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COMMON FIXED POINT THEOREMS USING T-HARDY
ROGERS TYPE CONTRACTIVE CONDITION AND
F-CONTRACTION ON A COMPLETE 2-METRIC SPACE

DINANATH BARMAN, KRISHNADHAN SARKAR AND KALISHANKAR TIWARY

ABSTRACT. In this paper we have proved some common fixed point theorems
using T-Hardy Rogers Type Contraction condition and F-Contraction on a
complete 2-metric space and generalized many existing results in this litera-
ture.

1. INTRODUCTION

Fixed point is an important part of mathematics. It is used in various branches of
mathematics such as Numerical Analysis, Differential Equation, Functional Analy-
sis, Topology etc. Not only in Mathematics, it is also used in Biology, Chemestry,
Physics and also in many other branches.

In 1922, Banach first investigate a fixed point theorem in metric space and it
is well known as Banach Fixed Point Theorem. After that many researchers of
this field have generalized that theorem in various ways. They have restricted the
conditions or have changed the spaces. After Banach, Kannan [9] generarized that
theorem. After Kannan, Chaterjea [4] generalized that fixed point theorem. Reich
gave a generalization of Chaterjea’s[4] fixed point theorem. In 1973, Hardy and
Rogers [7] have also generalized the fixed point theorem of Reich. After that, many
researchers have been using different type of Hardy Rogers contractive condition to
obtain a new fixed point results.

In this paper we have generalized many existing results which are in 2-metric
spaces. 2-metric space is a generalization of metric space, which has been introducd
by Gdahler [6]. In this space, the mapping goes X x X x X — R™. If T is a mapping
in 2-metric space then T : X x X x X — R™. Basically, 2-metric means the area
of a triangle in R.

In this paper we have introduced T-Hardy Rogers contractive condition and F-
contraction in 2-metric spaces.

M. Abbas et. al [1], Altum et. al [2] uses T- Hardy Rogers condition to prove
fixed point theorem in various spaces other than 2-metric spaces.
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Purpose of this paper is to prove some common fixed point theorem in 2-metric
spaces. We also gave some corollaries as T-Reich, T-Chaterjea and T-Kannan.

In our next theorem we use F-contraction mapping in 2-metric spaces, which is
also a new concept in 2-metric spaces. We use F-contraction mapping on Hardy
Rogers type mapping. Bhutia [3], Minak et. al [11], Piri and Kumam [13], Sgroi and
Vetro[16], Udo-utun[17], uses F-contraction in complete metric space. And Vetro
[18] uses F-contraction of Hardy Rogers type in multistage decision processes. Our
theorems are generalization of many existing results in this literature.

In our last theorem, we have used F-contraction in 2-metric spaces to prove the
existing theorem in complete metric spaces and also have generalized them.

To read about T-Hardy-Rogers type condition, please see [1],[2],[14],[18], [19]
and to read about F-contraction, please see [3], [10], [11],[13], [15],[16]-[18].

2. PRELIMIMARIES AND DEFINITIONS

Definition 2.1. (2-Metric space)[6]
Let X be a non-empty set and d : X x X x X — [0,00) is a real valued function
which satisfied the following conditions:

i) for every distinct points x,y there is a point z in X such that d(z,y, z) # 0;

ii) d(z,y, z) = 0 if any two of three of z,y, z are equal;

iii) d(x,y, z) = d(p(x,y, z)) for all z,y,z € X and for all permutations p(z,y, 2)
of z,y, z;

iv) d(z,y,2) <d(z,y,w) + d(z,w, 2) + d(w,y, z) for all z,y,z,w € X.
Then, d is called a 2-metric and (X, d) is called a 2-metric space.
In this paper we write X as a 2-metric space unless otherwise stated.

Definition 2.2. (Cauchy sequence in 2-Metric Space)

A sequence {x,} is said to be a Cauchy sequence if d(z,, Zm,a) — 0 as n,m —
00.
Definition 2.3.(Complete 2-Metric Space)

A space X is said to be complete if every Cauchy sequence converges in X.
Definition 2.4.(Function 7)[[18],[19]]
Consider the function 7 : R — R™ with the following property:

liminf;_,,+7(t) > 0;Vs > 0.

Definition 2.5.(T-Hardy Rogers Contractive condition in 2-Metric space)
Let (X,d) be a 2-metric space and 7', f : X — X be self maps. Then f is said to
satisfy T-Hardy Rogers contractive condition, if

d(Tfx,Tfy,a) < a1d(Tz,Ty,a) + ad(Tx, Tfx,a) + azd(Ty, T fy,a)

+ aqd(Tz, Tfy,a)+ asd(Ty, T fx,a)

for all a; > 0, Z?Zl a; <1, Vx,y,a € X.

