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GENERAL TRIPLE SERIES IDENTITY, LAURENT TYPE

GENERATING RELATIONS AND APPLICATIONS

MOHAMMAD IDRIS QURESHI, MAHVISH ALI AND DILSHAD AHAMAD

Abstract. The main aim of this article is obtain certain Laurent type hyper-

geometric generating relations. A general triple series identity is established.

By using triple series identity, a Laurent type hypergeometric generating rela-
tion is derived. Explicit expressions of some hybrid special functions related

to the Bessel functions are also established as applications.

1. Introduction and preliminaries

The generalized hypergeometric functions and their extensions in the form of
basic (or q−) hypergeometric functions, elliptic hypergeometric functions and mul-
tiple hypergeometric functions are ubiquitous. One characteristic of these functions
is a tendency to appear in a variety of mathematical and physical circumstances.
A natural generalization of the Gaussian hypergeometric series 2F1[α, β; γ; z], is
accomplished by introducing any arbitrary number of numerator and denominator
parameters. Thus, the resulting series

pFq

 (αp);
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(βq);

 = pFq

 α1, α2, . . . , αp;
z

β1, β2, . . . , βq;

 =

∞∑
n=0

(α1)n(α2)n . . . (αp)n
(β1)n(β2)n . . . (βq)n

zn

n!

(1)
is known as the generalized hypergeometric series, or simply, the generalized hy-
pergeometric function. Here p and q are positive integers or zero and we assume
that the variable z, the numerator parameters α1, α2, . . . , αp and the denominator
parameters β1, β2, . . . , βq take on complex values, provided that

βj 6= 0,−1,−2, . . . ; j = 1, 2, . . . , q.

In contracted notation, the sequence of p numerator parameters α1, α2, . . . , αp
is denoted by (αp) with similar interpretation for others throughout this paper.
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Supposing that none of numerator parameters is zero or a negative integer and for
βj 6= 0,−1,−2, . . .; j = 1, 2, . . . , q, we note that the pFq series defined by equation
(1):

(i) converges for |z| <∞, if p ≤ q (2)

(ii) converges for |z| < 1, if p = q + 1 and (3)

(ii) diverges for all z, z 6= 0, if p > q + 1. (4)

Fox-Wright generalized hypergeometric function of one variable

pΨq
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z
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 =

∞∑
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n!
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(5)
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 =

∞∑
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(α1)nA1
· · · (αp)nAp

(β1)nB1 · · · (βq)nBq
zn

n!
, (6)

where A1, · · · , Ap, B1, · · · , Bq are positive real numbers; subject to the convergence
conditions:

(i) 1 +

q∑
i=1

Bi −
p∑
i=1

Ai > 0 and 0 < |z| <∞; z 6= 0

(ii) 1 +

q∑
i=1

Bi −
p∑
i=1

Ai = 0 and 0 < |z| < A−A1
1 · · ·A−App BB1

1 · · ·BBqq .

Lauricella [5, p. 114] introduced fourteen complete hypergeometric functions
of three variables and of the second order. He denoted his triple hypergeometric
functions by the symbols F1, F2, F3, · · · , F14 of which F1, F2, F5 and F9 corre-

spond, respectively, to the three variable Lauricella functions F
(3)
A , F

(3)
B , F

(3)
C and

F
(3)
D . The remaining ten functions F3, F4, F6, F7, F8, F10, · · · , F14 of Lauricella’s

set apparently fell into oblivion. Saran [6] initiated a systematic study of these
ten hypergeometric functions of Lauricella’s set by giving them new notations as:
F3 ≡ FK , F4 ≡ FE , F6 ≡ FN , F7 ≡ FS , F8 ≡ FG, F10 ≡ FR, F11 ≡ FM , F12 ≡ FP ,
F13 ≡ FT and F14 ≡ FF . In the course of a further investigation of the Lauricella’s
fourteen hypergeometric functions of three variables, Srivastava [7, 8] noticed the
existence of three additional complete triple hypergeometric functions of second
order; these functions HA, HB and HC had not been included in Lauricella’s con-
jecture, nor they previously mentioned in the literature.

