
Electronic Journal of Mathematical Analysis and Applications

Vol. 8(1) Jan. 2020, pp. 284-292.

ISSN: 2090-729X(online)

http://math-frac.org/Journals/EJMAA/

————————————————————————————————

RESULTS ON VALUE DISTRIBUTION OF L-FUNCTIONS

RELATED TO BRÜCK CONJECTURE

HARINA P. WAGHAMORE AND NAVEENKUMAR S. H.

Abstract. Relying on Nevanlinna theory and the properties of L-functions
in the extended selberg class, we mainly study the uniqueness problems on
L-functions related to Brück conjecture. This extend the result due to Q. C.
Zhang.[33]

1. Introduction

The Riemann hypothesis as one of the millenium problems has been given a
lot of attention by mathematical workers for a long time. Selberg guessed that
the Riemann hypothesis is also true for L-functions in the selberg class. Such an
L-function based on Riemann zeta function as the prototype is defined to be a
Dirichlet series

L(s) =
∑∞

n=1
a(n)
ns

of a complex variable s = σ + it satisfying the following axioms:
(i) Ramanujan hypothesis. a(n) ≪ nϵ for every ϵ > 0.
(ii) Analytic continuation. there is a non-negative integer m such that (s−1)mL(s)
is an entire function of finite order.
(iii) Functional equation. L satisfies a functional equation of type

ΛL(s) = ωΛL(1− s),

where

ΛL(s) = L(s)Qs
k∏

j=1

Γ(λjs+ νj)

with positive real numbers Q,λj and complex numbers νj , ω with Reνj ≥ 0 and
|ω| = 1.

(iv) Euler product. logL(s) =
∑∞

n=1
b(n)
ns , where b(n) = 0 unless n is a positive

power of a prime and b(n) ≪ nθ for some θ < 1
2 .
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Two meromorphic functions f and g in the complex plane are said to share a
value c ∈ C ∪ {∞} IM (ignoring multiplicities) if f−1(c) = g−1(c) as two sets in
C. Moreover, f and g are said to share a value c CM (counting multiplicities) if
they share the value c and if the roots of the equations f(s) = c and g(s) = c have
the same multiplicities. In terms of sharing values, two nonconstant meromorphic
functions in C must be identically equal if they share five values IM, and one must
be a Möbius transform of the other if they share four values CM;

In this paper, a meromorphic function always mean a function which is mero-
morphic in the whole complex plane C. We denote by Nk)(r,

1
(f−a) ) the counting

function for zeros of f − a with multiplicity ≤ k, and by Nk)(r,
1

(f−a) ) the cor-

responding one for which multiplicity is not counted. Let N(k(r,
1

(f−a) ) be the

counting function for zeros of f − a with multiplicity at least k and N (k(r,
1

(f−a) )

the corresponding one for which multiplicity is not counted.
Let z0 be a zero of f − a of multiplicity p and a zero of g − a of multiplicity q.

We denote by NL(r, a; f) the counting function of those a-points of f and g where

p > q ≥ 1, by N
1)
E (r, a; f) the counting function of those a-points of f and g where

p = q = 1 and by N
(2

E (r, a; f) the counting function of those a-points of f and g
where p = q ≥ 2, each point in these counting functions is counted only once. In

the same way we can define NL(r, a; g), N
1)
E (r, a; g), N

(2

E (r, a; g).
Let k be a non-negative integer or infinity. For a ∈ C ∪ {∞} we denote by

Ek(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted
m times if m ≤ k and k+1 times if m > k. If Ek(a; f) = Ek(a; g), we say that f, g
share the value a with weight k.

The definition implies that if f, g share the value a with weight k then z0 is
an a-point of f with multiplicity m(≤ k) if and only if it is an a-point of g with
multiplicity m(≤ k) and z0 is an a-point of f with multiplicity m(> k) if and only
if it is an a-point of g with multiplicity n(> k), where m is not necessarily equal
to n. We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k) then f, g share (a, p) for any integer p, 0 ≤ p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a, 0) or (a,∞)
respectively.

