+ k2 [d(@nta, Tnts) + d(@ns, Tage)] + -

+ K [d(zpt2i—2, Tnt2i—1)]

< k[a™d(zo, z1) + " d(zg, 21)] + k2 [ 2d (20, 21) + a"3d(20, 1))

+ B d(zg, 21) + a"Pd(zg, x1)] + - + KT 2d (20, 1)

< ka™[1 + ka® 4+ k2ot + - Jd(20, 21) + k™ T + ko 4+ k2ot + - ]d(20, 21)

S k[ (xna Tn+1

< [1(1—22)2} ka™d(xg,x1).

Letting n — oo in last inequality above, we see that limit on the right hand side
exist and is finite. Therefore, lim, o d(Zy, Tpim) exists and is finite for all odd
m € N. Thus from the case(i) and case(ii), it follows that lim, . d(zn, Tnim)
exists and for all m € N

lim d(xy, Tptm) = 0. (8)

n— oo
Now, we will prove that lim, o d(Zpntm,z,) = 0 for all m,n € N with m > n. We
consider two cases:
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Case (a): Suppose m is even i.e. m = 2i for some i € N and n may be odd or
even. Then

A(@nsms @) <K T2d(@ng2i; Tnioi-o) + k2 d(@ng2i-2, Tni2i-3) + d(Tpp0i-3, Tniaioa)]
+ kA s 20—, Tnr2i—s) + d(@Tni2ios, Tni2ioe)] + -+ K[d(Tni2, Tng1) + d(Tni1, 70)]
< ki72an+2i72d(x2’ xO) + ki72[an+2i73d($1’ xO) + a””i"ld(xl, 1.0)]
+ RT3 d (2, w0) + a0 d(y, 20)] -
+ k[oz”“d(xl7 xo) + a"d(x1, x0)]
_ (ka)Qi_Qand(Iz, SL‘O) n {(ka)i—Qan—H—l + (ka)i—Qan—H—Q + (ka)i—3an+i—2 + (ka)i—3an+i—3
+ -+ (ko)™ + (ka)a”fl}d(wl,zo)
< (ko) 20" d(wa, wo) + { @™ a2 a2y gy
+a™+ a"_l}d(xh 7o)

= (ka)*2a"d(xy, ) + {a" a2 4. 1+ o a2 4 1]}d(x1, o)

n n—1

(0% «

_ 21—2 _n
— (ka) ad(x%xow{lw 1ia}d(x1,xo)

: 1
= (ko) 2a"d(ws, o) + {5 Y0, ).

-«
It gives that
lim d(@ntm,zn) = 0. (9)

n—oo

Case (b): Suppose m is odd i.e. m = 2i — 1 for some ¢ € N and n may be odd or
even. Then

AT, Tn) <K T2d(Tng2i1, Tosoioo) + KT d(Cnr2i2, Tni2io3) + d(@nsoio3, Tnyioa)]
+ kP d(@n 24, Tnr2i-s5) + d(Tni2ios, Tni2i6)] + -+ k[d(Tni2, Tag1) + d(Tni1, 7))
<K T2 d (2, w) + K[ (0, w0) 4+ o d(, 0)]
+ ki_?’[an+2i_4d($1, 370) + a"+2i_5d(3&‘1, 330)] + ...
+ k[a”“d(xh xg) + o"d(x1, x0)]
= (ko) 2" d(ay, o) + { (ko) 20" =1 + (ko) 20"~ 4 (ka)/ a2 4 (ko) =T Hi?
+- 4 (ko)™ + (ka)an_l}d(m, o)
< (ke)* 20" d(z1, m0) + {a”“’*l +a" TR oM R
+a" a"_l}d(l“l, o)

= (ka)*2a"d(xy, x0) + {a"[ai_l +a ]+ o o T e TR 1]}d(m1,x0)

n n—1

(0% «

_ 2i-2 n
= (ka)* *a d(x17xo)+{1_a l_a}d(@“hxo)

1
T i— z }a"‘ld(ﬂcl,xo).

= (k)2 2ad(zy, 7o) + {



316 P. G. GOLHARE, C.T. AAGE EJMAA-2019/7(2)

It gives that lim,, ;00 d(Zptm, Tn) = 0. Thus from case (a) and case (b), it follows
that

nh—>H;o d(l’n, anrm) =0= nh—>H;o d(mn+m7 .’Iin),

for all n,m € N. Hence {x,} is a Cauchy sequence in X. Since (X, d) is a complete
dislocated quasi rectangular b-metric space, there exists some v € X such that
Ty — U
We will show that w is fixed point of T'. For any given n € N, we can write
d(u, Tu) < k[d(u, zp) + d(Xpn, Tpt1) + d(@pt1, Tu)]
= kld(u, z,) + d(zn, Tpy1) + d(Tap, Tu)]
< kld(u, 2p) + d(Tn, Tni1) + ad(x,, u)).
Letting n — oo, using fact that x,, — u and (6), we get d(u, Tu) = 0. Also,
d(Tu,u) < k[d(Tu, xni1) + d(Tpt1,2n) + d(@n, u)]
= k[d(Tu, Txy) + d(xpt1, Tn) + d(zn, u)]
< klad(u, ) + d(@p g1, 2n) + d(xg, w)].
Letting n — oo, using fact that x, — w and (6), we get d(Tu,u) = 0. Thus
d(u,Tu) = 0 = d(Tu,w). This gives that Tu = u. Hence u is fixed point of T in
X. Now, we prove that u is unique fixed point of 7' in X. Suppose u’ be another
fixed point of T"in X. In view of (1), we have
d(u,v') = d(Tu, Tu') < ad(u,u’) < d(u,u’).
This a contradiction unless d(u,u') = 0. Similarly,
du' ,u) = d(Tu' , Tu) < ad(u',u) < d(u',u).