A general triple hypergeometric series was introduced by Srivastava [9] which
is a unification of Lauricella’s fourteen hypergeometric functions F1, · · · , F14 and
three additional functions HA, HB and HC of Srivastava and is defined as [9, p.
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428]:

F (3)

[
(aA) :: (bB) ; (b′B′) ; (b′′B′′) : (cC) ; (c′C′) ; (c′′C′′) ;

x, y, z
(eE) :: (gG) ; (g′G′) ; (g′′G′′) : (hH) ; (h′

H′) ; (h′′
H′′) ;

]

=

∞∑
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m!

yn

n!

zp

p!
, (7)

where

Λ(m,n, p) =
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(8)
and (aA) abbreviates the array of A parameters a1, · · · , aA with similar interpre-
tations for (bB), (b′B′), (b′′B′′), et. cetera.. The triple hypergeometric series (7)
converges absolutely when

1 + E +G+G′′ +H −A−B −B′′ − C ≥ 0, (9a)

1 + E +G+G′ +H ′ −A−B −B′ − C ′ ≥ 0, (9b)

1 + E +G′ +G′′ +H ′′ −A−B′ −B′′ − C ′′ ≥ 0, (9c)

where the equalities hold true for suitably constrained values of |x|, |y| and |z|.

About five decades ago, Srivastava and Daoust [10] first considered the two-
variable case of their multiple hypergeometric function [11, p.454]; see also [12]).
For the sake of ready reference, we choose to recall here their definition only in the
two-variable case as follows [10, p.199, Eqn (2.1)]:

FA:B;B′

C:D;D′

 [(aA) : θ, φ] : [(bB) : ψ] ; [(b′B′) : ψ′] ;
x, y

[(cC) : ξ, η] : [(dD) : ζ] ; [(d′D′) : ζ ′] ;



=

∞∑
m=0

∞∑
n=0

A∏
j=1

(aj)mθj+nφj

C∏
j=1

(cj)mξj+nηj

B∏
j=1

(bj)mψj

D∏
j=1

(dj)mζj

B′∏
j=1

(b′j)nψ′j

D′∏
j=1

(d′j)nζ′j

xm yn

m!n!
, (10)

where, for convergence of the double hypergeometric series,

1 +

C∑
j=1

ξj +

D∑
j=1

ζj −
A∑
j=1

θj −
B∑
j=1

ψj ≥ 0 (11)

and

1 +

C∑
j=1

ηj +

D′∑
j=1

ζ ′j −
A∑
j=1

φj −
B′∑
j=1

ψ′j ≥ 0, (12)

with equality only when |x| and |y| are constrained appropriately (see, for de-
tails, [12]). Here, for the sake of convenience, [(aA) : θ, φ] represents the set of
“A” number of parameters [a1 : θ1, φ1], [a2 : θ2, φ2], . . . , [aA : θA, φA]. The values
of positive real coefficients θ1, θ2, . . . , θA may be equal or different with similar
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interpretation for coefficients φ1, φ2, . . . , φA and others.

Remark 1.1. The positivity of these coefficients was assumed by Srivastava-Daoust
[12, pp. 153-158] in order merely to facilitate their investigations of the region of
convergence of the multiple hypergeometric series (10).

Remark 1.2. For notational purposes the coefficients ξj, ζj, θj, ψj, ηj, ζ
′
j, ψ

′
j are

allowed to take on all real values including, for example, zero and negative integers,
see [13, pp.270-272].

Many useful cases of reducibility of double hypergeometric functions are known
to exist when the coefficients θ, φ, ψ, ψ′, ξ, η, ζ and ζ ′ in equation (10) are chosen
to be unity.

Lemma 1.1. [14, p.100, Eqn(2)]
∞∑
n=0

n∑
k=0

B(k, n) =

∞∑
n=0

∞∑
k=0

B(k, n+ k), (13)

provided that concerned double series are absolutely convergent.

Lemma 1.2. [14, p.102, Eqn(16)] For positive integers m1, · · · ,mr (r ≥ 1),

∞∑
n=0

∞∑
k1,··· ,kr=0

Θ(k1, · · · , kr;n) =

∞∑
n=0

m1k1+···+mrkr≤n∑
k1,··· ,kr=0

Θ(k1, · · · , kr;n−m1k1−· · ·−mrkr),

(14)
provided that concerned multiple series are absolutely convergent.