In connection to find the relation between an entire function with its derivative
when they share one value CM, in 1996, in this direction the following famous
conjecture was proposed by Brück[5]:

Conjecture : Let f be a non-constant entire function such that the hyper order
ρ2(f) is not a positive integer or infinite. If f and f

′
share a finite value a CM,

then f
′
−a

f−a = c, where c is a nonzero constant.

Brück himself proved the conjecture for a = 0 and for a = 1, he showed that
under the assumption N(r, 0; f

′
) = S(r, f) the conjecture was true.

Theorem A. [5] Let f be a non-constant entire function. If f and f
′
share the

value 1 CM and if N(r, 0; f
′
) = S(r, f), then f

′
−1

f−1 is a nonzero constant.

However for entire function of finite order, Yang[30] removed the supposition

N(r, 0; f
′
) = 0 and obtained the following result.

Theorem B. [30] Let f be a non-constant entire function of finite order and let
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a(̸= 0) be a finite constant. If f, f (k) share the value a CM, then f(k)−a
f−a is a nonzero

constant, where k(≥ 1) is an integer.
In 2005, Zhang[33] further extended the results of Lahiri-sarkar to a small func-

tion and proved the following result for IM sharing.

Theorem C. [33] Let f be a non-constant meromorphic function and k(≥ 1), and
l ≥ 0 be integer. Also let a ≡ a(z)(̸≡ 0,∞) be a meromorphic small function.
Suppose that f − a and (f)(k) − a share (0, l).
If l ≥ 2 and

2N (r, f) +N2

(
r, 0; (f)(k)

)
+N2

(
r, 0;

(
f

a

)′)
≤ (λ+ o(1))T

(
r, (f)(k)

)
or, if l = 1

2N (r, f) +N2

(
r, 0; (f)(k)

)
+ 2N

(
r, 0;

(
f

a

)′)
≤ (λ+ o(1))T

(
r, (f)(k)

)
or, l = 0 and

4N (r, f) + 3N2

(
r, 0; (f)(k)

)
+ 2N

(
r, 0;

(
f

a

)′)
≤ (λ+ o(1))T

(
r, (f)(k)

)
for r ∈ I, where 0 < λ < 1, and I is a set of infinite linear measure, then

f (k) − a

(f)− a
=

c, for some constant c ∈ C − {0}.

Now it is natural to ask the following question which is the motivation of the paper.

Question. Can Brück type conclusion be obtained when f and f (k) is replaced by
[fn](k) and [Ln](k) in Theorem C.

2. Lemmas

Let F and G be two non-constant meromorphic functions defined in C. We de-
note by H the function as follows:

H =

(
F ′′

F ′ − 2F ′

F − 1

)
−
(
G′′

G′ − 2G′

G− 1

)
. (1)

Lemma 1.[25] Let f be a non-constant meromorphic function and let an(z)(̸≡
0), an−1(z), ..., a0(z) be meromorphic functions such that T (r, ai(z)) = S(r, f) for
i = 0, 1, 2, ..., n. Then

T (r, anf
n + an−1f

n−1 + ...+ a1f + a0) = nT (r, f) + S(r, f).

Lemma 2.[27] Suppose that f is a nonconstant meromorphic function in the com-
plex plane and k is a positive integer. Then

N(r, 0; f (k)) ≤ N(r, 0; f) + kN(r,∞, f) +O(log(T (r, f)) + logr),

as r → ∞, outside of a possible exceptional set of finite linear measure.
Lemma 3.[33] Let f be a nonconstant meromorphic function, and p, k be positive
integers. Then

Np(r, 0; f
(k)) ≤ T (r, f (k))− T (r, f) +Np+k(r, 0; f) + S(r, f), (2)
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Np(r, 0; f
(k)) ≤ kN(r,∞, f) +Np+k(r, 0; f) + S(r, f). (3)

Lemma 4.[4] Let F and G share (1, l) and N(r,∞;F ) = N(r,∞;G) and H ̸≡ 0,
where F,G and H are defined as earlier. Then

N(r,∞,H) ≤ N(r,∞;F ) +N(r, 0;F | ≥ 2) +N(r, 0;G| ≥ 2) +N0(r, 0;F
′
) +N0(r, 0;G

′
) +NL(r, 1;F )

+NL(r, 1;G) + S(r, F ).