It is also contradiction unless d(u’,u) = 0. Thus d(u,v') = 0 = d(v',u). Hence
u = u'. Thus uniqueness of u is established.
Example 7 Let X =N, define d: X x X — [0,00) by

40&, lfle,y:27
7 .
sa, fe=2y=1,

d(.’I],y): i . .2 2
9, ifz=p*y=q° for some p,q €N,
«

,  otherwise,

where o > 0 is a constant. Then (X, d) is a dislocated quasi rectangular b-metric
space with coefficient K =2 > 1. If T': N — N is defined as follows:

2

1, if x = p? for some p € N,
Tx = .
x“, otherwise,

then 7' is Banach contraction in dislocated quasi rectangular b-metric space (N, d)
and T has unique fixed point z =1 € N.

Theorem 2 Let (X, d) be a complete dislocated rectangular b-metric space with
coefficient k£ > 1. Let T': X — X be a mapping satisfying

d(Tz,Ty) < ~[d(x, Tx) +d(y, Ty)), (10)

for all x,y € X, where 0 < v < % Then T has a unique fixed point in X.
Proof. We choose any arbitrary point g € X. Define a sequence {z,} in X
such that z,, = Tx,_1 for all n € N. If for some n € N, z,_1 = x,, then x,_1
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becomes fixed point of T. Therefore, we assume that z,_1 # z, for all n € N.
From inequality (10), we have

(Txn727 Txnfl) < ’V[d(‘rnf% Txn72) + d(mnfla T"Enfl)]

d(xp—1,zn) =d
=[d(zp—2,Tn-1) + d(@n_1,25)].

It gives that

d(.’l?n,h xn) S ﬁd(l'nf% xnfl) = ad(-Tan; $n71)7 (11)
where o = 117. Applying inequality (11) repeatedly, we get
d(Tn—1,2n) < ad(@n_2,2p-1) < -+ < " d(zo, 21). (12)

We also assume that zy # z, for any 2 < n € N. If not, then for some n > 2
in view of (12), we have d(xo,Txzo) = d(zn,Tx,), which implies that d(xzg,x1) =
d(xp,xn+1) and hence d(xg,z1) < a™d(xg,z1), which is a contradiction unless
d(xg,21) = 0. Thus 2o = 21 and zg turns out to be a fixed point of T.. Hence, we
assume that x,, # x,, for all n # m € N. In view of (10), for any n € N, we have

d(xp—1,Tnt1) = d(Txp_o,Tx,) < y[d(zp—2,TTn_2) + d(zn, Tx,)]
=[d(@n—2,2p-1) + d(@n, Tn1)]
<yl 2d(xg, x1) + a"d(xg, 21)]
= 7" 21 + o?)d(zq, 1)

= Ba"*d(xo, 1),
where 3 = v[1 + o?]. Hence, we have
d(Tp_1,Tne1) < Ba"2d(20, 1) (13)
In order to show {x,} is a Cauchy sequence in X, it is sufficient to show that
nl;rr;o d(Tp, Tnem) =0= nhﬁrr;o A(Tptm, Tn),

for all n,m € N. For this, we consider the following cases:
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Case (i): Suppose m is even i.e. m = 2i for some i € N and n may be even or
odd. Then using inequalities (12), (13) and rectangular inequality, we get

A2, Tpy2i) < K[d(Tn, Tng1) + d(@ni1, Togz) + d(Tng2, Tnyi)]

< k[d(@n, Tng1) + d(Tng1, Tng2)] + K (g2, Tngs) + d(@ngs, Tnga) + d(@nra, Tngoi)]
kld(zn, tny1) + d(@ng1, Tngo)] + K2 [d(@ng2, Tnis) + d(@ngs, Tnia)]

+ B3 d(Tpia, Trgs) + d(Tnys, Tnae)+] + -

+ k1 [d(Tn42i—4, Tni2i—3) + d(Tpi2i—3, Tng2i2)] + kit [d(Tnr2i—2, Tni2i)]

< k[a"d(zo, z1) + T d(zo, 21)] + k2 [ 2d(xg, 21) + o 3d(20, 1))

+ k¥l d(zg, 71) + " TP d(zg, 21)] + -+ K a2 d (g, 1) + o T3 d (20, 31)]
+ ka2 84 (2, 29)

< ka"[l + ka? + k2ot + -+ ]d(wo, x1) + ka" 1 4+ ka® + K*at + -+ - ]d(z, 1)

4 ki*lan73+2id(l,0, x2)

(1+a)), n i—1_n—3+2i

= [1—1@@2}]{@ d(zo,x1) + k' " T T Bd(o, 72)
(1 + O[) n—1 n—3

S [1fk'a2}ka d(xo, 1) + "~ °Bd(x0, 72).

