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ON SOME IMAGE FORMULAS FOR GENERALIZED LOMMEL

WRIGHT FUNCTION INVOLVING A GENERAL CLASS OF

POLYNOMIALS

SANGEETA CHOUDHARY

Abstract. The objective of this paper is to apply generalized fractional in-
tegral operators given by Marichev-Saigo-Maeda, to the product of a general

class of polynomial and generalized Lommel- Wright function. We also estab-

lish some new image formulas by implementing a new class of unified integrals
to the above mentioned product. The results are expressed in terms of gener-

alized Wright function. Some new results and a number of known results can

be easily found as special cases of our main results.

1. INTRODUCTION & PRELIMINARIES

Special functions have great importance in pure and applied mathematics. The
wide use of these functions has attracted many researchers to work on them in
different directions. The integral formulas involving various special functions have
gained importance due to the usefulness of these results in the evaluation of gen-
eralized integrals and generalized derivatives and the solution of differential and
integral equation. In recent years, a remarkably large number of integral formulas
involving a variety of special function have been developed by many authors [[1]-[7]].
In the present work, we aim at finding generalized integral formulas for the product
of generalized Lommel-Wright function with a general class of polynomial, which
are expressed in terms of the generalized (Wright’s) hypergeometric functions. For
our purpose, we begin by recalling some known functions, their definitions and ear-
lier works.
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The generalized Lommel-Wright function defined by de’Oteiza et al. [[8]] is
represented as

Jµ,kω,υ (z) =
∞∑
r=0

(−1)rΓ(r+1)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)r!

(
z
2

)ω+2υ+2r

=
(
z
2

)ω+2υ
1Ψk+1

(1, 1) ; (υ + 1, 1)︸ ︷︷ ︸
k−times

, (ω + υ + 1, µ) ; −z
2

4


z ∈ C\(−∞, 0], µ > 0, k ∈ N, ω, υ ∈ C

(1)

where pΨq (z) is the generalized Wright hypergeometric function introduced by
Wright [[9]] by the following series

pΨq (z) = pΨq

[
(ai, αi)1,p

(bj , βj)1,q

∣∣∣∣ z] =

∞∑
n=0

∏p
i=1 Γ (ai + αin)∏q
j=1 Γ (bj + βjn)

zn

n!
(2)

where z, ai, bj ∈ C and αi, βj ∈ R− {0} (i = 1, 2, ..., p; j = 1, 2, ...q) and
∑p
i=1 αi −∑q

j=1 βj ≤ 1.
Also we have the following relations of generalized Lommel-Wright functions with
trigonometric functions and generalized Bessel function (see e.g. [10],p.353 , [11],
p. 27, eq.(1.161)) and Struve function (see e.g., [11], p. 28, eq. (1.170)) :

J1,1
1/2,0 (z) =

√(
2

πz

)
sin (z) (3)

J1,1
−1/2,0 (z) =

√(
2

πz

)
cos (z) (4)

Jµ,1ω,υ (z) = Jµω,υ (z) (5)

J1,1

ω,1/2
(z) = Hω (z) (6)

J1,1
ω,0 (z) = Jω (z) (7)

A lot of research work has been carried out to study various generalizations and
special cases of Lommel-Wright function (see, for details, [12]-[14]).
The general class of polynomials introduced by Srivastava [[15], p. 1, eq.(1)] are
represented in the following manner:

Smn (x) =

[n/m]∑
l=0

(−n)ml
l!