Lemma 5.[4]If F and G share (1, l), then

NL(r, 1;F ) ≤ 1

2
N(r,∞;F ) +

1

2
N(r, 0;F ) + S(r, F ) when l ≥ 1,

NL(r, 1;F ) ≤ N(r,∞;F ) +N(r, 0;F ) + S(r, F ) when l = 0.

Lemma 6.[4] Let F and G share (1, l) and H ̸≡ 0. Then

N(r, 1, F ) +N(r, 1, G) ≤ N(r,∞;H) +N
(2

E (r, 1;F ) +NL(r, 1;F ) +NL(r, 1;G) +N(r, 1;G) + S(r, F ).

Now we have the following theorems
Theorem 1. Let f be a non-constant meromorphic function in C, let L be an
nonconstant L-function and let n(> k + 2) and k be two positive integers. If
(fn)(k) and (Ln)(k) share (a(z), l), where a(z)(̸≡ 0,∞) be a meromorphic function.
If l ≥ 2 and

(k + 2)Θ(∞, f) + δk+2(0, f
n) + δk+2(0, L

n) ≤ k + 4− n, (4)

or l = 1 and

(k + 2)Θ(∞, f) + δk+2(0, f
n) +

3

2
δk+2(0, L

n) ≤ k +
9

2
− n, (5)

or l = 0 and

(2k + 3)Θ(∞, f) + 2δk+2(0, f
n) + 3δk+2(0, L

n) ≤ 2k + 8− n, (6)

then
[Ln]

(k) − a

[fn]
(k) − a

= c.

Proof. Suppose that d is the degree of L. Then d = 2
∑k

i=1 λj , where k and
λj are respectively the positive integer and the positive real number in the axiom
(iii) of the definition of L- function.
Then we have that

T (r, L) =
d

Π
rlogr +O(r)

(cf. [8] , P.150). Clearly, f and L are transcendental meromorphic functions (cf.
[22] , P.43). Note that an L- function at most has one pole z = 1 in the complex
plane.

Let F = (fn)(k)

a(z) and G = (Ln)(k)

a(z) . Then F −1 = (fn)(k)−a
a , G−1 = (Ln)(k)−a

a . Since

(fn)(k) and (Ln)(k) share (a, l) it follows that F and G share (1, l) except the zeros
and poles of a(z).

Now we consider the following cases.
Case 1. Let H ̸≡ 0.
Subcase 1.1. Assume l ≥ 1. Using the second fundamental Theorem and Lemmas
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4, 6 we get

T (r, F ) + T (r,G) ≤ N(r,∞;F ) +N(r,∞;G) +N(r, 0;F ) +N(r, 0;G) +N(r,H) +N
(2

E (r, 1;F )

+NL(r, 1;F ) +NL(r, 1;G) +N(r, 1;G)−N0(r, 0;F
′
)−N0(r, 0;G

′
) + S(r, F )

≤ 2N(r,∞;F ) +N(r,∞;G) +N2(r, 0;F ) +N2(r, 0;G) +N
(2

E (r, 1;F ) + 2NL(r, 1;F )

+ 2NL(r, 1;G) +N(r, 1;G) + S(r, F ). (7)

Subcase-1.1.1. Next assume l ≥ 2. Now by using the inequality (7) and Lemma
3, we get

T (r, F ) + T (r,G) ≤ 2N(r,∞;F ) +N(r,∞;G) +N2(r, 0;F ) +N2(r, 0;G) +N
(2

E (r, 1;F ) + 2NL(r, 1;F )

+ 2NL(r, 1;G) +N(r, 1;G) + S(r, F )

≤ 3N(r,∞; f) +N2(r, 0;F ) +N2(r, 0;G) +N(r, 1;F ) + S(r, f)

T (r,G) ≤ 3N(r,∞; f) +Nk+2(r, 0; f
n) + kN(r,∞; f) +N2(r, 0;G) + S(r, f)