Definition 1.1. Gauss’s Multiplication Theorem [14, p.23]
For every positive integer m, we have

(λ)mn = mmn
m∏
j=1

(
λ+ j − 1

m

)
n

, n = 0, 1, 2, · · · . (15)

Bessel functions appear in a wide variety of physical problems. The hypergeo-
metric forms of the ordinary Bessel functions Jν(x) and modified Bessel functions
Iµ(x) are defined as follows:

Jν(x) =

(
x
2

)ν
Γ(ν + 1)

0F1

 ;

−x
2

4
ν + 1 ;

 (16)

and

Iµ(x) =

(
x
2

)µ
Γ(µ+ 1)

0F1

 ;
x2

4
µ+ 1 ;

 , (17)

respectively.

Tricomi functions Cν(x) are Bessel like functions which are defined as:

Cν(x) =
1

Γ(ν + 1)
0F1

 ;
−x

ν + 1 ;

 (18)
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and have the following relationship with Bessel functions:

Cν(x) = x−
ν
2 Jν(2

√
x). (19)

The Hermite polynomials Hn(x) are defined as:

Hn(x) = (2x)n 2F0

 −n2 , −n+1
2 ;

− 1
x2

;

 ; n = 0, 1, 2, · · · . (20)

The importance of the generalized Bessel functions stems from their wide use in
applications and from their implications in different fields of applied mathematics
and physics.

In [3], monomiality principle is used to develop a systematic treatment of Bessel
functions of Hermite and Laguerre type. The Hermite-Bessel functions HJn(x, y)
and Laguerre-Bessel functions LJn(x, y) are defined by the following generating
functions:

exp

(
x

2

(
t− 1

t

)
+
y

4

(
t− 1

t

)2
)

=

∞∑
n=−∞

HJn(x, y)tn (21)

and

C0

(
x

2

(
t− 1

t

))
exp

(
y

2

(
t− 1

t

))
=

∞∑
n=−∞

LJn(x, y)tn, (22)

respectively.

In 2018, Khan et. al. [4] introduced the Laguerre-Gould-Hopper-Bessel functions

LH(m,r)Jn(x, y, z) by using the operational techniques.

The Laguerre-Gould-Hopper-Bessel functions
LH(m,r)Jn(x, y, z) are defined by

the following generating function [4, p. 388]:

C0

(
− x

2m

(
t− 1

t

)m)
exp

(
y

2

(
t− 1

t

)
+

z

2r

(
t− 1

t

)r)
=

∞∑
n=−∞

LH(m,r)Jn(x, y, z)tn.

(23)
For the Laguerre-Gould-Hopper-Bessel functions

LH(m,r)Jn(x, y, z), the following
explicit representation holds [4, p. 389]:

LH(m,r)Jn(x, y, z) =

∞∑
k=0

rs+ml≤n+2k∑
s,l=0

(−1)k(n+ 2k)!zsxlyn+2k−rs−ml

2n+2kk! Γ(1 + n+ k)s!(l!)2(n+ 2k − rs−ml)!
.

(24)
Recently, Ali and Qureshi [1] introduced the extended form of Laguerre-Gould-

Hopper-Bessel functions G
(m,r)
n,λ (x, y, z; ξ) by combined use of integral transform and

operational rules, which are defined by the following generating function:

C0

(
− x

2m

(
t− 1

t

)m)
exp

(
y
2

(
t− 1

t

))(
ξ − z

2r

(
t− 1

t

)r)λ =

∞∑
n=−∞

G
(m,r)
n,λ (x, y, z; ξ)tn. (25)
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The generalized hybrid Bessel functions G
(m,r)
n,λ (x, y, z; ξ) have the following ex-

plicit representation:

G
(m,r)
n,λ (x, y, z; ξ) =

1

ξλ

∞∑
k=0

rs+m`≤n+2k∑
s,`=0

(−1)k(n+ 2k)!(λ)sz
sx`yn+2k−rs−m`

2n+2kξsk! Γ(1 + n+ k)s!(`!)2(n+ 2k − rs−m`)!
(26)

or

G
(m,r)
n,λ (x, y, z; ξ)

=
1

ξλ

∞∑
k=0

(−1)kyn+2k

2n+2kk!(n+ k)!
F 1:1;0
0:0;1

[−n− 2k : r,m] : [λ : 1] ; ;
z

ξ(−y)r ,
x

(−y)m

: ; [1 : 1] ;

 ,

(27)

where F 1:1;0
0:0;1 is the Srivastava-Daoust double hypergeometric function defined by

equation (10).