Letting n — oo in last inequality above, we get lim, oo d(@p, Tnim) = 0, for all
even m € N.
Case (ii): Suppose m is even i.e. m = 2i — 1 for some 7 € N and n may be even

or odd. Using inequalities (12), (13) and rectangular inequality, we get

kld(zn, Tnt1) + d(@nt1, Tng2) + d(Tnt2, Tng2i-1)]

k[d(@n, Tns1) + d(@ng1, Tns)] + K2 [d(@nt2, Tnis) + d(@nts, Tnva) + d(@ntd, Tniaiot)]
k[d( +d(@n, Tps1)] + K2 d(@nr, Tots) + d(@ns, Tosa)]

+ B [d(2nta; Tnss) + d(@nss, Toge)] + -

+ k' [d(Tnt2i Tn2i-1)]

< k[a™d(z, z1) + " ld(zo, 21)] + k2 [ 2d(xg, 21) + o 3d (20, 1))

+ B3 d(20, 21) + " T0d(20, 21)] + - - - + Ko d( (g, 1)

< ka[1 + ko + E*a* + - ]d(zo, 1) + k™ TH1 4+ ko® + K2t 4 - ]d(20, 1)

52

d(Tpn, Tpi2i—1) <

ININ

d xn—hxn)

} ko td(zo, x1).

Letting n — oo, we get lim, o d(Zpn, Tpim) = 0, for all odd m € N. Thus from
case (i) and case (ii), it follows that for all m,n € N.

lim  d(zp,Znim) = 0. (14)

n,Mm—00

Now, we prove that lim,, o d(Zytm,2,) = 0 for all m,n € N. Again, we consider
two cases:
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Case (a): Suppose m is even i.e. m = 2i for some i € N and n may be odd or
even. Then

d(@nsms @) < K T2d(Tnr2i; Tnroiz) + kT2 d(@nt2i-2, Tot2i-3) + d(Tnp2i-3, Totaioa)]
+ kP [d(@n2i-a, Tng2is) + A(Tni2ios, Tnyzioe)] + -+ kld(Tny2, Tng1) + d(@ng1, 70))
< ki72an+2i72d(1,2’ 170) + ki72[an+2i73d(x1, 1170) =+ O(n+2i74d($17 1'0)]
+ B0 d (o) + T d (@, w0)] + -
+ k[a" T d(zy, z0) + a"d(zy, 70)]
= (ka)*2a"d(xy, ) + {(ka)iﬂa””*l + (k) 272 4 (ka) P a2 4 (k) Pam R
4+t (k;a)a" + (ka)a"‘l}d(xbmo)
< (ka)*2a™d(zy, x0) + {a"“_l + a2 g gt gt L

+a"4 a7t }d(a:l, Zo)

= (ka)* 2a™d(xa, 20) + {a"[ai_l a4 e et 1]}d(x1,xo)

n

a an—l

= (ka)*2a"d(xy, 20) + {1 1. }d(xl,mo)

1
T 1L Z }a"ild(xl,aso).

= (ka)* 2a™d(xa, 20) + {

It gives that lim,, oo d(Zy4m,Zn) = 0.
Case (b): Suppose m is odd i.e. m = 2i — 1 for some ¢ € N and n may be odd or
even. Then

A(@ppmy Tn) <K T2d(Tng2i1, Tosoioo) + K d(Cnr2i2, Tni2io3) + d(@nsoio3, Tnyioa)]
+ kP d(@n 24, nr2i-s5) + d(@Tni2ios, Tni2i6)] + -+ k[d(Tni2, Tag1) + d(Tni1, 7))
<K T2 d (2, w) + K[ (0, o) 4+ o (2, a0)]
+ ki_?’[an+2i_4d($1, 370) + a"+2i_5d(3&‘1, 330)] + ...
+ k[a”“d(xh xg) + o"d(x1, x0)]
= (ko) 2" d(a1, o) + { (ko) 20" =1 + (ko) 20"~ 4 (ka)/ a2 4 (ko) a7+
+ -+ (ko)™ + (ka)an_l}d(m, o)
< (ke)* 20" d(z1, m0) + {a”“’*l +a" TR oM R
+a" a"_l}d(l“l, o)

= (ka)*2a"d(xy, x0) + {a"[ai_l +a ]+ o o T e TR 1]}d(m1,x0)

n n—1

(0% «

_ 2i-2 n
= (ka)* *a d(x17xo)+{1_a l_a}d(@“hxo)

1
T i— z }a"‘ld(ﬂcl,xo).

= (k)2 2ad(zy, 7o) + {
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It gives that lim, .~ d(Zn+m,Zn) = 0. Thus taking account all cases, we have

HILH;O AT, Tppm) =0 = HILH;O A(Tptm;s Tn)

for all n,m € N. Hence {x,} is a Cauchy sequence in X. Since (X, d) is a complete
dislocated quasi rectangular b-metric space, there exists some u € X such that
Ty, — u. We claim that u is fixed point of T'. For any given n € N, we can write

d(u, Tu) < k[d(u, zp) + d(@n, Tpi1) + d(@np1, Tu)]
= kld(u, ) + d(Tpn, Tnt1) + d(Txy, Tu)]

< k{d(u, n) + d(@n, Tnsr) +A[d(@n, Ton) + d(u, Tu)]}

= k{d(u,2,) + d(n, 2ns1) + (@0 20s1) + dw, Tu)] |
which gives that,

d(u, Tu) < % L, 22) + A, Tn42) + 70, Tns1) b (15)

Letting n — oo, the sequence x,, — u, we get d(u, Tu) = 0. Also,
d(Tu,u) < k[d(Tu, zpi1) + d(@pt1, Tn) + d(xn, uw)]
= k[d(Tu, Txy) + d(xpt1, Tpn) + d(zp, v)]

< k{v[d(u, Tu) + d(zn, Tn)] + d(zpsr, Tn) + d(zn, u)}

= k{31, Tw) + d(, 212)] + d@ngr, @) + d(znw) .