Definition 2.6.(F-Contraction)
Wardowski[19] defined F- contraction on complete metric space.
We have defined F-contraction on 2-metric space as follows:

Let(X,d) be a 2-metric space. A mapping T : X — X is said to be an F —
contraction if there exists 7 > 0 such that for all z,y,a € X, with

d(Tz,Ty,a) > 0= 7+ F(d(Tz,Ty,a)) < F(d(z,y,a)),

where F satisfies following conditions:
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(F1) F is strictly increasing;

(F2) for each sequence {a,,}22; of positive numbers, lim, o0 o, =0
iff lim, 00 F'(ay) = —00;

(F3) there exist k € (0,1) such that lim,_,q+ o*F(a) = 0.
Note: Wardowski [[19], Remark 2.1] says that every F — contraction mapping is
a contractive mapping and is continuous. This result also holds in 2-Metric Space.

J.D. Bhutia [3] used weakly compatible mappings in metric space. We general-
ized it in 2-Metric space as following:
Definition 2.7. (Weakly Compatible mappings in 2-Metric Space)
Two self mappings f and g are said to be Weakly Compatible in 2-Metric Space if
fx = gx for some z € X, then fgx = gfx.

3. MAIN RESULTS

Theorem 3.1. Let(X,d) be a complete 2- metric space and {7} be a family
of self maps on X satisfying
ATz, Ty, a)
< ard(z,y,a)+axd(z, T;" x,a)+asd(y, ;”fy,a)+a4d(x,T]mjy,a)+a5d(y,Ti"“x,a)
for all z,y,a € X and for all a; > 0 and a1 + as + ag + a4 + 2a5 < 1.
Then the family of maps {7,"}22; have unique common fixed point in X.
Proof. Putting f; = 7}, we have from given condition
d(fixv ija a) < ald(xv Y, a)+a2d(‘ra fix; a)+a3d(ya ija a)+a4d(9c, ija a)+a5d(ya fi$7 a’)'
Let us choose a sequence {z,} for a fixed g € X by x, = frx,—1 where
n=12,3,..
Now, d(frn—H; Tn, a) = d(fn+1xna fnTn—1, a)
S ald(mna Tn—1, (L) + a2d(xn7 fn+11'na a) + a3d(xn717 fnl.nflv a)
+ a4d($na fnmnfh a) + a5d(xn,1, fn+1xn> a)
= a1d(p, Tp_1,0a) + a2d(Tp, Tni1,a) + azd(Tp_1,Tp,a)
+ aqd(Tp, Tp,a) + asd(Tp—1, Tpi1,a)
< (a1 + a3)d(zn, Tpn-1,a) + asd(xp, Tpi1,a) + as[d(@p—1, Tni1, Tn)
+ d(xnfla Tn, (1) + d(wn; Tn+1, a)]a

(1—ag—as)d(xpq1,Tn,a) < (a1 +az+as)d(Tn, Tn_1,a)+asd(Tp_1,Tp, Tny1). (1)

Putting a = z,—1 in (1) we get
(1—az—as)d(Tny1, Tn, Tn—1) < (a1+az+as)d(Tn, Tn1, Tn—1)+a5d(Tn_1, Tn, Tni1)
Or, (1 — a2 — 2a5)d(xpq1, Tn, Tp—1) <0
Or, d(zp41, Tn,Tp—1) =0 [since (1 — az — 2a5) A0].
Therefore,
d(xn—O—la T,y a)
< kd(zp,xn_1,a),k = % < 1 [since a; + as + a3z + aq4 + 2a5 < 1]
< K d(zy—1,25-2,0)

< k"d(x1, 0, a)

= lim,, oo d(Tpy1,Tn,a) = 0.

For n > m,

d(:L'n, Tms (l) < d(xnv Ty l'nfl) + d((tn, Tn—1, a) + d(l’n,h Tims a)-
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Taking lim,, oo on both sides we have,

limy, - o0 A(Zn, T, @)

< hmn,m%oo d(xnv LT,y xnfl) + hmn,mﬁoo d(xnv Tn—1, a) + hmn,m%oo d(xnfla T, CL)
= hmn,m%oo d(l’n,l, Tm, a)