An,lx
l, n = 0, 1, 2, ... (8)

where n is an arbitrary positive integer and the coefficients An,l (n, l ≥ 0) are ar-
bitrary constants, real or complex.
The generalized fractional integral operators involving Appell’s function or Horns
function F3 are introduced by Marichev [[16]] and later extended and studied by
Saigo and Maeda [[17]] in the following form.
Let α, α′, β, β′, γ ∈ C and x > 0 and R (γ) > 0, then(
Iα,α

′,β,β′,γ
0+ f

)
(x) =

x−α

Γ (γ)

∫ x

0

(x− t)γ−1
t−α

′
F3

(
α, α′, β, β′; γ; 1− t

x
, 1− x

t

)
f (t) dt

(9)
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and(
Iα,α

′,β,β′,γ
0− f

)
(x) =

x−α
′

Γ (γ)

∫ ∞
x

(t− x)
γ−1

t−αF3

(
α, α′, β, β′; γ; 1− x

t
, 1− t

x

)
f (t) dt

(10)
Many interesting applications of fractional integral operators in applicable mathe-
matical analysis can be notably found in [[18], [19]].
Further, the image formulas for a power function, under operators (9) and (10) are
given by (see [17], p. 394, eq. (4.18) and (4.19))[
Iα,α

′,β,β′,γ
0+ tρ−1

]
(x) = Γ

[
ρ, ρ+ γ − α− α′ − β, ρ− α′ + β′

ρ+ β′, ρ+ γ − α− α′, ρ+ γ − α′ − β

]
xρ−α−α

′+γ−1

(11)
where R (γ) > 0 and R (ρ) > max {0,R (α+ α′ + β − γ) ,R (α′ − β′)}
Also,[
Iα,α

′,β,β′,γ
0− tρ−1

]
(x) = Γ

[
1 + α+ α′ − γ − ρ, 1 + α+ β′ − γ − ρ, 1− β − ρ

1− ρ, 1 + α+ α′ + β′ − γ − ρ, 1 + α− β − ρ

]
xρ+γ−α−α

′−1

(12)
where R (γ) > 0 and R (ρ) < 1 + min {R (−β) ,R (α+ β′ − γ) ,R (α+ α′ − γ)}.

and Γ

[
a, b, c
d, e, f

]
= Γ(a) Γ(b) Γ(c)

Γ(d) Γ(e )Γ(f)

We further recall the following known result of Lavoie and Trottier [[20]]:∫ 1

0

tα−1 (1− t)2β−1

(
1− t

3

)2α−1(
1− t

4

)β−1

dt =

(
2

3

)2α
Γ (α) Γ (β)

Γ (α+ β)
(13)

where R (α) > 0 and R (β) > 0 .
For our present investigation, we next recall following Oberhettinger’s integral for-
mula [[21]]:∫ ∞

0

xη−1
(
x+ a+

√
x2 + 2ax

)−δ
dx = 2δa−δ

(a
2

)η Γ (2η) Γ (δ − η)

Γ (1 + δ + η)
(14)

provided 0 < R (η) < R (δ)
Integral formulas involving Lommel-Wright functions have been developed by many
authors (see, e.g. [[22]-[25]]). In the present paper, we obtain some fractional
integrals along with unified integral formulas for the product of a general class of
polynomial and generalized Lommel-Wright function.

2. Image formulas for fractional integral operators

Here, we establish image formulas for the product of generalized Lommel-Wright
function Jµ,kω,υ (·) and a general class of polynomials Smn (·) involving Saigo-Maeda
fractional integral operators given by equation (9) and (10).
Theorem 2.1: Let α, α′, β, β′, γ, υ ∈ C, k ∈ N, µ > 0 and x > 0 be such that
R (γ) > 0 and R (ω) > −1;R (ρ+ ωξ + 2υξ) > max {0,R (α+ α′ + β − γ) ,R (α′ − β′)},
then the Left sided generalized fractional integration of generalized Lommel-Wright
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function Jµ,kω,υ (·) involving general class of polynomials Smn (·) is given by[
Iα,α

′,β,β′,γ
0+ tρ−1Smn

(
σtλ
)
Jµ,kω,υ

(
δtξ
)]

(x)

= xP−α−α
′+γ−1

(
δ

2

)ω+2υ [n/m ]∑
l=0

(−n)ml
l!