Letting n — oo, the sequence z,, — u, we get d(Tu,u) = 0. Thus d(u,Tu) =0 =
d(Tu,u). Tt gives that Tu = u. Hence u is fixed point of T in X.
Note that
d(u,u) = d(Tu,Tu) < v[d(u, Tu) + d(u, Tu)] = 2vyd(u,u) < d(u,u), (16)

which is a contradiction unless d(u,u) = 0. Thus if v is fixed point of T, then we
have d(v,v) = 0. Suppose u' be another fixed point of T in X. In view of (10), we
have

d(u,u’) = d(Tu, Tu") < yld(u, Tu) + d(u', Tu")] = v[d(u,u) + d(u',u")] = 0.
Also,
d(u',u) = d(Tu', Tu) < yld(u', Tu") + d(u, Tu)] = y[d(uv',u") + d(u,u)] = 0.

Thus d(u,u') = d(v',u) =0 ie. u=1u'. uis a unique fixed point of T.
Example 8 Let A ={0,2}, B={1:neN}and X = AUB defined: X x X —
[0, 00) by
3, ifx,y € A,
TP
s ifx € Aand y € B,
1—%, ifxe Bandy € A,

then (X, d) is dislocated quasi rectangular b-metric space with coefficient k = % > 1.
IfT:X — X is defined as follows:

To— 2, ifzxeA,
0, ifxeB,
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then T is Kannan contraction in dislocated quasi rectangular b-metric space (X, d)
and T has unique fixed point z =2 € X.

Now, we define & = {¢ : [0,00) — [0, 00)| ¢ is continuous, nondecreasing and ¢(«) =
0 if and only if o = 0}.
Theorem 3 Let (X, d) be a complete dislocated quasi rectangular b-metric space
with coefficient k¥ > 1. Let T': X — X be a mapping satisfying

for all z,y € X, where 0 < a < % and ¢ € ®. Then T has a unique fixed point in
X.

Proof. We choose any arbitrary point xg € X. Define a sequence {z,} in X
such that z,, = Tz, _1 for all n € N. If for some n € N, z,_1 = x,, then z,,_1

becomes fixed point of T. Therefore, we assume that z,,_1 # z, for all n € N.
From inequality (17), we have

d(ﬁﬁn, xn—&-l) = d(T'Tn—la T:En) < Oéd(l‘n_l, iEn) - ¢(d($n_1, xn)) < ad(xn—h xn)-
Applying inequality (17) repeatedly, we get,
d(xnvxn—i-l) < Oéd(.]?n_l, xn) << and(xmxl)- (18)

Similarly,
d(anrhxn) S ad(xnwrnfl) S e S and(xhx())' (19)

We also assume that zg # x, for any 2 < n € N. If not, then for some n > 2 in
view of (18), we have d(zg, Tzo) = d(xy, Txy) that is d(zg, z1) = d(zp, Tp11) and

d(wo, 1) < a"d(wo, 71),
which is a contradiction unless d(xg,x1) = 0 i.e. &y = 1. Thus zo turns out to be
a fixed point of T. Hence we assume that x,, # x,, for all n # m € N. Now, in

view of (17), for any n € N,

d(xp-1,Tn+1) = d(Txp—2,Tx,) < ad(xp—2,2,) — d(d(Tn—2,2,)) < ad(Tp—2,T,).

Applying (20) repeatedly, we get 20
d(Tp_1,Zni1) < o™ td(zo, 12). (21)
Similarly,
A(Tpi1,2n_1) < o™ td(zy,z0). (22)

In order to show, {x,, } is a Cauchy sequence in X, it is sufficient to show, lim,_, oo d(Zp, Tnim) =
0 = limy, 00 d(Zptm, ) for all n, m € N. First, we will prove that lim,, o, d(zy, Tpim) =
0. So, we consider the following cases:
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Case (i): Suppose m is even i.e. m = 2i for some i € N and n may be even or
odd. Using inequalities (18), (21) and rectangular inequality, we get

A2, Ty2i) < K[d(Tn, Tny1) + d(@ni1, Togz) + d(Tng2, Tnyi)]
< k[d(@n, Tng1) + d(Tng1, Tng2)] + K d(@ng2, Tngs) + d(@ngs, Tnga) + d(@nra, Tngoi)]
kld(zn, tny1) + d(@ng1, Tngo)] + K2 [d(@ng2, nis) + d(@ngs, Tnia)]
+ B3 d(Tpsa, Trgs) + d(Tnys, Tnae)+] + -
+ k! [d(Tn42i—4, Tni2i—3) + d(Tpi2i—3, Tng2i—2)] + kit [d(Tnr2i—2; Tni2i)]
< k[a™d(zo, 1) + Tl d(zo, 21)] + k2 [ 2d(xg, 21) + o 3d(20, 1))
+ k¥l d(zg, 71) + " TP d(zg, 21)] + -+ K a2 d (g, 1) + o T3 d (20, 71)]
+ ka2 84 (2, 29)
< ka"[l + ka? + k2ot + -+ ]d(wo, x1) + ka" T 1 4+ ka® + K*at + -+ - ]d(, 1)

4 ki*lan73+2id(l,0, x2)

1 ) .
< [( + a) :| ka"_ld(xo,xl) + kz—lan—3+2zﬁd(x0’ x2)

1—ka?
(1 + O[) n—1 n—3
S [1fk'a2}ka d(xo, 1) + "~ °Bd(x0, 72).