= hmn,m%oo d(xma T, a)
=0.
This shows that {x,} is a Cauchy sequence in X.
Since X is complete, there exists z € X such that x, — = as n — co.
Now we have to show z is a fixed point of the family {7;"}.
We have,
lim, oo d(T7x, 2, a) = limy, 00 d(frz, 2, a)
< limy s oo[d(frz, 2, ) + d(frx, Tpnya) + d(2p, x, a))
= lim,, d(fn$, fnxn—la a)
< lim,oofard(z, Xp—1,a)+azd(z, frz,a)+asd(zn—1, fntn_1,a)tasd(x, fnrn_1,a)+
CL5d(.’En_1, fnx7 a)]
= limnﬁoo[aad(mv fn, a)+a3d(1’n717 fnn_1, a)+a4d(x, fn®n_1, a)+a5d(xn,1, fn, a)]
= limp s o0laed(x, fnz,a) + azd(zp—1, Tn,a) + asgd(x, 2y, a) + asd(zp—1, frx,a))
< limpoofaz[d(x, foz, xn) + d(z,2n,a) + d(Tn, fox,a)] + as[d(Tp-1, frnz,x,) +
AXp—1,%n,a) + d(zy, frz,a)]]
= lim,— o0 [a2d(2y, fnx, a) + asd(xy,, for,a))
= lim, o0 (a2 + as)d(zn, frr,a)
< limy, o0 (ag + as)[d(@n, fox, ) + d(@p, z,a) + d(x, frz,a)]
= limy, 00 (a2 + as)d(fr2x, x, a)
= limy, 00 (a2 + as)d (Tm"x, z,a).
= limy oo (1 — ag —as)d(T"mx,x,a) =0
= limy, oo (T x,2,a) =0 [ since 1 —ag —as ~0]
=T e =ua.
So, x is a unique common fixed point of the family {7,"}.
To show the uniqueness, let y be an another fixed point of 7,"~.
Then d(z,y, a)
= d(frzmbxa ,T]mg y,a)
< ad(z,y,a)+axd(x, Tz, a)—l—agd(y,T;njy, a)+a4d(x,ijjy, a)+asd(y, T x,a)
= ar1d(z,y,a) + axd(z,x,a) + asd(y, y, a) + asd(x,y,a) + asd(y, x, a)
= (1—a1 —as—as)d(z,y,a) <0
= d(z,y,a) =0 [ since(l —a; —aqg —as) #0 ]
=z=yVa € X.
Therefore, x is a common fixed point of {77 }$2,.

Example 3.1. Let X =[0,1) and d: X x X x X — [0, 00) defined by

d(x,y,z) = mm{|x—y|, |y—Z|, |Z —l‘|}

and T, : X — X be a self maps where T,z = x™.
Then clearly (X, d) is a 2-metric space.
Again,
d(Tyz,z,a) = d(z", z,a) = min{|z"™ — z|, |z — al,|a — z™|}.



EJMAA-2020/8(2) COMMON FIXED POINT THEOREMS 119

Therefore,
lim, oo d(Th 2, x,a) = lim,, oo min{z, |z — al,a} =0 iff x =0 or, z = a.
Thus for all a € X, lim,,—, oo min{|z™ — z|, |z — al,|a — 2|} =0, iff z = 0.
If £ =0, then T,,oz = 0™ = 0.
Thus 0 is the only fixed point of {T},}.

Theorem 3.2. Let, (X,d) be a complete 2-metric space and T : X — X be
a injective mapping and f1, fo : X — X are non-decreasing satisfying T-Hardy-
Rogers condition
d(T f1z,T foy, a)
< a1d(Tx, Ty, a)+asd(Tx, T f12,a)+asd(Ty, T foy, a)+asd(Tx, T foy, a)+asd(Ty, T f12,a)
where a; > 0 and a1 + a2 + as + a4 + 2a5 < 1 for all z,y,a € X.
Then, f; and fo have a unique common fixed point in X.
Proof. Let, o be an arbitrary but fixed in X and {x,} be a sequence in X such
that 2, = fizn_1,Tn_1 = forn_2.
Therefore by the given condition we have
d(Txy, Txpn-1,a) =d(T frxn—1,T foxn_2,a)
<ad(Trp_1,Txy 2,0) + ad(Txn 1, T 1o, _1,0) + a3d(Tx,_2,T for,_2,a)
+ asd(Txp—1,T foxn_2,a) + asd(Txpn_2,T f1n_1,a)
=a1d(Txp-1,TTn_2,0) + a2d(Txp_1,Txp,a) + azd(Txp_o, Txpn_1,a)
+agd(Txp—1,Trn_1,0) + asd(Txp_2,Txy,,a)
which implies,
(1 —ag)d(Txp, Txp—1,a)
(a1 + a3)d(Txp—1,Txp—2,a) + asd(Tx,—o, Tx,, a)
(a1 +a3)d(Txp—1,Txn_2,a)+as[d(Txp—o, Txn, TTn_1)+d(Tapn_o,TTHn_1,a)+
d(Txp-1,Txy,a)]