In Section 2, a general triple series identity is derived. Section 3 is dedicated to
obtain the Laurent type hypergeometric generating relations. In Section 4, some
special cases of the obtained results are presented.

2. General triple series identity

In this section, we derive a triple series identity in the form of the following
theorem:

Theorem 2.1. Let {∆(`)}, {Θ(`)}, {Ξ(`)}, {Υ(`)}, {Φ(`)}, {Ψ(`)} and {Ω(`)};
` ∈ {1, 2, 3, · · · } are seven bounded sequences of arbitrary complex numbers, where
m and r are positive integers and ∆(0) 6= 0, Θ(0) 6= 0, Ξ(0) 6= 0, Υ(0) 6= 0,
Φ(0) 6= 0, Ψ(0) 6= 0, Ω(0) 6= 0. Then

∞∑
`,k,s=0

∆(`+ k + s) Θ(`+ k) Ξ(k + s) Υ(s+ `) Φ(`) Ψ(k) Ω(s)×

×
(
ax
(
t− 1

t

)m)` (
by
(
t− 1

t

))k (
cz
(
t− 1

t

)r)s
`! k! s!

=

∞∑
n=−∞

∞∑
j=0

m`+rs≤2j+2n?+n∑
`,s=0

(−1)j+n
?

(2j + 2n? + n)!

(j + n?)! (j + n? + n)!
×

×∆(2j + 2n? + n− (m− 1)`− (r − 1)s) Θ(2j + 2n? + n− (m− 1)`− rs)×
×Ξ(2j + 2n? + n−m`− (r − 1)s) Υ(s+ `) Φ(`)×

× Ψ(2j + 2n? + n−m`− rs) Ω(s)
(ax)` (by)2j+2n?+n−m`−rs(cz)s

`! (2j + 2n? + n−m`− rs)! s!
tn, (28)

where n? is defined as:

n? = max {0,−n} =

{
−n, when n = · · · ,−3,−2,−1

0, when n = 0, 1, 2, · · · ,
(29)

provided that each of the multiple series involved is absolutely convergent.
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Proof. Suppose the l.h.s. of equation (28) is denoted by Λ. Then, we have

Λ =

∞∑
`,k,s=0

∆(`+ k + s) Θ(`+ k) Ξ(k + s) Υ(s+ `) Φ(`) Ψ(k) Ω(s)×

× (ax)`(by)k(cz)s

`! k! s!

(
t− 1

t

)k+m`+rs
. (30)

Now, replacing k by k −m`− rs and using Lemma 1.2, we get

Λ =

∞∑
k=0

m`+rs≤k∑
`,s=0

∆(k − (m− 1)`− (r − 1)s) Θ(k − (m− 1)`− rs)×

×Ξ(k −m`− (r − 1)s) Υ(s+ `) Φ(`) Ψ(k −m`− rs) Ω(s)×

× (ax)`(by)k−m`−rs(cz)s

`! (k −m`− rs)! s!

(
t− 1

t

)k
=

∞∑
k=0

k∑
j=0

(−1)jk!

j! (k − j)!
×

×
m`+rs≤k∑
`,s=0

∆(k − (m− 1)`− (r − 1)s) Θ(k − (m− 1)`− rs)×

×Ξ(k −m`− (r − 1)s) Υ(s+ `) Φ(`) Ψ(k −m`− rs) Ω(s)×

× (ax)`(by)k−m`−rs(cz)s

`! (k −m`− rs)! s!
tk−2j . (31)

On replacing k by k + j in equation (31) and using Lemma 1.1, we obtain

Λ =

∞∑
k=0

∞∑
j=0

(−1)j(k + j)!

j! k!
×

×
m`+rs≤k+j∑

`,s=0

∆(k + j − (m− 1)`− (r − 1)s) Θ(k + j − (m− 1)`− rs)×

×Ξ(k + j −m`− (r − 1)s) Υ(s+ `) Φ(`) Ψ(k + j −m`− rs) Ω(s)×

× (ax)`(by)k+j−m`−rs(cz)s

`! (k + j −m`− rs)! s!
tk−j . (32)

Further, putting k = j + n, in equation (32), we find

Λ =

∞∑
n=−∞

∞∑
j=0

(−1)j(2j + n)!

j! (j + n)!
×

×
m`+rs≤2j+n∑

`,s=0

∆(2j + n− (m− 1)`− (r − 1)s) Θ(2j + n− (m− 1)`− rs)×

×Ξ(2j + n−m`− (r − 1)s) Υ(s+ `) Φ(`) Ψ(2j + n−m`− rs) Ω(s)×

× (ax)`(by)2j+n−m`−rs(cz)s

`! (2j + n−m`− rs)! s!
tn. (33)

Since n varies from −∞ to ∞ and j varies from 0 to ∞, therefore due to the
presence of (j+n)! in denominator of above equation, equation (33) can be modified
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in the following form:

Λ =

∞∑
n=−∞

∞∑
j=n?