Letting n — oo in last inequality above, we get lim, o d(@p, Tpim) = 0, for all
even m € N.

Case (ii): Suppose m is odd i.e. m = 2i — 1 for some i € N and n may be even
or odd. Using inequality (22) and rectangular inequality, we get

d(Tpn, Tni1) Tnt1, Tnt2) + d(Tnt2, Tnt2i—1)]

d(Zn, Tny2i-1) < kld( +d(
k[d(xna mn+1) + d(mn+17 xn+2)} + kQ[d(xn+27 xn+3) + d(anrSa mn+4) + d(mn+47 xn+2i71)}
kld( +d

IN

(@0, Tnt1)] + K2 [d(@nt2, Tnts) + d(@nts, Tota)]

+ k2 [d(@ 44, Tnys) + d(@nts, Tnge)] + -

+ k' [d(@n42i; Tnt2ie1)]

< k[a™d(zg, z1) + o™ d(zo, 21)] + k2 [ 2d(xg, 21) + a"T3d (20, 1))

+ B3 d(20, 21) + " T0d(20, 21)] + - - - + Ko d( (g, 1)

< ka[1 + ko + E*a* + - ]d(zo, 1) + k™ TH1 4+ ka® + k2ot 4 - ]d(20, 1)

=

IN

d xn—hxn)

<

} ko™ td(zo, x1).

Letting n — oo in last inequality above, we get lim, o d(%pn, Tpim) = 0, for all
odd m € N. Taking account the Case (i) and Case (ii), it follows that, for all
m,n €N,

nh%rrolo d(Tpn, Tpgm) = 0. (23)

Now, we will prove that lim,, o d(Zy4m,z,) = 0 for all m,n € N. so, we consider
following two cases:
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Case (a): Suppose m is even i.e. m = 2i for some i € N and n may be odd or
even. Using inequalities (19), (22) and rectangular inequality, we get

A(@nsms @) <K T2d(Ent2i; Tngoi-2) + k72 d(@nt2i-2, Tnt2i-3) + d(Tni2i-3, Tniaioa)]
+ kP d(@n 24, Tnr2i—s) + d(@Tni2i-s, Tni2i6)] + -+ k[d(Tni2, Tag1) + d(Tni1, T0)]
<K T2 d 2y, w0) + KT [T T (2, w0) 4+ o (2, )]
+ ki_s[a"+2i_4d($1, 1'0) + a"+2i_5d(3’;1, .’L‘o)] + -
+ k[a"+1d(:c1, xo) + o d(x1, 20)]
— (ka)Qi_QOAnd(ﬂﬁg, xo) + {(ka)i—Qan+i—1 + (ka)i—Zan+i—2 4 (ka)i—San—H—Z 4 (k_a)i—Ban+i—3
+ o+ (ka)a™ + (ka)a"‘l}d(xhxo)
< (ka)¥~2a™d(zs, 7o) + {an+z’—1 Lot g gntie2 g g3
+a™ + a"_l}d(xl, )

= (ka)*2a"d(xy, 20) + {a"[ai_l +a 2t " e T 1]}d(m1,x0)

n n—1

« [0}

_ 2i-2 n
= (ka)*"*a d(x27x0)+{1_a 1_a}d($175€0)

1
1 i— Z }a"_ld(xl,xo).

= (k)22 d(zs, o) + {

Letting n — oo, we get limy,—, o0 d(Zppm, 2n) = 0.
Case (b): Suppose m is odd i.e. m = 2i — 1 for some i € N and n may be odd
or even. Using inequality (19) and rectangular inequality, we get

ATy Tn) <K T2d(Tng2i1, Tosoioo) + K d(Cnr2i2, Tnt2io3) + d(@nsoio3, Tnyioa)]
+ kP d(@n 204, Tnr2i-s5) + d(@Tni2i-s, Tni2i6)] + -+ k[d(Tni2, Tag1) + d(Tni1, 7))
<K T2 d (2, w) + K[ (0, o) 4+ o (2, a0)]
+ ki_?’[an+2i_4d($1, 370) + a"+2i_5d(3&‘1, 330)] 4+ ...
+ k[a”“d(xh xg) + o"d(x1, x0)]
= (ko) 2 d(a1, o) + { (ko) 20" =1 + (ko) 20"~ 4 (ka)' 302 4 (ko) a7+
+- 4 (ko)™ + (ka)an_l}d(m, o)
< (k) ¥ 20" d(z1, m0) + {a”“’*l +a" TR oM R
+a™ a"_l}d(l“l, o)

= (ka)*2a"d(xy1, x0) + {a"[ai_l | e [ L RFo L NP & 1]}d(m1,x0)

n n—1

(0% «

_ 2i-2 n
= (ka)* *a d(x17xo)+{1_a l_a}d(@“hxo)