An,l
(
σxλ

)l

× 4Ψ4+k


(1, 1) (P + λl, 2ξ) (P + γ − α− α′ − β + λl, 2ξ)

(P − α′ + β′ + λl, 2ξ)
(P + γ − α− α′ + λl, 2ξ) (P + γ − α′ − β + λl, 2ξ)

(P + β′ + λl, 2ξ) (ω + υ + 1, µ) (υ + 1, 1)︸ ︷︷ ︸
k−times

∣∣∣∣∣∣∣∣∣∣
−
(
δxξ
)2

4


(15)

where P = ρ+ ωξ + 2υξ
Proof: On using definitions (8) and (1), writing the functions in series form, the
LHS of equation (15) becomes[

Iα,α
′,β,β′,γ

0+ tρ−1Smn
(
σtλ
)
Jµ,kω,υ

(
δtξ
)]

(x)

= Iα,α
′,β,β′,γ

0+

[n/m ]∑
l=0

(−n)ml
l!

An,l
(
σtλ
)l

×
∞∑
r=0

(−1)
r
Γ (r + 1)

Γ(υ + r + 1)
k
Γ (ω + rµ+ υ + 1) r!

(
δtξ

2

)ω+2υ+2r

tρ−1

]
(x)

Now, upon interchanging the order of integration and summation which is possible
under given conditions, we obtain[

Iα,α
′,β,β′,γ

0+ tρ−1Smn
(
σtλ
)
Jµ,kω,υ

(
δtξ
)]

(x)

=

[n/m ]∑
l=0

(−n)ml
l!

An,l(σ)
l
∞∑
r=0

(−1)
r
Γ (r + 1)

Γ(υ + r + 1)
k
Γ (ω + rµ+ υ + 1) r!

×
(
δ

2

)ω+2υ+2r

Iα,α
′,β,β′,γ

0+ tρ+ωξ+2υξ+2rξ+λl−1

]
(x)

Further using the image formula (11), we get[
Iα,α

′,β,β′,γ
0+ tρ−1Smn

(
σtλ
)
Jµ,kω,υ

(
δtξ
)]

(x) = xP−α−α
′+γ−1

(
δ

2

)ω+2υ

×
[n/m ]∑
l=0

(−n)ml
l!

An,l
(
σxλ

)l ∞∑
r=0

Γ (r + 1) Γ (P + λl + 2rξ)

Γ (P + γ − α− α′ + λl + 2rξ) Γ (P + γ − α′ − β + λl + 2rξ)

× Γ (P + γ − α− α′ − β + λl + 2rξ) Γ (P − α′ + β′ + λl + 2rξ)

Γ (P + β′ + λl + 2rξ) Γ (ω + υ + 1 + µr) Γ(υ + r + 1)
k

(
−δ2x2ξ

4

)r
1

r!
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Interpreting the RHS of above equation, in view of the definition (2), we arrive at
result (15).
Theorem 2.2: Let α, α′, β, β′, γ, υ ∈ C, k ∈ N, µ > 0 and x > 0 be such that
R (γ) > 0 and R (ω) > −1; andR (1− η − ρ− ωξ − 2υξ) < 1+min {R (−β) , R (α+ β′ − γ) ,

R (α+ α′ − γ)}, then generalized fractional integration Iα,α
′,β,β′,γ

0− of product of

Jµ,kω,υ (·) and Smn (·) is given by[
Iα,α

′,β,β′,γ
− t−ρ−ηSmn

(
σtλ
)
Jµ,kω,υ

(
δt−ξ

)]
(x)

= x−P−α−α
′+γ

(
δ

2

)ω+2υ [n/m ]∑
l=0

(−n)ml
l!