(−1)j(2j + n)!

j! (j + n)!
×

×
m`+rs≤2j+n∑

`,s=0

∆(2j + n− (m− 1)`− (r − 1)s) Θ(2j + n− (m− 1)`− rs)×

×Ξ(2j + n−m`− (r − 1)s) Υ(s+ `) Φ(`) Ψ(2j + n−m`− rs) Ω(s)×

× (ax)`(by)2j+n−m`−rs(cz)s

`! (2j + n−m`− rs)! s!
tn, (34)

where n? is defined by equation (29).

On replacing j by j + n? in equation (34), we get equation (28).
�

In the next section, we derive certain Laurent type hypergeometric generating
relations by using the triple series identity (28). It should be noted that in single,
double and triple hypergeometric functions, we are assuming that numerator and
denominator parameters are neither zero nor negative integers.

3. Laurent type hypergeometric generating relations

Theorem 3.1. The following generating function (in terms of general triple hy-
pergeometric series F (3) of Srivastava) for the Srivastava-Daoust double hypergeo-

metric function F 1+E+U+R+Q+C:G;V
D+A+B+P+M :H;W holds true:

F (3)

 (dD) :: (aA) ; (bB) ; (cC) : (gG) ; (pP ) ; (vV ) ;

(eE) :: (uU ) ; (rR) ; (mM ) : (hH) ; (qQ) ; (wW ) ;

ax

(
t− 1

t

)m
, by

(
t− 1

t

)
, cz

(
t− 1

t

)r]

=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (by)2j+2n?+n

(j + n?)! (j + n? + n)!
×

×

D∏
i=1

(di)2j+2n?+n

A∏
i=1

(ai)2j+2n?+n

B∏
i=1

(bi)2j+2n?+n

P∏
i=1

(pi)2j+2n?+n

E∏
i=1

(ei)2j+2n?+n

U∏
i=1

(ui)2j+2n?+n

R∏
i=1

(ri)2j+2n?+n

Q∏
i=1

(qi)2j+2n?+n

×
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×F 1+E+U+R+Q+C:G;V
D+A+B+P+M :H;W

 [−2j − 2n? − n : m, r], [1− (eE)− 2j − 2n? − n : m− 1, r − 1],

[1− (dD)− 2j − 2n? − n : m− 1, r − 1],

[1− (uU )− 2j − 2n? − n : m− 1, r], [1− (rR)− 2j − 2n? − n : m, r − 1],

[1− (aA)− 2j − 2n? − n : m− 1, r], [1− (bB)− 2j − 2n? − n : m, r − 1],

[1− (qQ)− 2j − 2n? − n : m, r], [(cC) : 1, 1] : [(gG) : 1]; [(vV ) : 1];

[1− (pP )− 2j − 2n? − n : m, r], [(mM ) : 1, 1] : [(hH) : 1]; [(wW ) : 1];

(−1)θ ax
(by)m , (−1)φ cz

(by)r

 tn, t 6= 0, (35)

where

θ = (D − E +A− U)(m− 1) + (B −R+ P −Q+ 1)m

and

φ = (D − E +B −R)(r − 1) + (A− U + P −Q+ 1)r,

for suitably constrained values of
∣∣ax (t− 1

t

)m∣∣, ∣∣by (t− 1
t

)∣∣ and
∣∣cz (t− 1

t

)r∣∣, m
and r are positive integers and n? is defined by equation (29) and [1− (eE)− 2j −
2n? − n : m, r] represent E parameters given by [1 − e1 − 2j − 2n? − n : m, r],
[1 − e2 − 2j − 2n? − n : m, r] ,· · · , [1 − eE − 2j − 2n? − n : m, r], subject to the
following convergence conditions:

1 + E + U +M +H −D −A− C −G ≥ 0, (36a)