≤ 3N(r,∞; fn) +Nk+2(r, 0; f
n) + kN(r,∞; fn) +N2(r, 0; (L

n)(k)) + S(r, f)

T (r, Ln) ≤ 3N(r,∞; f) +Nk+2(r, 0; f
n) + kN(r,∞; f) +Nk+2(r, 0;L

n) + kN(r, L) + S(r, f)

≤ 3N(r,∞; f) +Nk+2(r, 0; f
n) + kN(r,∞; f) +Nk+2(r, 0;L

n) + S(r, f)

i.e., for any ϵ > 0

(k + 2)Θ(∞, f) + δk+2(0, f
n) + δk+2(0, L

n) ≤ k + 4− n,

which is a contradicts (4) of Theorem 1.

Subcase-1.1.2. Next we assume l = 1. Now inequality (7) and in view of Lemmas
3, 5 we get

T (r, F ) + T (r,G) ≤ 2N(r,∞;F ) +N(r,∞;G) +N2(r, 0;F ) +N2(r, 0;G) +N
(2

E (r, 1;F ) + 2NL(r, 1;F )

+ 2NL(r, 1;G) +N(r, 1;G) + S(r, F )

≤ 2N(r,∞;F ) +
3

2
N(r,∞;G) +

1

2
N(r, 0;G) +N2(r, 0;F ) +N2(r, 0;G) +N

(2

E (r, 1;F )

+ 2NL(r, 1;F ) +NL(r, 1;G) +N(r, 1;G) + S(r, F )

≤ 2N(r,∞; f) +
1

2
N1(r, 0;G) +N2(r, 0;F ) +N2(r, 0;G) +N(r, 1;F ) + S(r, f)

T (r, Ln) ≤ 2N(r,∞; f) +
1

2
N1(r, 0; (L

n)(k)) +N2(r, 0; (f
n)(k)) +N2(r, 0; (L

n)(k)) + S(r, f)

≤ 2N(r,∞; f) +
1

2
Nk+1(r, 0;L

n) +Nk+2(r, 0; f
n) + kN(r,∞; f) +Nk+2(r, 0;L

n)

+
3

2
kN(r, L) + S(r, f)

≤ 2N(r,∞; f) +
1

2
Nk+1(r, 0;L

n) +Nk+2(r, 0; f
n) + kN(r,∞; f) +Nk+2(r, 0;L

n) + S(r, f)

i.e., for any ϵ > 0

(k + 2)Θ(∞, f) + δk+2(0, f
n) +

3

2
δk+2(0, L

n) ≤ k +
9

2
− n,

which is a contradicts (5) of Theorem 1.
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Subcase-1.2. Next we assume l = 0. Then by using the second fundamental
Theorem and Lemmas 3, 4, 5 and 6 we get

T (r, F ) + T (r,G) ≤ N(r,∞;F ) +N(r, 0;F ) +N(r, 1;F ) +N(r,∞;G) +N(r, 0;G) +N(r, 1;G)

−N0(r, 0;F
′
)−N0(r, 0;G

′
) + S(r, F ) + S(r,G)

≤ N(r,∞;F ) +N(r, 0;F ) +N(r,∞;G) +N(r, 0;G) +N(r,∞;H) +N
(2

E (r, 1;F )

+NL(r, 1;F ) +NL(r, 1;G) +N(r, 1;G)−N0(r, 0;F
′
)−N0(r, 0;G

′
) + S(r, f)

≤ 2N(r,∞;F ) +N(r,∞;G) +
1

2
N(r, 0;G) +N2(r, 0;F ) +N2(r, 0;G) +N

(2

E (r, 1;F )

+ 2NL(r, 1;F ) + 2NL(r, 1;G) +N(r, 1;G) + S(r, f)

≤ 3N(r,∞; f) +N2(r, 0;F ) +N2(r, 0;G) + 2N(r, 0;G) +N(r, 0;F ) +N(r, 1;F ) + S(r, f)

T (r, Ln) ≤ 3N(r,∞; f) +Nk+2(r, 0; f
n) + kN(r,∞; f) +N2(r, 0; (L

n)(k)) +N(r, 0; (fn)(k))