1
T i— z }a"‘ld(ﬂcl,xo).

= (k)2 2ad(zy, 7o) + {
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Letting m,n — oo, we get lim, o0 d(Tpntm,zy) = 0. Taking account the Case (a)
and Case (b), we have

nl;n;o d(Tp, Tnam) =0= nlgl;o Ad(Tptm, Tn),

for all n,m € N. Hence {x,} is a Cauchy sequence in X. Since (X, d) is a complete
dislocated quasi rectangular b-metric space, there exists some u € X such that
Ty — U.
Now we show that u is fixed point of T'. For any given n € N, we can write
d(u, Tu) < k[d(u, zp) + d(@n, Tnt1) + d(@pp1, Tu))
[ u, xn) + d(xvu 3771—}-1) + d(T377L7 Tu)]

k
< k{d(u, n) + d(@n, Tni1) + ad(@n, 1) — S(d(@n, u))}.
Letting n — oo, using fact that z,, — u and (18), we get, d(u, Tu) = 0. Also,
d(Tu,u) < k[d(Tu, zpi1) + d(@n41,20) + d(@n, u)]
= k[d(Tu, Txy) + d(@nt1, Tn) + d(Tn, u)]
< k{ad(u,xn) — o(d(u, xy)) + d(@py1,Tn) + d(xn,u)}.
Letting n — oo, using fact that z, — w and (19), we get d(Tu,u) = 0. Thus

d(u,Tu) = 0 = d(Tu,u). It gives that Tu = u i.e. u is fixed point of T in X.
Note that,

d(u,u) = d(Tu, Tu) < ad(u,u) — ¢(d(u,u)) < ad(u,uw) < d(u,w), (24)

which is a contradiction unless d(u, u) = 0. Thus in general, if v is fixed point of T,
then d(v,v) = 0. Now, we will prove, u is unique fixed point of T in X. Soppose
u’ be another fixed point of 7' in X. In view of (17), we have

d(u,v') = d(Tu, Tu') < ad(u,u’) — ¢(d(u, ")) < ad(u,u') < d(u,u).
It is a contradiction unless d(u,u’) = 0. Also,
d(u',u) = d(Tu', Tu) < ad(u',u) — ¢(d(v',u)) < ad(u',u) < d(u',u).

It is a contradiction unless d(v’,u) = 0. Thus d(u,v’) = d(v',u) = 0 and u = u'.
Hence u is a unique fixed point of T in X.

We define quasi-like contraction in dislocated quasi rectangular b-metric space
(X, d) as follows:
Definition 15 A mapping T : X — X said to be a quasi-like contraction if,

d(Tz,Ty) < amax{d(z,y),d(Tz,z),d(y, Ty)}, (25)

for all z,y € X, where 0 < a < %

Theorem 4 Let (X,d) be a complete dislocated quasi rectangular b-metric space
with coefficient k¥ > 1. Let T : X — X be a quasi-like contraction. Then T has
unique fixed point in X.

Proof. We choose any arbitrary point zo € X. Now define sequence {z,} in X
such that z,, = Tx,_1 for all n € N. If for some n € N, z,_1 = x,, then x,_1
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becomes fixed point of T' and we have nothing to prove. Therefore, we assume that
ZTp—1 # p, for all n € N. From inequality (25 ), we have

d(x1,x9) = d(Txg, Txy)
< amax{d(zg,x1),d(Txo, o), d(x1,Tx1)}
= amax{d(xg,x1),d(x1,x0),d(x1,22)}
< amax{d(zg, z1),d(z1,20)}.

Similarly,

d(xg,21) = d(Tx1, Txo)
< amax{d(z1,zo),d(Tx1,x1),d(x0, T20)}
= amax{d(z1, zg), d(x2,21),d(x0,21)}
< amax{d(z1,xo),d(zo, 1)}

Let n = max{d(x1, zo),d(x0,z1)}. Then

d(z1,22) < an (26)
and
d(x9,z1) < am. (27)
Now,
d(xg,23) = d(Tx1, Txo)
< amax{d(z1,z2),d(Tx1,21),d(x2, T22)}
= amax{d(z1, z2),d(x2,21),d(x2,23)}
< amax{d(r1,x2),d(z2,21)}
< a277. (28)
Similarly,

d(l‘g, IQ) = d(Tl‘Q, TIl)
< amax{d(ze,z1),d(Tx2,x2),d(x1,T21)}

amax{d(za,x1),d(xs,x2),d(x1,22)}

< amax{d(zs,x1),d(z1,22)}
< azn. (29)
Applying above inequalities (28) and (29), we get,
d(xp, Tnt1) < a”n (30)
and
d(Tpy1,Tn) < a™n. (31)

We also assume that zy # x,, for any 2 < n € N. If not, then for some n > 2 in
view of (30), we have

d(xo, Txo) = d(xp, Txy)

d(xo, 1) = d(xn, Tni1)
d(zg,z1) < a™n.
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If n = d(xg, z1), then we get d(xg, 1) < a™d(xg,x1), which is a contradiction unless
d(xg,21) = 0. And hence d(z1,29) = 0. This yields that g = z1. And thus z
turns out to be a fixed point of T'. Similarly,

d(Txzg,20) = d(Txn, xy)
d(.ﬁEl, IO) = d(zn-&-la xn)
d(z1,20) < a™.

If n = d(z1, zp), then we get d(x1,x0) < a™d(z1,x0), which is a contradiction unless
d(x1,29) = 0. And hence d(zg,2z1) = 0. This yields that zy = 21 and thus zy turns
out to be a fixed point of T. Hence we assume that z,, # x,,, for all n #m € N.