1 + E + U +R+Q−D −A−B − P ≥ 0, (36b)

1 + E +R+M +W −D −B − C − V ≥ 0. (36c)

Proof. Taking

∆(`+ k + s) =

D∏
i=1

(di)`+k+s

E∏
i=1

(ei)`+k+s

, Θ(`+ k) =

A∏
i=1

(ai)`+k

U∏
i=1

(ui)`+k

, Ξ(k + s) =

B∏
i=1

(bi)k+s

R∏
i=1

(ri)k+s

Υ(s+ `) =

C∏
i=1

(ci)s+`

M∏
i=1

(mi)s+`

, Φ(`) =

G∏
i=1

(gi)`

H∏
i=1

(hi)`

, Ψ(k) =

P∏
i=1

(pi)k

Q∏
i=1

(qi)k

, Ω(s) =

V∏
i=1

(vi)s

W∏
i=1

(wi)s

in general triple series identity (28), applying some algebraic properties of Pochham-
mer symbols and after simplification, we obtain:
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F (3)

 (dD) :: (aA) ; (bB) ; (cC) : (gG) ; (pP ) ; (vV ) ;

(eE) :: (uU ) ; (rR) ; (mM ) : (hH) ; (qQ) ; (wW ) ;

ax

(
t− 1

t

)m
, by

(
t− 1

t

)
, cz

(
t− 1

t

)r]

=

∞∑
n=−∞

∞∑
j=0

m`+rs≤2j+2n?+n∑
`,s=0

(−1)j+n
? (2j + 2n? + n)!

(j + n?)! (j + n? + n)!
×

×

D∏
i=1

(di)2j+2n?+n−(m−1)`−(r−1)s
A∏
i=1

(ai)2j+2n?+n−(m−1)`−rs
B∏
i=1

(bi)2j+2n?+n−m`−(r−1)s

E∏
i=1

(ei)2j+2n?+n−(m−1)`−(r−1)s
U∏
i=1

(ui)2j+2n?+n−(m−1)`−rs
R∏
i=1

(ri)2j+2n?+n−m`−(r−1)s

×

×

C∏
i=1

(ci)s+`
G∏
i=1

(gi)`
P∏
i=1

(pi)2j+2n?+n−m`−rs
V∏
i=1

(vi)s

M∏
i=1

(mi)s+`
H∏
i=1

(hi)`
Q∏
i=1

(qi)2j+2n?+n−m`−rs
W∏
i=1

(wi)s

×

× (ax)`(by)2j+2n?+n−m`−rs(cz)s

`! (2j + 2n? + n−m`− rs)! s!
tn

=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (by)2j+2n?+n

(j + n?)! (j + n? + n)!
×

×

D∏
i=1

(di)2j+2n?+n

A∏
i=1

(ai)2j+2n?+n

B∏
i=1

(bi)2j+2n?+n

P∏
i=1

(pi)2j+2n?+n

E∏
i=1

(ei)2j+2n?+n

U∏
i=1

(ui)2j+2n?+n

R∏
i=1

(ri)2j+2n?+n

Q∏
i=1

(qi)2j+2n?+n

×

×
m`+rs≤2j+2n?+n∑

`,s=0

(−2j − 2n? − n)m`+rs
E∏
i=1

(1− ei − 2j − 2n? − n)(m−1)`+(r−1)s

D∏
i=1

(1− di − 2j − 2n? − n)(m−1)`+(r−1)s

×

×

U∏
i=1

(1− ui − 2j − 2n? − n)(m−1)`+rs
R∏
i=1

(1− ri − 2j − 2n? − n)m`+(r−1)s

A∏
i=1

(1− ai − 2j − 2n? − n)(m−1)`+rs
B∏
i=1

(1− bi − 2j − 2n? − n)m`+(r−1)s

×
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×

Q∏
i=1

(1− qi − 2j − 2n? − n)m`+rs
C∏
i=1

(ci)`+s
G∏
i=1

(gi)`
V∏
i=1

(vi)s

P∏
i=1

(1− pi − 2j − 2n? − n)m`+rs
M∏
i=1

(mi)`+s
H∏
i=1

(hi)`
W∏
i=1

(wi)s

×

×(−1)[(D−E)(m−1)+(A−U)(m−1)+(B−R)m+(P−Q)m+m]`

(
ax

(by)m

)`
`!