+ 2N(r, 0;G) + S(r, f)

≤ 3N(r,∞; f) +Nk+2(r, 0; f
n) + kN(r,∞; f) +Nk+2(r, 0;L

n) +Nk+1(r, 0; f
n)

+ kN(r, f) + 2Nk+1(r, 0;L
n) + 3kN(r, L) + S(r, f)

≤ 3N(r,∞; f) +Nk+2(r, 0; f
n) + kN(r,∞; f) +Nk+2(r, 0;L

n) +Nk+1(r, 0; f
n)

+ kN(r,∞; f) + 2Nk+1(r, 0;L
n) + S(r, f)

i.e., for any ϵ > 0

(2k + 3)Θ(∞, f) + 2δk+2(0, f
n) + 3δk+2(0, L

n) ≤ 2k + 8− n,

which is a contradicts (6) of Theorem 1.

Case 2. If H ≡ 0, then on integration, we get

1

F − 1
≡ C

G− 1
+D, (8)

where C,D are constants and C ̸= 0. From (3.2) it is clear that F and G share 1
CM. We first assume that D ̸= 0. Then by (8) we get

N(r,∞; f) = S(r, f). (9)

Now we can write (8) as

1

F − 1
=

D

(
G− 1 +

C

D

)
G− 1

. (10)

Consequently,

N

(
r, 1− C

D
;G

)
= N(r,∞;F ) = N(r,∞;G) = S(r, F ). (11)
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Subcase-2.1. If C
D ̸= 1, by the second fundamental theorem, Lemma 3, we have

T (r,G) ≤ N(r,∞;G) +N1 (r, 0;G) +N

(
r, 1− C

D
;G

)
+ S(r,G)

≤ N (r, 0;G) + S(r, f)

≤ N2 (r, 0;G) + S(r, f)

T (r,G) ≤ Nk+2(r, 0;L) + S(r, f)

T (r, Ln) ≤ (k + 2)N(r, 0;L) + S(r, f)

i.e., n ≤ k + 2, which is a contradiction since n > k + 2.

Subcase-2.2. If C
D = 1, we get from (8)(
F − 1− 1

C

)
G ≡ − 1

C
(12)

i.e.,

1

Ln[(fn)(k) − (1 + 1
C )a]

≡ − C

a2
[Ln](k)

Ln
(13)

From (12) it follows that

N
(
r, 0; [fn](k)| ≥ k + 1

)
≤ N

(
r, 0; [Ln](k)

)
≤ N(r, 0;G)

≤ N(r, 0; a) = S(r, f). (14)

Applying the first fundamental theorem, (9), (13) and (14)

(n− k)T (r, f) + nT (r, L) = T

(
r,

1

Ln[(fn)(k) − (1 + 1
C )a]

)
= m

(
r,
(Ln)(k)

Ln

)
+N

(
r,
(Ln)(k)

Ln

)
+ S(r, f).

(15)

From (15) it follows that

(n− k)T (r, f) ≤ S(r, f), which is impossible.

Hence D = 0 and So
G− 1

F − 1
= C or

(Ln)(k) − 1

(fn)(k) − 1
= C.

Theorem 2. Let f be a non-constant entire function in C, let L be an nonconstant
L-function and let n and k be two positive integers. If (fn)(k) and (Ln)(k) share
(a(z), l), where a(z)(̸≡ 0,∞) be a meromorphic function. If l ≥ 2 and

δk+2(0, f
n) + δk+2(0, L

n) ≤ 2− n, (16)

or l = 1 and

δk+2(0, f
n) +

3

2
δk+2(0, L

n) ≤ 5

2
− n, (17)

or l = 0 and

2δk+2(0, f
n) + 3δk+2(0, L

n) ≤ 5− n, (18)
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then
[Ln]

(k) − a

[fn]
(k) − a

= c.

Proof. Noting that N(r,∞; f) = N(r,∞;L) = 0, and proceeding in the like
manner as the proof of Theorem 1 we obtain the proof of the Theorem 2.
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