Or,

<
<

(1—as—as)d(Txy, Txpn_1,a) < (a1+az+as)d(Txp_1, Txn_2,a)+asd(Txp_o, Txy, Try_1).
)
Now,
A(Txp—o,TTn, Txp_1)
=d(Txp, Txp_1,TTn_2)
= d(Tfixn—1,T foxpn—2,TTy_2)
<ad(Trp—1,Txn—o,Txn_2)+a2d(Trn_1,T fran—1,Txn_2)+azd(TTn_2,T foxn_2,
Tmn—2) + a4d(Txn—la Tfon—Q; Txn—Q) + a5d(T:vn_2, Tflxn—lv Txn—2)
= aod(Txp—1,TTn, Txp—2) + asd(Txp—o,Txp_1,TTH_2)
+agd(Txp—1,Tep—1,TTn_2)+ asd(Txp—2,Txn, Txp_2)
=0
Or, (1 —a2)d(Txp—2,Txy, Txy_1) =0
Or, d(Txp—2,Txy, Trn_1) = 0 [since (1 — az) A0
From (2) we have (1—as—as)d(Txy, Txp—1,a) < (a1+as+as)d(Txy—1,TTp—2,a)
= d(Txn, Trp_1,a) < %d(Tl‘n_l,Tﬂln_g, a)
= ad(Tx,—1,TTp_2,a) [ where a = %ﬁ;f ]
=a?d(Txn—_2,TTn_3,a)
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= a"d(Tzy,Txg,a)
— 0 as n — oo [since a = Ltutas ]
—az2—as

Or, d(Tz,,Tx,—1,a) =0 as n — oo.

Since, T is a continuous ( being F' — contraction), we have d(z,,2,—-1,a) =0 as
n — oo.
Let n > m,
limy, oo A(TTp, T, @)
<limy oo [d(TZn, TTm, Txn_1) + d(Txp, Txp_1,0) + d(Txp_1,TTm,a)]
= limy, 00 A(Tp—1, TTm, @)

<limy, oo A(TTp, TTpm,a) =0
ie., limy, pooo ATy, T, a) =0
= limy, 00 d(Tn, T, a) = 0.
Therefore, {x,} is a cauchy sequence in X.
Since X is complete, there exists € X such that d(x,,x,a) =0 as n — oo,
ie.,
lim, yoo x, = x;2 € X.
Now
limy, 00 d(fll‘, €L, CL)
< hmn—>oo[d(f1x7 Z, zn) + d(fll'y T, a) + d(xna Zz, a)] = limy, o0 d(fll’, L, a)
= lim, 00 d(T f12, Ty, a) | Since, T is injective |
=lim, 00 d(T f12,T foxy—1,0a)
<lim,oofa1d(Ta, Txp-1,a) + a2d(Tz, T f1x,a) + azd(Txp-1,T fan_1,a)
+ ayd(Tz, T foxn-1,a) + a5d(Txp-1,T frz,a)]
=lim,ooa1d(Tx, Txp—1,a) + aod(Tx, T f12,a) + asd(Txp—1, Ty, a)
+ ayd(Tz, Txp,a) + asd(Txp—1,T f12,a))
= limp s oola1d(x, 21, a) + agd(x, f1z,a) + azd(zp—_1, Tpn,a)
+ agd(z, xp, a) + asd(Tn_1, fr2z,a)]
Or, limy, 00 (1 — a2)d(f1z, x,a) < limy, o0 asd(Tn—1, f12,a)
<lim, o0 asld(zn-1, fiz,z) + d(xpn-1,,a) + d(z, f1z,a)]
Or, lim;, oo (1 — a2 — a5)d(f1z,z,a) <0
Or,lim,, 00 d(f12,2,a) =0 [since 1 — ay — a5 A0]