×

×(−1)[(D−E)(r−1)+(A−U)r+(B−R)(r−1)+(P−Q)r+r]s

(
cz

(by)r

)s
s!

. (37)

On using definition of the Srivastava and Daoust hypergeometric function (10)
in the r.h.s. of equation (37), we obtain assertion (35).

�

Remark 3.1. Taking D = A = B = C = E = U = R = M = 0 in equation (35),
we deduce the following consequence of Theorem 3.1:

Corollary 3.1. For G ≤ H + 1, P ≤ Q+ 1, V ≤ W + 1 and t 6= 0, the following
generating function (in terms of the product of three generalized hypergeometric
functions of one variable) for the Srivastava-Daoust double hypergeometric function
holds true:

GFH

 (gG) ;

ax
(
t− 1

t

)m
(hH) ;


PFQ

 (pP ) ;
by
(
t− 1

t

)
(qQ) ;


V FW

 (vV ) ;

cz
(
t− 1

t

)r
(wW ) ;



=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
?

(by)2j+2n?+n
P∏
i=1

(pi)2j+2n?+n

(j + n?)! (j + n? + n)!
Q∏
i=1

(qi)2j+2n?+n

×

× FQ+1:G; V
P :H;W

 [−2j − 2n? − n : m, r], [1− (qQ)− 2j − 2n? − n : m, r] :

[1− (pP )− 2j − 2n? − n : m, r] :

[(gG) : 1] ; [(vV ) : 1] ;

(−1)m(P−Q+1) (ax)
(by)m , (−1)r(P−Q+1) (cz)

(by)r

[(hH) : 1] ; [(wW ) : 1] ;

 tn,

(38)
where m and r are positive integers and n? is defined equation (29).

4. Applications

In this section, we consider certain special cases of our main result.

I. Taking x = 0; P = Q = 0, b = 1
2 ; V = W = 0, r = 2, c = 1

2r in equation
(38), we get

exp

(
y

2

(
t− 1

t

)
+
z

4

(
t− 1

t

)2
)
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=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!

(√
z

iy

)2j+2n?+n

H2j+2n?+n

(
iy

2
√
z

)
tn. (39)

Comparing equation (39) with the equation (21), we find that the Hermite-
Bessel functions HJn(y, z) have the following series definition in terms of
the Hermite polynomials Hn(x):

HJn(y, z) =

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!

(√
z

iy

)2j+2n?+n

H2j+2n?+n

(
iy

2
√
z

)
.

(40)

II. Taking G = 0, H = 1, h1 = 1, m = 1, a = − 1
2 ; P = Q = 0, b = 1

2 ; z = 0 in
equation (38), we get

C0

(
x

2

(
t− 1

t

))
exp

(
y

2

(
t− 1

t

))

=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!

(
1− x

y

)2j+2n?+n

tn. (41)

Comparing equation (41) with the equation (22), we find that the Laguerre-
Bessel functions LJn(x, y) have the following series definition:

LJn(x, y) =

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!

(
1− x

y

)2j+2n?+n

tn. (42)

III. Taking G = 0, H = 1, h1 = 1, a = 1
2m ; P = Q = 0, b = 1

2 ; V = W = 0,

c = 1
2r in equation (38), we get

C0

(
− x

2m

(
t− 1

t

)m)
exp

(
y

2

(
t− 1

t

)
+

z

2r

(
t− 1

t

)r)

=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!
×

×F 1:0;0
0:1;0

 [−2j − 2n? − n : m, r] : ; ;
(−1)m x

ym , (−1)r zyr
: [1 : 1] ; ;

 tn.

(43)
Comparing equation (43) with the equation (23), we find that the Laguerre-

Gould-Hopper-Bessel functions
LH(m,r)Jn(x, y, z) have the following series

definition in terms of the Srivastava-Daoust hypergeometric function:

LH(m,r)Jn(x, y, z) =

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!
×

× F 1:0;0
0:1;0

 [−2j − 2n? − n : m, r] : ; ;
(−1)m x

ym , (−1)r zyr
: [1 : 1] ; ;

 .