Let 8 = max{d(z2,x0),d(zo,x2),n}. We claim that d(x,,zn+2) < a™F and
d(Tpto,zy) < "B, for all n € N. We first prove d(z,, zp+2) < a™B. We proceed
by induction. For n =1,

d(l‘l,.rg) = d(Tl‘Q,TJ)Q)
< amax{d(zg, z2),d(Txo,x0),d(x2, T22)}
= amax{d(xg, x2),d(x1,x0),d(x2,23)}
., a’n}
< amax{d(wg, r2),n}

= af.

)

( )

< amax{d(zg, x2)
( )

Assume that d(x,,_1,7,.1) < a" 3. Now consider

d(Tn, Tnt2) = d(Txn-1,TTn41)
< amax{d(zp—1,Tnt1), d(TTp_1,Tn-1),d(@n+1, TTni1)}
= amax{d(xn—1,Tn+1),d(Tn, Tn-1),d(Tnt1, Tni2)}
< amax{a""'3,a" 'y, a"n}
<aa"'p

=a"p.
Thus for all n € N, we have
d(Xp, Tpia) < aB. (32)
Now, we prove that d(z,42,z,) < a™B. Again we proceed by induction. For n =1,

d(x3,x1) = d(Txa, Txo)

< amax{d(zs,xo),d(Tx2,x2), d(x0, Tx0)}
d(x3,x2),d(xo, 1)}
o

a1, n}
< amax{d(zs,xo),n}

= af.

= amax{d(x2, Ty
) )

)

(w2, z0)

< amax{d(zs,x)
(w2, 20)
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Assume that d(z,41,7,_1) < a” 3. Now, we consider

A(Xpt2,2n) = d(TTpi1, TTp—1)
< amax{d(n+1, Tn-1), d(TTp11,Tnt1),d(Tn-1,TTn-1)}
= amax{d(Tn11,Tn-1),d(Tnt2, Tnt1), d(Tn_1,Tn)}
< amax{a""'3,a" 1y, a" "1y}
<aa"'p

=a"p.
Thus, for all n € N, we have
d(Tpto,zy) < a”pB. (33)

Now, we will prove, {z, } is a Cauchy sequence in X, we prove that lim, oo (2, Tpim) =
0 = limp— 00 Xy, T ), for all n, m € N. First, we prove that lim,, oo d(2n, Tpim) =
0. For this, consider the following cases:
Case (i): Suppose m is even i.e. m = 2i for some i € N and n may be even or
odd. Using inequalities (30), (32) and rectangular inequality, we get

IN

k[d(xn, Tpe1) + d(Tna1, Tnio) + d(Tnso, Tnioi)]

kld(xn, Tpy1) + d(@ny1, Tny2)] + K [d(znt2, Tnys) + d(Tng3, Tnga) + d(Tnia, Trgai)]
kld(xn, Tpi1) + d(Tni1, Tny2)] + k? [d(Zn+2, Tnt3) + d(Tni3, Tnta)]

+ K d(2nta, Tpys) + d(@pgs, Toge) ] o

+ kM d(Zng2i—1, Tnt2ios) + d(@nr2i-3, Tng2i—2)] + k7 d(@ng2i-2, Tnt2i)]

< kla™n 4+ o] + K2 [a" T2 + o 3y)

+ 3oy + o) 4 - F KT a2y o TRy

+ K lgnt2ie2g

< ka"[l +ka® + k2ot + - Ip+ ka" T L 4+ ka® + k%ot 4 -]

+ ki_lan_3+2iﬁ

d(l‘n, xn-&-?i)

IN N

1 . )
< [](-7231}kan—1n+kz—lan—3+21l8

(1+O() n—1 n—3
S[l—kaz]ka N+ ot

Letting n — oo in last inequality above, we get lim,, o d(@p, Zpiym) = 0, for all
even m € N.
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Case (ii): m is odd i.e. m = 2i — 1 for some i € N and n may be even or odd.
Using inequality (30) and rectangular inequality, we get

kld( +d(Tpy1, Tore) + d(Tot2, Tng2i-1)]
kld(zn, Tni1) + d(@ng1, Tng2)] + E2[d(Tnt2, Tnts) + d(Tnts, Tnsa) + d(@ntay Tny2io1)]
kld( +d(

d Tn—1, xn)

d(xn, Tny2i—1) < kld(zn, Tnt1)

IN N

Ty Trg1)] + K2 [d(Tns2, Tras) + d(Tnis, Tnya)]
+ k3[d(1‘n+4, Tnts) + A(Tpts, Tnye)] +

+ k‘i[d(xn_,_%’ Tnt2i—1)]

< k[a™n + o] + K20 + o

+ K3 [a”+477 + a”+577] 4ot kian+2in

< ka"[1 + ka2 + k2ot —|—-~-]77+ka”+1[1 4 ka? 4+ k2ot M

[

}ka”fln.