Or, fiz =x.
So, x is fixed point of fi.
Again,

hmn—)oo d(ﬂ], fgil’, a) S hmn—)oo[d(xa fgIE, In) + d(il?, T, a) + d(xnm f2:17a CL)]
= lim, 00 d(2, fox,a) = lim, oo (T2, T fox,a) | since T is injective |
=lim, o0 d(T f12y-1, T foz,a)
<lim,oof@1d(Tan—1,Tx,a) + asd(Txp-1,T frxn—1,a) + azd(Tz, T fox, a)
+ ayd(Txp—1,T fox,a) + a5d(Tz, T f12n—1,a)]
=lim,oofa1d(Txp—1,T2x,a) + asd(Txp_1,Txy,a) + asd(Tx, T fox, a)
+ ayd(Txp—1,T fox,a) + asd(Tx, Txy,, a))
= limp s oola1d(@n—1,2,a) + asd(Xp_1, Ty, a) + azd(z, fox,a) + agd(Tn_1, fox,a) +
asd(x, Ty, a)]
Or, limy, 00 (1 — a3)d(z, fox,a) <lim, oo asd(Tn_1, fox,a)
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< limy o0 ag[d(xn—1, fox,x) + d(Tph—1,,a) + d(z, fox,a)]
= (1 —a3 —aq)d(x, faz,a) <0
Or, d(x, fox,a) =0 [since 1 —ag —aq ~0 ]
Or, for =x.
Thus z is also a fixed point of fo and so x is a common fixed point of f; and fs.
Let, y be an another common fixed point of f; and fa.
Since T is injective and x,y are fixed point of f; and fy, we have
d(SU, Y, (Z) = d(flxv f?ya a’) = d(Tflxa Tf2y7 a’)
< a1d(Tx, Ty, a) + aed(Tz, T fix,a) + asd(Ty, T fay, a) + asd(Tz, T foy, a)
+asd(Ty, T f1x,a)
= a1d(z,y,a) + asd(x,x,a) + azd(y, y, a) + asd(x,y, a) + asd(y, x, a)
ie, (1—a; —aq—as)d(z,y,a) <0
ie, d(z,y,a) =0 (as1—a; —as —as ~0).
Sox=uy.
Therefore, f; and fo have a unique common fixed point in X.

Corollary 3.1. If f; = fo = f where f : X — X be non-decreasing and
T : X — X be a injective mapping in a complete 2-metric space (X, d) satistfying
T-Hardy-Rogers condition
d(Tfx,Tfy,a)
< ad(Tx, Ty, a) + a2d(Tz, T fx,a) + asd(Ty, T fy,a) + asd(Tx, T fy,a)
+asd(Ty, T fx,a)
and for all a; > 0,a1 + az + a3z + aq4 + 2a5 < 1 for all z,y,a € X, then T has a
unique common fixed point in X.

Note 3.1. T-Reich type contractive condition on 2-metric space

Let, (X, d) be a complete 2-metric space and T : X — X be a continuous, injec-
tive mapping and fi, fo : X — X are non-decreasing satisfying T-Reich condition
d(T frz,T fay, a)
< a1d(Tz,Ty,a) + aed(Tz, T frx,a) + asd(Ty, T foy, a) where a; > 0 and a1 + as +
az <1 forall z,y,a € X.
Then, f; and fs have a unique common fixed point.

Note 3.2. T-Chaterjea type contractive condition on 2-metric space

Let (X,d) be a complete 2-metric space and T : X — X be a continuous, in-
jective mapping and f1, fo : X — X are non-decreasing satisfying T-Chaterjea
condition
d(T frx, T foy,a) < agd(Tx, T foy,a)+asd(Ty, T f1z,a) where a; > 0 and ag+2a5 <
1 for all z,y,a € X.
Then, f; and fo have a unique common fixed point.

Note 3.3. T-Kannan type contractive condition on 2-metric space

Let (X, d) be a complete 2-metric space and T : X — X be a continuous, injec-
tive mapping and f1, fo : X — X are non-decreasing satisfying T-Kannan condition
d(T fiz, T foy,a) < aed(Tx, T f1x,a)+asd(Ty, T foy, a) where a; > 0 and as+az < 1
for all z,y,a € X.
Then, f; and fo have a unique common fixed point.
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Note 3.4. T-Banach type contractive condition on 2-metric space

Let, (X, d) be a complete 2-metric space and 7' : X — X be a continuous, injec-
tive mapping and f1, fo : X — X are non-decreasing satisfying T-Banach condition
d(T frz, T foy,a) < a1d(Tz, Ty, a) where a; > 0 and a; < 1 for all z,y,a € X.
Then f; and f; have a unique common fixed point.

Theorem 3.3. Let (X,d) be a complete 2-metric space and {T;"}2°, be a
family of self maps on X satisfying F' — contraction and the relation

T(d(z,y,a)) + F(d(Timix,ijjy, a)) < F(M(z,y,a))

where F'is continuous and M (z,y, a) = a1d(z,y, a)+ad(x, T, =, a)+asd(y, ijjy, a)
+ aqd(z, T;”-fy, a)+asd(y, T;"z,a), and a, > 0,p =1,2,3,4,5., a1 +az +as + a4 +
2a5 < 1.
Then the family of self maps have a unique common fixed point in X.
Proof. Consider the sequence {z,} for a fixed zy € X such that
Tngr =T,y wn =T 21
If 2,41 = @y, then T;™ and T} have common fixed point.
Suppose Tt1 # Ty, = d(Tpt1,Tn,a) >0 for all a € X.
Let f; =T/ and f; = T;nj.
Since f; and f; are F' — contraction, we have for 7(d(zn+1,2n,a)) > 0,