(44)
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IV. Taking G = 0, H = 1, h1 = 1, a = 1
2m ; P = Q = 0, b = 1

2 ; V = 1, W = 0,

v1 = λ, c = 1
2rξ in equation (38), we get

ξλ
C0

(
− x

2m

(
t− 1

t

)m)
exp

(
y
2

(
t− 1

t

))(
ξ − z

2r

(
t− 1

t

)r)λ
=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!
×

×F 1:0;1
0:1;0

 [−2j − 2n? − n : m, r] : ; [λ : 1] ;
(−1)m x

ym , (−1)r z
ξyr

: [1 : 1] ; ;

 tn.

(45)
Comparing equation (45) with the equation (25), we find that the ex-

tended Laguerre-Gould-Hopper-Bessel functions G
(m,r)
n,λ (x, y, z; ξ) have the

following series definition in terms of the Srivastava-Daoust hypergeometric
function:

G
(m,r)
n,λ (x, y, z; ξ) =

1

ξλ

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!
×

×F 1:0;1
0:1;0

 [−2j − 2n? − n : m, r] : ; [λ : 1] ;
(−1)m x

ym , (−1)r z
ξyr

: [1 : 1] ; ;


(46)

or

G
(m,r)
n,λ (x, y, z; ξ) =

1

ξλ

∞∑
j=0

(−1)j+n
? (y

2

)2j+2n?+n

(j + n?)! (j + n? + n)!
×

×F 1:1;0
0:0;1

 [−2j − 2n? − n : m, r] : [λ : 1] ; ;
(−1)r z

ξyr , (−1)m x
ym

: ; [1 : 1] ;

 ,

(47)
which is the modified form of the equation (27).

V. Taking G = 0, H = 1, h1 = ν + 1, a = − 1
4 ; P = 0, Q = 1, q1 = µ + 1,

b = 1
4 , z = 0 in equation (38), we get

2(ν+µ)Γ(ν + 1) Γ(µ+ 1)

x
ν
2 y

µ
2

(
t− 1

t

)mν+µ
2

Jν

(√
x

(
t− 1

t

)m)
Iµ

(√
y

(
t− 1

t

))

=

∞∑
n=−∞

∞∑
j=0

(−1)j+n
? (y

4

)2j+2n?+n

(j + n?)! (j + n? + n)! (µ+ 1)2j+2n?+n
×

× 2Ψ?
1

 (−2j − 2n? − n,m), (−µ− 2j − 2n? − n,m) ;
4m−1(−x)

y

(ν + 1, 1) ;

 tn.

(48)
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In this article, we have derived certain Laurent type hypergeometric generat-
ing relations using a general triple series identity. This approach can be extended
to obtain multiple hypergeometric generating relations for other complex special
functions by considering the general multiple series identity. This will be taken in
forthcoming investigation.
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the Kampé de Fériet function, Nederl. Akad. Wetensch. Proc. Ser. A 72 = Indag. Math., Vol.
31, 449–457, 1969.

[12] H. M. Srivastava and M. C. Daoust; A Note on the Convergence of Kampé de Fériet’s Double

Hypergeometric Series, Math. Nachr., Vol. 53, 151-159, 1972.
[13] H. M. Srivastava and Per. W. Karlsson, Multiple Gaussian hypergeometric series, Halsted

Press, New York, 1985.

[14] H. M. Srivastava and H. L. Manocha A Treatise on Generating Functions, Halsted Press,
New York, 1984.

[15] H. M. Srivastava and R. Panda; An integral representation for the product of two Jacobi
polynomials, J. London Math. Soc., Vol. 12, No. 2, 419-425, 1976.

Mohammad Idris Qureshi
Department of Applied Sciences and Humanities, Faculty of Engineering and Technol-

ogy, Jamia Millia Islamia (A Central University), New Delhi-110025, India,
E-mail address: miqureshi delhi@yahoo.co.in

?Mahvish Ali

Department of Applied Sciences and Humanities, Faculty of Engineering and Technol-
ogy, Jamia Millia Islamia (A Central University), New Delhi-110025, India,

E-mail address: mahvishali37@gmail.com, ?Corresponding author



108 M. I. QURESHI, M. ALI AND D. AHAMAD EJMAA-2020/8(2)

Dilshad Ahamad

Department of Applied Sciences and Humanities, Faculty of Engineering and Technol-

ogy, Jamia Millia Islamia (A Central University), New Delhi-110025, India,
E-mail address: dlshdhmd4@gmail.com


	1. Introduction and preliminaries
	2. General triple series identity
	3. Laurent type hypergeometric generating relations
	4. Applications
	References