An,l
(
σxλ

)l

× 4Ψ4+k


(1, 1) (P + α+ α′ − γ − λl, 2ξ) (P + α+ β′ − γ − λl, 2ξ)

(P − β − λl, 2ξ)
(P − λl, 2ξ) (P + α+ α′ + β′ − γ − λl, 2ξ)

(P + α− β − λl, 2ξ) (ω + υ + 1, µ) (υ + 1, 1)︸ ︷︷ ︸
k−times

∣∣∣∣∣∣∣∣∣∣
−
(
δx−ξ

)2
4


(16)

where P = ρ+ η + ωξ + 2υξ
Proof: On using equation (8) and (1) in the LHS of equation (16) and then
interchanging order of integration and summation, we obtain[

Iα,α
′,β,β′,γ

− t−ρ−ηSmn
(
σtλ
)
Jµ,kω,υ

(
δt−ξ

)]
(x)

=

[n/m ]∑
l=0

(−n)ml
l!

An,l(σ)
l
∞∑
r=0

(−1)
r
Γ (r + 1)

Γ(υ + r + 1)
k
Γ (ω + rµ+ υ + 1) r!

×
(
δ

2

)ω+2υ+2r

Iα,α
′,β,β′,γ

0− t−ρ−η−ωξ+2υξ+2rξ−λl

]
(x)

which on using image formula (12), becomes[
Iα,α

′,β,β′,γ
0− t−ρ−ηSmn

(
σtλ
)
Jµ,kω,υ

(
δt−ξ

)]
(x)

= x−P−α−α
′+γ
(
δ
2

)ω+2υ
[n/m ]∑
l=0

(−n)ml
l! An,l

(
σxλ

)l
×
∞∑
r=0

Γ(r+1)Γ(P+α+α′−γ−λl+2rξ)
Γ(P+α+α′+β′−γ−λl+2rξ)Γ(P+α−β−λl+2rξ)

×Γ(P+γ+α+β′−γ−λl+2rξ)Γ(P−β−λl+2rξ)

Γ(P−λl+2rξ)Γ(ω+υ+1+µr)Γ(υ+r+1)k

(
−δ2x−2ξ

4

)r
1
r!

Interpreting the RHS of above equation, in view of the definition (2), we arrive at
result (16).

3. Generalized integral formulas

Theorem 3.1: Let α, β, υ, ω ∈ C, k ∈ N, µ > 0 and x > 0 be such that R (α) > 0
and R (β) > 0 then for the product of generalized Lommel-Wright function Jµ,kω,υ (·)
and a general class of polynomials Smn (·) following integral formula holds true
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∫ 1

0

xα−1(1− x)
2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1

× Smn
[
y
(

1− x

4

)
(1− x)

2
]
Jµ,kω,υ

[
y
(

1− x

4

)
(1− x)

2
]
dx

=

(
2

3

)2α

Γ (α)
(y

2

)ω+2υ
[n/m ]∑
l=0

(−n)ml
l!

An,ly
l

× 2Ψ2+k

 (1, 1) (β + l + ω + 2υ, 2)
(α+ β + l + ω + 2υ, 2) (ω + υ + 1, µ) (υ + 1, 1)︸ ︷︷ ︸

k−times

∣∣∣∣∣∣ −y
2

4


(17)

Proof: On using (8) and (1) in integrand of (17) and interchanging order of inte-
gration and summation which is valid under the conditions stated in the theorem,
we get∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1

×Smn
[
y
(
1− x

4

)
(1− x)

2
]
Jµ,kω,υ

[
y
(
1− x

4

)
(1− x)

2
]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l
∞∑
r=0

(−1)rΓ(r+1)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)r!

(
y
2

)ω+2υ+2r

×
∫ 1

0
xα−1 (1− x)

2(β+l+ω+2υ+2r)−1 (
1− x

3

)2α−1 (
1− x

4

)β+l+ω+2υ+2r−1
dx

Now using result (13) in above equation, we get∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1

×Smn
[
y
(
1− x

4

)
(1− x)

2
]
Jµ,kω,υ

[
y
(
1− x

4

)
(1− x)

2
]
dx

=
(

2
3

)2α
Γ (α)

(
y
2

)ω+2υ
[n/m ]∑
l=0

(−n)ml
l! An,ly

l

×
∞∑
r=0

Γ(r+1)Γ(β+l+ω+2υ+2r)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)Γ(α+β+l+ω+2υ+2r)

(
−y2

4

)r
1
r!