Letting n — oo in last inequality above, we get lim, oo d(Zpn, Znim) = 0, for all
odd m € N. Thus from case (i) and case (ii), it follows that, for all m,n € N,

lim d(x, Tpim) = 0. (34)

n—oo

we prove that lim,—, s d(Zp4m, z,) = 0 for all m,n € N. So, we consider two cases:
Case (a): Suppose m is even i.e. m = 2¢ for some ¢ € N and n may be odd or
even. Using inequalities (31), (33) and rectangular inequality, we get

A(Trm, Tn) < K 72d(Tn2i, Tny2io2) + k2 [d(Tng2i-2, Tnt2i—3) + A(Tnt2i-3, Tni2ia)]
+ k3 [d(Tnp2i—ay Tny2i—s) + A(Tny2i-5, Tni2i—6)] + - + k[d(@ni2, Tny1) + d(@nt1, T0)]
< KiT2QntA2g 4 2 [qn i3y 4 gt iy
4 kB[R qn2ieS
+ ka1 + o)
— (kiOé)Qi_QOénﬂ + {(ka)i—2an+i—l + (ka)i—Zan+i—2 + (ka)i—3an+i—2 + (ka)i—3an+i—3
+ o 4 (ka)a™ + (ka)an_l}n
< (k) ¥~2a"B + {anﬂ'q Lot g gntie2 g andie3
4 an 4 Oén—l}77

:(ka)Qi—QanB_'_{an[ai—l_~_ai—2_’_._.+1]+an—1[ai—1_~_ai—2+._.+1]}n
n n—1

= ()t {7+ T

; 1+a
_ 21—2 _n n—1
= (ko))" “a ,6’+{717a}a 7.

Letting n — oo, we get lim,, o d(Zy4m,Zn) = 0.
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Case (b): m is odd i.e. m = 2i — 1 for some i € N and n may be odd or even.

Using inequality (31) and rectangular inequality, we get

A @t Tn) < K7 2d(@ng2i-1, Tng2i2) + k2 [d(@ng2i-2, Tng2i-3) + d(Tnt2i-3, Tny2i—a)]
+ k'3 d(2ng2i—1, Tn2i—s) + A(@nt2i-5, Tng2iz6)] + - + k[d(@ny2, Tng1) + d(@ng1, 2,)]
< Kim2n 2y | A2 2isdy 4 sy
RT3 [y g2t 4
+ k@™ + o™
— (ka)Qi—Qann 4 {(k,a)i—Zan—i-i—l + (k,a)i—Zan—i-i—Z + (ka)i—San—i-i—Z + (ka)i—San—i-i—?)
+ -+ (ka)a™ + (k:a)a"fl}n
< (ka)? 20"y + {an+i71 4+t g2 i3
+ a™ + Oén_l}T]

:(ka)2i72ann+{an[aifl+aif2+.”+1]+an71[ai71+aif2+.”+1]}n

a™ n—1

— (ka)%—24" { « }
(k)™ "+ =+ 1o "

; 1+a
= (k 2i—2_n { } n—1 .
(k)™ "+ =5y 0
Letting n — oo, we get limy,_, o0 d(Zp4m, Tn) = 0. Thus, from case(a) and case(b),

it follows that, for all m,n € N,
lim d(@y4m,zn) = 0. (35)

n—oo

It shows that {x,} is a Cauchy sequence in X. Since (X, d) is a complete dislocated
quasi rectangular b-metric space, there exists some v € X such that x,, — u. Now,
we show that u is fixed point of T'. For any given n € N, we can write

d(u, Tu) < k[d(u,zp) + d(xpn, Tpt1) + d(@pt1, Tu)]
= k[d(u, zp) + d(@n, Tny1) + d(Txy, Tu))
< k{d(u, Tp) + d(Xp, Tpi1) + amax{d(z,, u), d(Tyr1,x,), d(u, Tu)}}.
Letting n — oo, using fact that z,, — u, and inequalities (30), (31), we get,
d(u, Tu) < kad(u, Tu),
which is a contradiction unless d(u, Tu) = 0. Also,
d(Tu,u) < k[d(Tu, xni1) + d(Tpt1,2n) + d(@n, u)]
= k[d(Tu, Txy) + d(xpt1, Tn) + d(zn, u)]
< kz{a max{d(u, x), d(Tu,u), d(Zn, Tni1)} + d(@n11, T0) + d(@n, u)}
Letting n — oo, using fact that x,, — u, and inequalities (30), (31), we get,
d(Tu,u) < kad(Tu,u),

which is a contradiction unless d(T'u, u) = 0. Hence, we get d(u, Tu) = 0 = d(Tu, u).
It gives that T'u = u. Hence u is fixed point of T in X.
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Note that,

d(u,u) = d(Tu, Tu) < amax{d(u,u),d(Tu,u),d(u, Tu)}
amax{d(u,u),d(u,u),d(u,u)}
ad(u,u) < d(u,u),

which is a contradiction unless d(u,u) = 0. Thus in general if v is fixed point of T
then, d(v,v) = 0. Now, we prove that u is unique fixed point of 7' in X. Suppose,
u’ is another fixed point of 7' in X. In view of (25), we have

d(u,u’") = d(Tu, Tu') < amax{d(u,u"),d(Tu,u),d(u', Tu")}
= amax{d(u,u"),d(u,u),d(u,u")}
< ad(u,u’) < d(u,u’).

It is a contradiction unless d(u,u’) = 0. Also, consider

d(u',u) = d(Tu', Tu) < amax{d(v,u),d(Tu',v"),d(u, Tu)}
= amax{d(u,u),d(u,u'),d(u,u)}
< ad(u',u) < d(u,u).

It is a contradiction unless d(u’,u) = 0. Hence, d(u,u') = d(uv/,u) = 0 ie. u=1'.
So wu is a unique fixed point of T in X.
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