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GLOBAL STABILITY OF AN SIRSI EPIDEMIC MODEL WITH A
DISTRIBUTED DELAYED AND GENERALIZED INCIDENCE
FUNCTION

AMINE BERNOUSSI

ABSTRACT. In this paper we study the global dynamics of an SIRSI epidemic
model with a distributed latent period and a general non-linear incidence func-
tion. By using suitable Lyapunov functionals and LaSalle’s invariance prin-
ciple, the global stability of a disease-free equilibrium and an endemic equi-
librium is established for the SIRSI epidemic model with a distributed latent
period.

1. INTRODUCTION

The latency period is the period during which an individual exposed to the
disease can not pass it on to another individual. In the literature, several types of
representation are presented, namely the introduction of an additional variable or
the inclusion of a deviation in time: the discrete delay or the distributed delay (see
[, 2, [BL [ 7, R AT, M2] 14 16l 201 23] 24 251 27 28]).

Recently, considerable attention has been paid to model the relapse phenomenon,
i.e. the return of signs and symptoms of a disease after a remission. Hence, the
recovered individual can return to the infectious class (see [Bl [6]).

For the biological explanations of the relapse phenomena, we cite two examples:
Malaria and Tuberculosis.

On the other hand, the goal of research in epidemiology is to develop vaccines,
treatments and intervention strategies for stopping the spread of infectious diseases
and hence reducing the deaths:

In [26] Raul Nistal and al, proposed a discrete SEIADR epidemic model considering
two extra subpopulation, and two types of vaccinations, one constant and another
another proportional to the susceptible subpopulation and a traitement control
applied to the infected subpopulation. The authors gave a characterization of the
equilibrium point stability through the use of the next-generation matrix applied
to the equilibrium point without disease. They gave, under positive conditions the
characterization of the relations between the stability of the equilibrium point.
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In [32], Yuying He and al. consider an SIR epidemic model with time-varying pulse
vaccination of the susceptible and time-varying pulse treatment of the infected
population. The authors proved that the infection-free periodic solution is globally
attractive if this threshold value is less than unity (Ry < 1) and the system is
permanent if this threshold value is larger than unity (R > 1).

In [4] Amine Bernoussi and al introduced the term e~*7 into the incidence function.
This modification is based on the elimination of individuals exposed to the disease
at time t — 7 and who can not survive at time t, where 7 is the duration of the
latency period:

% :A_:us_f(sve_m-]T)v
dI o
o =[S e ) = (u+ )]+ R, 1)
dR

In the present paper, we study the model with distributed time delay and
Immunity loss

ds h e
= A—pS— | p(r)f(S,e ™ I)I.dr + 6 R,
0
a_ [ “u @
i p(T)f(S,e ¥ L) dT — (u+ ) + 62 R,
0
dR

The initial condition for the above system is:

where ¢ = (p1,p2,¢3)7 € C, such that ¢;(0) = ¢;(0) > 0, (=h < 6 < 0,
i=1,2,3,) p2(f) >0 (—h < 6 <0). C denotes the Banach space C([—h,0],R3)
of continuous functions mapping the interval [—h, 0] into R3, with the supremum

norm, where Ryg = {z € R | z > 0}. From a biological meaning, we assume that
vi(0) >0 fori=1,2,3.

Here ¢, = ¢ (t—7) for any given function v, where A is the constant recruitment
rate into the population, S represents the number of individuals who are suscep-
tible to the disease, that is, who are not yet infected at time t, I represents the
number of infected individuals who are infectious and are able to spread the disease
by contact with susceptible individuals, I is the number of infectious individuals
at time ¢t — 7, R is the number of individuals who have been infected and temporar-
ily recovered at time t, ;1 denotes birth and death rates, f(S,I)I is the incidence
function, i.e. the number of susceptible individuals infected through their contacts
with the infectious individuals, the term e "7 is the probability of surviving from
time ¢t — 7 to time ¢, 7 is the duration of the latency period, 7 is the rate at which
infective individuals recover. Thus, the probabilities of remaining in the infective
and recovered classes are assured to be exponentially distributed, §;, is the rate at
which recovered individuals lose immunity and return to the susceptible class, do
is a constant representing the rate at which an individual in the recovered class re-
verts to the infective class, and do > 0 implies that the recovered individuals would
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lose the immunity, do = 0 implies that the recovered individuals acquire permanent
immunity, p(7) is the latent period distribution, which denotes the fraction of indi-
viduals who become infective, satisfying foh p(7)dr =1, and h is a maximum time
taken by infected individual to become able to transmit the infection (maximum
latent period).