Interpreting the RHS of above equation, in view of definition (2), we arrive at the
result (17).
Theorem 3.2: Let α, β, υ, ω ∈ C, k ∈ N, µ > 0 and x > 0 be such that R (α) > 0
and R (β) > 0 then for the product of generalized Lommel-Wright function Jµ,kω,υ (·)
involving Smn (·) following integral formula holds true∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1
Smn

[
yx
(
1− x

3

)2]
Jµ,kω,υ

[
yx
(
1− x

3

)2]
dx

=
(

2
3

)2α+ω+2υ
yω+2υΓ (β)

[n/m ]∑
l=0

(−n)ml
l! An,l

(
4
9y
)l

×2Ψ2+k

 (1, 1) (α+ l + ω + 2υ, 2)
(α+ β + l + ω + 2υ, 2) (ω + υ + 1, µ) (υ + 1, 1)︸ ︷︷ ︸

k−times

∣∣∣∣∣∣ −4y2

81


(18)

Proof: On using (8) and (1) in the integrand of equation (18) and then interchang-
ing the order of integration and summation, which is valid under the conditions
stated in theorem, we get
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∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1
Smn

[
yx
(
1− x

3

)2]
Jµ,kω,υ

[
yx
(
1− x

3

)2]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l
∞∑
r=0

(−1)rΓ(r+1)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)r!

(
y
2

)ω+2υ+2r

×
∫ 1

0
xα+ω+2υ+l+2r−1 (1− x)

2β−1 (
1− x

3

)2(α+ω+2υ+l+2r)−1 (
1− x

4

)β−1
dx

which on using image formula (13), becomes∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1
Smn

[
yx
(
1− x

3

)2]
Jµ,kω,υ

[
yx
(
1− x

3

)2]
dx

=
(

2
3

)2(α+ω+2υ) (y
2

)ω+2υ
Γ (β)

[n/m ]∑
l=0

(−n)ml
l! An,ly

l
(

2
3

)2l
×
∞∑
r=0

Γ(r+1)Γ(α+l+ω+2υ+2r)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)Γ(α+β+l+ω+2υ+2r)

(
−4y2

81

)r
1
r!

Interpreting the RHS of above equation, in view of definition (2), we arrive at the
result (18).
Theorem 3.3 The following integral formula holds true for υ, ω ∈ C, k ∈ N, µ > 0
and x > 0 with 0 < R (η) < R (δ):∫∞

0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
Smn

[
y

x+a+
√
x2+2ax

]
Jµ,kω,υ

[
y

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l+ω+2υ21−ω−2υ−η Γ (2η) aη−(δ+l+ω+2υ)

3Ψ3+k

 (1, 1) (δ + l + ω + 2υ − η, 2) (δ + l + ω + 2υ + 1, 2)
(υ + 1, 1)︸ ︷︷ ︸
k−times

(ω + υ + 1, µ) (1 + δ + l + ω + 2υ + η, 2) (δ + l + ω + 2υ, 2)

∣∣∣∣∣∣ −y24a2


(19)

Proof: On using (8) and (1), in the integrand of equation (19) and then inter-
changing the order of integration and summation, which is verified under the given
conditions, we get∫∞

0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
Smn

[
y

x+a+
√
x2+2ax

]
Jµ,kω,υ

[
y

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,l y

l
∞∑
r=0

(−1)rΓ(r+1)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)r!

(
y
2

)ω+2υ+2r

×
∫∞

0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ−l−ω−2υ−2r
dx

Further applying image formula (14), we arrive at∫∞
0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
Smn

[
y

x+a+
√
x2+2ax

]
Jµ,kω,υ

[
y

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l+ω+2υ21−ω−2υ−η Γ (2η) aη−(δ+l+ω+2υ)

×
∞∑
r=0

(−1)rΓ(r+1)Γ(δ+l+ω+2υ+2r−η)Γ(δ+l+ω+2υ+2r+1)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)Γ(1+δ+l+ω+2υ+2r+η)Γ(δ+l+ω+2υ+2r)r!