T(d(xn—i-h Tn, a)) + F(d(fixn—i-h fjxna a)) < F(M(I7l+17 T,y a)), (3)

where,

M(l'nJrl» T, a)

= a1d(Tni1,Tn, a) + a2d(Tni1, fiTni1,a) + azd(xp, fi2n, a) + asd(Tpi1, fjTn, a)
+asd(2n, fitni1,a)

= a1d(Tp41,Tn, a) + a2d(Tpt1, Tnt2,a) + a3d(Tn, Tni1, a) + as1d(Tpi1, Tnt1,a) +
asd(Tn, Tnia,a)

S aldn+1+a2dn+2+a3dn+l+a5{d(gjn, Tn+1, In+1)+d(l’n7 Tn+1, a)+d(xn+1, Tn+2, a)}

= (a1 + a3 + as)dnt1 + (a2 + as)dnt2 + as5d(zy, Trny2, Trni), (4)

where,
dpy1 = d(Tpt1,Zn,a)
We claim that d(zp42, Tni1,2n) = 0.
Suppose d(Znt2, Tnt1,Zn) <0V n.
Putting @ = z,, in (3) and in ( 4) we have

T(d(xn-i-laxnvxn)) + F(d(fia:n-‘rla f]xruxn)) S F(M(xn—&-laxnaxn))

Or, 7(0) + F(d(zn+2, Tnt1,Tn))
< F((a2 + 2a5)d(Tn+2, Tnt1, Tn))
< F(d(zpt2, Tnt1,%n)) [since az + 2a5 < 1]
Or, 7(0) < 0,
which is a contradiction as 7(s) > 0Vs > 0.
Thus d(pt2, Tnt1, Tn) = 0.
So from ( 3) we have,
T(d(#ny1, 2, @)+ F(d(fizni1, fiTn, a)) < F((a1+a3+a5)dny1+ (a2 +a5)dni2)
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Now, either dn+1 > dn+2 or dn+1 < dn+2.
Let us first suppose that d,+1 < dp42.
Then from ( 3),

T(d(Tpi1, Tn, a)) + F(d(fizni1, fjzn, a)) < F((a1 4+ az + a3 + 2as5)d,12)
Or, 7(dpt1) + F(d(Tnt2, Tnt1,a)) < F((a1 + a2 + a3 + 2a5)dp12)
Or, 7(dnt1) + Fdnt2) < F(dn+2)
Or, T(dn+1) <0,
which is a contradiction as 7(s) > 0Vs > 0.
Therefore, d,,41 > dpy2.

Let 7(d,) > r > 0Vn € N.
Then we have,

T(dnt1) + F(dnt2) < F(dny1)
Or, F(d(znt2, Tnt1,a)) < F(d(zpt1,%n,a)) — 7 < F(d(xn, p_1,a)) — 21
< Fld(zp—1,2n-2,a)) —3r < ... < F(d(z1,29,a)) — nr
Taking limit as n — oo and using (F2), we have lim,, oo F(d(Zpit2, Tni1,a)) = —00.
So, from the definition of F-contraction we have,
lim d(xni2,Tnt1,a) =0. (5)

n— oo

Now we have to show {z,} is a Cauchy sequence.
Let n > m, then d(x,,, m,a) < d(Tp, Tm, Tn-1)+d(Tpn, Tn_1,a)+d(Tp_1, Tm,a).
Taking lim,, ,,— 00 on both sides we have,
limmm—)oo d(.’lﬁ‘n, LT,y (L) < hmn,m—)oo d(l‘ny Tm, xnfl) + hmmm—)oo d(.’L‘n, Tn—1, CL)
+ hmn,m—)oo d($n—17 Tm s CL)

= lim d(zn1,2m, a)[using(5)]

= nTlrllrEOO AT, Tm,a) = 0.

Therefore {z,} is a Cauchy sequence in X.
Since, X is complete, there exists a € X such that d(z,,z,a) =0asn — ooV €
X.
Clearly,
limn,m—M)o M(Z‘n, T, G,)
= limn,mﬁoo[ald(xna LTy a) + an(xn+17 fi$n+17 CL) + an(xna fjmna CL)
+ agd(rpi1, fjTn, a) + asd(zy, fizni1,a))
= limy, m—oofa1.0 + a2d(xn, Tni1, a) + azd(Tm, Tmi1, ) + a4d(Tpn, Tmi1,a)
+ a5d(xm; Tn41, a)]
=0.
Therefore from ( 3) we have lim,, p—oo[T(d(@n, Tm, a)) + F(d(fin, fiTm,a))] <
limn,m—mo F(M(an, Ly a))
Or, limy, 1m—00[7(0) + F(d(fizn, fjxm,a))] < F(0).
Since,
i F(d(fia. fm0) <l [1(0) + F(d(fe. [y, a))] < F(0)