In model (2) the function f : R?s-o — Ry, is a locally Lipschitz continuous
function satisfaying f(0,1) = 0 for I > 0 and the followings hold:

(Hy): f(S,I) is a strictly monotone increasing function of S > 0, for any fixed
I>0,and f(S,I) is a monotone decreasing function of I > 0, for any fixed
S > 0;

(Hs): ¢(S,I) = f(S,e #"I)I is a monotone increasing function of I > 0, for
any fixed S > 0;

(H3): ¥(S,1I;) = M is a monotone decreasing function of I > 0, for any
fixed S > 0 for all = > 0.

The incidence function f(S,I)I is considered by Hattaf and al [16] who gen-
eralizes several form of incidence: The first one is the saturated incidence %
[3], where 8 and d are the positive constants. The second one is the bilinear inci-
dence ST [15, 18, 29, [34] [35]. The third one is the saturated incidence %
[3, 9 10, 18, 19l B0, 31, B3], where 7 and s are the positive constants. The
effect of saturation factor (refers to a; and as) stems from epidemic control and

the protection measures. The fourth one is the standard incidence ’8—1‘31 [13, [17].

The main results of this paper are as follows: The first one is the Lemmal6 The
second one is the Lyapunov functional. The third one is the following:

Theorem 1.
Under the hypotheses (Hy), (Hz) and (Hs), the endemic equilibrium P* of system
is globally asymptotically stable if Ry > 1.

The organization of this article is as follows. In Section 2, we offer a basic result.
In Section 3, we apply Lyapunov-LaSalle invariance principle to prove the global
stability of the disease-free equilibrium and we apply Lyapunov- LaSalle invariance
principle to prove the global stability of endemic equilibrium. In Section 4, we
present some concluding remarks.

2. PRELIMINARY

In this subsection, we prove the following basic result, which guarantees the
existence and uniqueness of the solution (S(¢),I(t), R(t)) for system satisfying
initial conditions .

Lemma 2. The plane S(t) + I(t) + R(t) = % is an invariant manifold of system
, which is globally attractive in the first octant of R3, that is,

lim (S(t) + I(t) + R(t)) = ;1.

t——4o0
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Proof. Let N(t) = S(t) + I(t) + R(t). Then it follows from system (2] that

AN (t)
dt

= A (1) — uI(t) — uR(t)
=A— uN(t).
A

Hence, we obtain that lim;_, 4o, N(t) = This completes the proof.

o
Lemma 3. The solution (S,1,R) of system with initial condition uniquely
exists and is positive for all t > 0.

Proof. We notice that the right hand side of system is completely continous and
locally Lipschitzian on C. Then, it follows that the solution of system exists and
is unique on [0, ) for some « > 0. It is easy to prove that I(t) > 0 for all ¢ € [0, «).
Suppose on the contrary that there exists som ¢; € [0, «) such that I(¢1) = 0 and
I(t) > 0 for t € [0,t1). by integrating from 0 to ¢; the second equation of system
we obtain

t1 h
I(t;) = I(0)e~(+h +/ [/ #(S, I )dr + §,R]e” W+ (t=0) gg.
o Jo
Solving R(t) in the third equation of system , we have
t
R(t) = R(0)e (oot 4 / YI(o)e= BB+ =) o = 0 for all t € [0,1,).
0

We see that I(t;) > 0. This contradicts I(t;) = 0. From the third equation of
system (2)), we also have that R(t) > 0 for all ¢ € [0,«). Let us now show that
S(t) > 0 for all t € [0, ). Indeed, this follows from that 2% = A+ §;R(t) > 0 for
any t € [0,«) when S(t) = 0.