(
y
2a

)2r

which in light of definition (2) gives the formula (19).
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Theorem 3.4 The following integral formula holds true for υ, ω ∈ C, k ∈ N, µ > 0
and x > 0 with 0 < R (η) < R (δ):

∫∞
0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
Smn

[
xy

x+a+
√
x2+2ax

]
Jµ,kω,υ

[
xy

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l+ω+2υ21−2ω−4υ−η−l Γ (δ − η) aη−δ

3Ψ3+k

 (1, 1) (2ω + 4υ + 2η + 2l, 4) (1 + δ + l + ω + 2υ, 2)
(υ + 1, 1)︸ ︷︷ ︸
k−times

(ω + υ + 1, µ) (1 + δ + 2l + 2ω + 4υ + η, 4) (δ + l + ω + 2υ, 2)

∣∣∣∣∣∣ −y216


(20)

Proof: On using (8) and (1), in the integrand of equation (20) and then inter-
changing the order of integration and summation, which is verified under the given
conditions, we get

∫∞
0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
Smn

[
xy

x+a+
√
x2+2ax

]
Jµ,kω,υ

[
xy

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l
∑∞
r=0

(−1)rΓ(r+1)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)r!

(
y
2

)ω+2υ+2r

×
∫∞

0
xη+l+ω+2υ+2r−1

(
x+ a+

√
x2 + 2ax

)−δ−l−ω−2υ−2r
dx

Further applying image formula (14), we arrive at

∫∞
0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
Smn

[
y

x+a+
√
x2+2ax

]
Jµ,kω,υ

[
y

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l+ω+2υ21−2ω−4υ−η−l Γ (δ − η) aη−δ

×
∞∑
r=0

(−1)rΓ(r+1)Γ(δ+l+ω+2υ+2r+1)Γ(2ω+4υ+2η+2l+4r)

Γ(υ+r+1)kΓ(ω+rµ+υ+1)Γ(1+δ+2ω+4υ+η+2l+4r)Γ(δ+l+ω+2υ+2r)r!

(
y
4

)2r
which in light of definition (2) gives the formula (20).

4. Special cases

In this section, we derive some integral formulas involving trigonometric functions
and generalized Bessel function and struve function.
Corollory 4.1: Setting µ = 1, k = 1, ω = 1/2, υ = 0 in (17) and (18) and then by
using (3), we obtain the following integral formulas:

∫ 1

0
xα−1 (1− x)

2(β−1/2)−1 (
1− x

3

)2α−1 (
1− x

4

)(β−1/2)−1

×Smn
[
y
(
1− x

4

)
(1− x)

2
]

sin
[
y
(
1− x

4

)
(1− x)

2
]
dx

=
√
π
(

2
3

)2α
Γ (α)

(
y
2

) [n/m ]∑
l=0

(−n)ml
l! An,ly

l

×1Ψ2

 (
β + l + 1/2, 2

)(
α+ β + l + 1/2, 2

)(
3/2, 1

) ∣∣∣∣∣∣ −y24


(21)
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∫ 1

0
x(α−1/2)−1 (1− x)

2β−1 (
1− x

3

)2(α−1/2)−1 (
1− x

4

)β−1

×Smn
[
yx
(
1− x

3

)2]
sin
[
yx
(
1− x

3

)2]
dx

=
√
π
(

2
3

)2α+1 (y
2

)
Γ (β)

[n/m ]∑
l=0

(−n)ml
l! An,l

(
4
9y
)l

×1Ψ2

[ (
α+ l + 1

2 , 2
)(

α+ β + l + 1
2 , 2
) (

3
2 , 1
) ∣∣∣∣ −4y2

81

] (22)