n,m— 0o n,m— 00
OI‘, hmn,m—>oo d(flxna fjxma Cl) =0
Or, limy, o0 fin = limy, 00 fjxm-
Therefore,
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limy, 00 Tn+1 = lim,, o0 fixn =z = limp o fjxm = hmm—)oo_xm—i-l-
Thus z is a common fixed point of f; and f; i.e., of T, and T;n”.
To show z is a unique common fixed point, let ' be another fixed point of 7,™

and ijj.
If possible let d(z,z’,a) # 0. Then,

7(d(z,2',a)) + F(d(fiz, f;2',a)) < F(M(z,2',a)), (6)
where,

M(z,z',a) = a1d(z, 2’ a) + axd(z, fix,a) + asd(2’, f;2',a)
+ aqd(z, fj2', a) + asd(2’, fiz, a)
= ar1d(z,2’,a) + agd(x,z,a) + azd(z’, o', a) + asd(x,2’, a) + asd(2’, z,a)
= (a1 + a4 + a5)d(z, z,a).

So from ( 6) we get, 7(d(z,2’, a))+F(d(fiz, fja’,a)) < F((a1+as+as)d(2’, z,a))
Or, 7(d(x,2',a)) + F(d(z,2',a)) < F((a1 + a4 + a5)d(2’,z,a)) < F(d(z,2’, a))
Or, T(d(a:,ac’, a)) < 0, which is a contradiction.
Thus d(z,z',a) =0 ie., z = 2.

Therefore z is a unique fixed point of 7" and Tm]

Corollary 3.2.

Let, (X, d) be a complete 2-metric space and Ty, T5 : X — X are F — contraction
and the condition 7(d(z,y,a)) + F(d(Tiz, Tey,a)) < F(M(z,y,a))
where,

M(xv Y, a’) = ald(x7 Y, a)+a2d(ac, TlLL', a)+a3d(ya T2il/= a)+a4d(3c, sz, a)+a5d(yu T1$7 CL),

ap >0,p=1,2,3,4,5 and a1 + az + az + a4 + 2a5 < 1.
Then, T7 and T5 have a unique common fixed point in X.
Proof. Take T;™ = T; and T;nj = T5, in Theorem 3.3, the result holds.

Theorem 3.4. Let (X, d) be a complete 2-metric space and f1, fa, g1, g2 are con-
tinuous self-maps on X such that f1(X) C ¢1(X), f2(X) C g2(X) and ¢1(X), g2(X)
are closed sets of X. Also (f1,91) and (f2, g2) are weakly compatible. F be a con-
tinuous function satisfying ( F1) and (F2) such that
7+ F(d(fiz, f2y,a)) < F(d((917, 929, 0)); ¥ z,y,a € X;d(fi, fay,a) > 0.

Then, f1, f2, g1, 92 have a unique common fixed point in X.
Proof. Let, xy be any arbitrary point of X.

Since f1(X) € g1(X), f2(X) € g2(X).

Then there exists points z; and x5 such that

fiwo = g171, fox1 = goxa.

Thus we can construct two sequences {x,} and {y,} such that

Yn = [1Tn = 91%n415 Ynt1 = foTni1 = GoTnio.