Furthermore, for ¢ € [0, ), we obtain

dN (t)
dt

which implies that (S(t),I(t), R(¢)) is uniformly bounded on [0, ). It follows that
(S(t),I(t), R(t)) exists and is unique and positive for all ¢ > 0, which completes the
proof.

=A— uN(t)

3. GLOBAL STABILITY OF THE DISEASE-FREE EQUILIBRIUM AND THE ENDEMIC
EQUILIBRIUM

In this section, we discuss the global stability of the disease-free equilibrium F,
and the endemic equilibrium P* of system .
Firstly, we prove the existence and the uniqueness of the endemic equilibrium P*.

Proposition 4. System always has a disease-free equilibrium Py = (%,0,0),
On the other hand, under the hypothesis (Hy), if
A
. f(ﬁa 0)

0:=——>1
Uit

then system (2)) also admits a unique endemic equilibrium P* = (S*, I*, R*), where
S*, I and R* satisfying the following system:
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h
A—pS— / p(r)f(S,e " *"I)IdT + 61 R =0,
0
h

/ p(7)f(S,e T I)IdT — (u+ )] + 2R = 0, @
' vl — (461 +d2)R=0.
With my = (1 +7) — oo
Proof. At a fixed point (5, I, R) of system , the following equation hold
A—pS— /Oh f(S,e*"Idr + 6 R =0,
()

h
/ F(S,e " D) Idr — (1 + )T + 3R = 0,
0
~I — (M+51+(52)R=0.

Substituting the third equation into the seond equation and into the first equation
of , we consider the following system

h
_ 0171
A-— S—/ S,e M) Idr + — 1~ =,
. 0 f(S.e Jdr (1 + 61+ 62)
h
- 762
S, e " NIdr — -2 I=o, (6)
| s D — s ) - ]
_ VL
C (uH 0+ 62)

Substituting the second equation into first equation of @, we consider the following
system:

62’7 (51’}/
A—pS—[(p+~)— — I1=0,
#S = [(p+) (L+ 61+ 82) (M+51+52)]
h
_ ’752
S e P Idr — _ 2 95 =0 7
| e n i — ) - R =0 U
I
R=—"
(e + 61+ 92)

From the second equation of , we get I = 0 or foh f(S,e #TI)dr

Y6
(M+512+52)
If I # 0, then using the @, we get the following equation

=[w+7) -
] If I = 0, we obtain the disease-free equilibrium point Py = (%, 0,0).

h _
(A—pS)e #r Y02
f(S, Jdr =[(p+v) - —————=I
/0 (1 +7) — 7(;1%;?;3)] (1 + 01 + 62)

We have [ = ——A=15 > () implies that S <
G-z = P =

Hence, there is no positive equilibrium point if S >

= =

Now, we consider the following fonction g; defined on the interval [0, %]
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ot (A — pS)e B %
n(s)= | P ) — g i = ) = s
Since,
A A L. B
gl(;)_f(ﬂ70) (1 +7) (‘u_|_51_|_52)]
B 3 Y02 G0 _
_[(M+'7) (ﬂ+51+52) <[(M+’y)_(u+’gfi62)] 1)
_ % ypo
=07 (R = 1) > 0
and
0) = [+ - ] <0
ity =—lwry (1 + 01+ 02) '
Further
, hoof pe” T of
o [0 974
9:(5) /0(65 [(u+v)—%]m)7

by the hypothesis (H;), we have g,(S) > 0.
Hence, there existe a unique endemic equilibrium P* = (S*, I*, R*) with S* €]0, %[

and I* > 0, R* > 0, satisfies the equations I = A= andR=—2L
a ()~ ] (h01752)

Hence, we conclude the existence and uniquenss of the endemic equilibrium P*.
Next we consider the global asymptotic stability of the disease-free equilibrium
Py and the endemic equilibrium P* of by Lyapunov functionals, respectively.

Theorem 5. If Ry; < 1, then the disease-free equilibrium Py is globally asymptot-
ically stable.