Corollory 4.2 Taking µ = 1, k = 1, ω = −1/2, υ = 0 in (17) and (18) and then by
using (4), we obtain

∫ 1

0
xα−1 (1− x)

2(β−1/2)−1 (
1− x

3

)2α−1 (
1− x

4

)(β−1/2)−1

×Smn
[
y
(
1− x

4

)
(1− x)

2
]

cos
[
y
(
1− x

4

)
(1− x)

2
]
dx

=
√
π
(

2
3

)2α
Γ (α)

[n/m ]∑
l=0

(−n)ml
l! An,ly

l

×1Ψ2

 (
β + l − 1/2, 2

)(
α+ β + l − 1/2, 2

)(
1/2, 1

) ∣∣∣∣∣∣ −y24


(23)

∫ 1

0
x(α−1/2)−1 (1− x)

2β−1 (
1− x

3

)2(α−1/2)−1 (
1− x

4

)β−1

×Smn
[
yx
(
1− x

3

)2]
cos
[
yx
(
1− x

3

)2]
dx

=
√
π
(

2
3

)2α−1
Γ (β)

[n/m ]∑
l=0

(−n)ml
l! An,l

(
4
9y
)l

×1Ψ2

[ (
α+ l − 1

2 , 2
)(

α+ β + l − 1
2 , 2
) (

1
2 , 1
) ∣∣∣∣ −4y2

81

] (24)

Corollory 4.3 Taking k = 1 in (17) and (18) and then by using (5), we obtain∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1

×Smn
[
y
(
1− x

4

)
(1− x)

2
]
Jµω,υ

[
y
(
1− x

4

)
(1− x)

2
]
dx

=
(

2
3

)2α
Γ (α)

(
y
2

)ω+2υ
[n/m ]∑
l=0

(−n)ml
l! An,ly

l

×2Ψ3

[
(1, 1) (β + l + ω + 2υ, 2)

(α+ β + l + ω + 2υ, 2) (ω + υ + 1, µ) (υ + 1, 1)

∣∣∣∣ −y24

] (25)

∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1

×Smn
[
yx
(
1− x

3

)2]
Jµω,υ

[
yx
(
1− x

3

)2]
dx

=
(

2
3

)2α+ω+2υ
yω+2υΓ (β)

[n/m ]∑
l=0

(−n)ml
l! An,l

(
4
9y
)l

×2Ψ3

[
(1, 1) (α+ l + ω + 2υ, 2)

(α+ β + l + ω + 2υ, 2) (ω + υ + 1, µ) (υ + 1, 1)

∣∣∣∣ −4y2

81

] (26)
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Corollory 4.4 Taking k = 1, µ = 1, υ = 1/2 in (15), (16), (17), (18), (19) and (20)
and then by using (6), we get[

Iα,α
′,β,β′,γ

0+ tρ−1Smn
(
σtλ
)
Hω

(
δtξ
)]

(x)

= xP−α−α
′+γ−1

(
δ

2

)ω+1 [n/m ]∑
l=0

(−n)ml
l!

An,l
(
σxλ

)l

× 4Ψ5


(1, 1) (P + λl, 2ξ) (P + γ − α− α′ − β + λl, 2ξ)

(P − α′ + β′ + λl, 2ξ)
(P + γ − α− α′ + λl, 2ξ) (P + γ − α′ − β + λl, 2ξ)

(P + β′ + λl, 2ξ)
(
ω + 3

2 , 1
) (

3
2 , 1
)

∣∣∣∣∣∣∣∣
−
(
δxξ
)2

4


(27)

where P = ρ+ ωξ + ξ[
Iα,α

′,β,β′,γ
− t−ρ−ηSmn

(
σtλ
)
Hω

(
δt−ξ

)]
(x)

= x−P−α−α
′+γ

(
δ

2

)ω+1 [n/m ]∑
l=0

(−n)ml
l!