Let us first show that {y,} is a Cauchy sequence.
Since, fizn Afatny1 = d(fiTn, foni1,0) >0
Therefore there exists a 7 > 0 such that 7 + F(d(yn, Yn+1,a))
=7+ F<d(flxn7 f2xn+1a a)) < F(d(glxna 92&n+1, a’)) = F(d(ynfla Yn, a))
ie.,
F(d(yn, yn+1,0)) < F(d(Yn—1,Yn,a)) =7 < F(d(Yn—2,Yn-1,a)) — 27 < ... <
F(d(yo, Y1, (l)) —nT.
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Taking lim,,_,~, and using (F2), we have
limy, 00 F(d(yna Yn+1, a)) = —00
= lim,, d(yna Yn+1, a) =0.
Let n > m.
Therefore, lim,, ;m—oo A(Yn, Ym,a) < UMy oo [d(Yn, Yms Yn—1) + d(Yn,Yn—1,a) +
d(yn—laynua)] = hmn,m—mo d(yn—lay'nma) < o < hmn,m—)oo d(ymaymaa) = 0.
Therefore,
limy, ;00 A(Yn, Ym,a) = 0 = {y, } is a Cauchy sequence.
Since, go(X) is closed, there exists z € go(X) such that lim, 0 yn = 2.
Thus there exists a ¢ € X such that goq = z.
Now,
T+F(d(yn7 f2q7 CL)) = T+F(d(f1$n7 fQQa a)) < F(d(glxna 929, a)) = F(d(yn—l’ 2, a)) -
F(0) as n — oo [since F' is continuous]
Or, F(d(yn, f2q;a)) <7+ F(d(yn, f2q,a)) < F(0) as n — oo
Since F is increasing and F(d(yn, f2q,a)) < F(0) as n — oo
Or, d(yn, f2q,a) <0
Or, limy, 00 Yn = faq
Or, z = faq.
Thus foq = 2z = g2gq.
Since, fo,go are weakly compatible, we have fogoq = gafaq Or, foz = goz.
Again, 7 + F(d(yn, f22,0)) = 7 + F(d(fizn, f2z,a)) < F(d(g12n, g22,a)) =
F(d(fizn-1, f22,a))
Or, F(d(yn, f22,a)) < F(d(fixn-1, f2z,a)) — T
< Fld(g1xn-1,922,a)) — 27 < ... < F(d(fizo, f22,a)) — nT
Or, P(d(yn, f220)) < F(d(g120,92%,0)) — (n + 1)7.
Taking limit as n — oo and applying (F2), we have
limy, 00 F(d(Yn, f22,a)) = —c0
Or, d(yn, f2z,a) =0
OI’, z = lim, 00 Yn = fZZ-
Therefore,
foz =2 = goz.
Thus z s a common fixed point of fo and gs.
Again, since f1(X) C g1(X) and g1 (X) is closed, there exists a p € g1(X) such that
qap = 2.
Now,
THE(d(f1p, Yn+1, @) = T+HF(d(f1p, foTni1,a)) < F(d(91p, g22n+1, a)) = F(d(z,yn, a))
Or, F(d(f1p7 yn+17a)) =T+ F(d(flpa yn+1’a)) < F(d(zaynva)) < F(O) as n — 00
= hmn—>oo d(flpa Yn+1, a) =0
Or, fip =limy 00 Ynt1 = 2
Or, g1p = z = fip.
Also, f1 and fy are weakly compatible, we have
J191p = g1.f1p Or, fiz = g1 2.
Again,
T+ F(d(f12,yn+1,a)) =7 + F(d(f12, f2¥n11,0)) < F(d(912, 92241, a))
e, F(d(fiz,ynt1,a)) < F(d(g12,927n11,0)) — 7 = F(d(f1z, farn,a)) — 7 <
F(d(g12,922n,a)) — 27 < ... < F(d(g12, g220,a)) — (n + 2)7.
Again applying (F2), we have
limy, 00 F(d(f12, Ynt1,0)) = —00
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Or, lim,— o d(f12,Yn+1,a) =0

Or, fiz = limy 00 Ynt1 = 2

Or, fiz=2=g12 = g2z = [22

Or, z is a common fixed point of f1, f2, g1 and go.

Now, we have to prove the uniqueness of the fixed point.
Let y be an another common fixd point.

Then, F(d(yn,y,a)) = F(d(fizn, f2y,a))

< F(d(g1%n, 92y,a)) — T

- F(d(flxnfh nya a)) - T

S F(d(glxnfngya a)) - 27

< F(d(g1xo, g2y,a)) — (n + 1)7.
Again applying (F2) we have
lim,, o0 F(d(Yn,y,a)) = —cc.
Or, lim;, 00 d(Yn,y,a) =0
Or, z =limy, oo Yn = -
Therefore, z is a unique common fixed point of fi, f2, g1 and go.

Corollary 3.3.
Let, (X,d) be a complete 2-metric space, f, g1, gs are continuous self-maps on X
such that f(X) C ¢1(X), f(X) C g2(X) and ¢1(X), g2(X) are closed sets of X.
(f,g1) and (f,g2) are weakly compatible. F' be a continuous function satisfying (
F1) and (F2) such that
T+ F(d(f:l?7 fy7a)) < F(d((glzquy’ a))7 vxvya a€ X, d(fi, fy7a) >0
Then f, g1, g2 have a unique common fixed point in X.
Proof If we put f; = fo = f in our above theorem, the result hold.

Corollary 3.4.
Let, (X, d) be a complete 2-metric space, f, g are continuous self-maps on X such
that f(X) C g(X) and g are closed sets of X. (f,g) is weakly compatible. F' be a
continuous function satisfying ( F1) and (F2) such that
T+ F(d(fz, fy,a)) < F(d((92, 9y, a)); Vz,y,a € X, d(fz, fy,a) > 0
Then f, g have a unique common fixed point in X.
Proof. If we put f; = fo = f and g1 = g2 = g in our above theorem, we will get
the result.
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