An,l
(
σxλ

)l

× 4Ψ5


(1, 1) (P + α+ α′ − γ − λl, 2ξ) (P + α+ β′ − γ − λl, 2ξ)

(P − β − λl, 2ξ)
(P − λl, 2ξ) (P + α+ α′ + β′ − γ − λl, 2ξ)

(P + α− β − λl, 2ξ)
(
ω + 3

2 , 1
) (

3
2 , 1
)

∣∣∣∣∣∣∣∣
−
(
δx−ξ

)2
4


(28)

where P = ρ+ η + ωξ + ξ∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1

×Smn
[
y
(
1− x

4

)
(1− x)

2
]

Hω

[
y
(
1− x

4

)
(1− x)

2
]
dx

=
(

2
3

)2α
Γ (α)

(
y
2

)ω+1
[n/m ]∑
l=0

(−n)ml
l! An,ly

l

×2Ψ3

[
(1, 1) (β + l + ω + 1, 2)

(α+ β + l + ω + 1, 2)
(
ω + 3

2 , 1
) (

3
2 , 1
) ∣∣∣∣ −y24

] (29)

∫ 1

0
xα−1 (1− x)

2β−1 (
1− x

3

)2α−1 (
1− x

4

)β−1

×Smn
[
yx
(
1− x

3

)2]
Hω

[
yx
(
1− x

3

)2]
dx

=
(

2
3

)2α+ω+1
yω+1Γ (β)

[n/m ]∑
l=0

(−n)ml
l! An,l

(
4
9y
)l

×2Ψ3

[
(1, 1) (α+ l + ω + 1, 2)

(α+ β + l + ω + 1, 2)
(
ω + 3

2 , 1
) (

3
2 , 1
) ∣∣∣∣ −4y2

81

] (30)

∫∞
0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
×Smn

[
y

x+a+
√
x2+2ax

]
Hω

[
y

x+a+
√
x2+2ax

]
dx

=
[n/m]∑
l=0

(−n)ml
l! An,ly

l+ω+12−ω−η Γ (2η) aη−(δ+l+ω+1)

×3Ψ4

[
(1, 1) (δ + l + ω + 1− η, 2) (δ + l + ω + 2, 2)(

3
2 , 1
) (
ω + 3

2 , 1
)

(δ + l + ω + 2 + η, 2) (δ + l + ω + 1, 2)

∣∣∣∣ −y24a2

] (31)
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0
xη−1

(
x+ a+

√
x2 + 2ax

)−δ
×Smn

[
xy

x+a+
√
x2+2ax

]
Hω

[
xy

x+a+
√
x2+2ax

]
dx

=
[n/m ]∑
l=0

(−n)ml
l! An,ly

l+ω+12−2ω−1−η−l Γ (δ − η) aη−δ

×3Ψ4

[
(1, 1) (2ω + 2 + 2η + 2l, 4) (δ + l + ω + 2, 2)(

3
2 , 1
) (
ω + 3

2 , 1
)

(δ + 2l + 2ω + 3 + η, 4) (δ + l + ω + 1, 2)

∣∣∣∣ −y216

]
(32)

5. Further remarks and observations

We conclude our present study by remarking that it is not difficult to obtain several
analogues and variations of the derived formulas exhibited here by (15), (16), (17),
(18), (19) and (20) involving the generalized Lommel–Wright function Jµ,kω,υ (·)itself
and its other variants.
For suitable choices of the parameters µ, ωand υ, each of our integral formulasy (15),
(16), (17), (18), (19) and (20) (with k = 1 ) give some known as well as new results
for the generalized Bessel function Jµω,υ (z), the Struve function Hω (z) and the
classical Bessel function Jω (z), which are related to the generalized Lommel–Wright
function Jµ,kω,υ (z) by means of (5), (6) and (7).
Particularly, if we take l = 0in equations (15), (16), (17) and (18), we obtain known
results derived by Agrawal et al.[[23]] and Haq et al [[22]].
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