Proof. Define the Lyapunov functional

S (4,0 5
%@:é“‘fmm“””+w+a+mR

L g
+/() p(T) - mf(S(u—i—ﬂx I(w)I(u)dudr.
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We will show that %t(t) < 0 for all £ > 0. We have

d‘fl)t(t) (- J;f(; 8)) )$ + / V(ST L dr
(u+v)1+523+(+}‘i62)1523
+ / ol S (ia ; G (S(t+ 7). D) /O hp(T)";((g”g)) (S, e FT L), dr
— - Tt >+61R<1—J;((§7’§))>
+/h (t )Mf(S(t—&-T),e_‘”I)IdT—mI
= u(1— J;f(gg)))(;l S) + 61 R(1 — J;((ﬁ’o)))

Furthermore, it follows from the hypothesis ( ) that

b HSE+T),e D) f(4,0) h F(2.0)  f(S(t+7),0)
f o T < |, e
G
=T
< Ry.
Then we have
AV (t) f(4,0) A f(4,0)
+ 771](R0 — 1)
By the hypothesis (H;), and non-negativity of the solution, we obtain that
(1- f(%’o))(é ~-5)<0
f(5,0) " p -
and (A )
f(£,0
51R(1 — f(g’ 0) ) <0

Where equality holds if and only if S = g.

Since Ry < 1, ensures that dVO(t) <0 forall t >0. Thus the disease-free equi-
dvgt“) 0 holds if and only if S = 4 and I(Rpy — 1) = 0.
Hence, we have lim;_, oo S = ﬁ' Which implies from Lemma that limy_, 400 I =0
and limy, 1o R = 0 hold. By an extension of Lyapunov-LaSalle asymptotic sta-
bility theorem [21] 22], the disease-free equilibrium P, of system is globally
asymptotically stable. This completes the proof.

librium P, is stable and
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Next, we will study the global stability of the positive equilibrium P*.
The following Lemma plays a key role to obtain Theorem

Lemma 6. Let (S,I,R) solution of system with initial condition and
(8*,I*, R*) the endemic equilibrium. Then we have the following proposition for
all t > T with T sufficiently large such that S(T) + I(T) + R(T) = N(T) = %:
(i) Suppose that R(0) < R*, then we have the following:
If I < I* then R < R* then S > S*
Suppose that R(0) > R*, then we have the following:
If I > I* then R> R* then S < S*.

Proof. (i) By the third equation of system , we obtain

t
R(t) = R(0)e~(onto)t 4 / VI(o)e~ (B+01+82)(t=0) s
0

If I < I* then

t
R(t) < R(0)e~ 1m0+t 4 o1 / e~ (Htr+02)(t=0) 7
0

_ R(O)e—(p+§1+52)t + i * B T*e— (ptd1+62)t

(1 + 01 + 62) (p+ 01+ 92)
Using the relation 0

i = B and R(0) < R*. We have R(t) < R*.

Suppose that I < I'* and R < R*, we will prove that S > S* for all t > T Suppose
on the contrary that there exists som t; > T such that S(¢;) < S*. Then by the
hypotheses we have

S(ty) +I(t) + R(t1) < S* +I* + R*.

On the other hand, we have
A
S(t1) + I(t1) + R(t1) = m

Contradiction with S* + I* + R* = %.
(ii) By the third equation of system , we obtain

t
R(t) = R(0)e~ ool 4 / VI(o)e~ (HH01+82)(t=0) gr
0

If I > I* then

t
R(t) 2R(0)e‘w+51+62)t+7]*/ e Fa)(t=0) 45
0

_ R(O)ef(#+51+62)t + Y * 0 T*e—(ntd1+62)t

(401 + 02) (401 4 92)

Using the relation (Mﬁéiﬂ%) = R* and R(0) > R*. We have R(t) > R*

Suppose that I > I'* and R > R*, we will prove that S < S* for all ¢t > T Suppose
on the contrary that there exists som t; > T such that S(t;) > S*. Then by the
hypotheses we have

S(t1) 4+ I(t1) + R(ty) > S* + I* + R*.
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On the other hand, we have

A
S*+I"+ R = —

Contradiction with S(t1) + I(t1) + R(t1) = %. This completes the proof.

Corollary 7. Let (S,1,R) solution of system and (S*,I*, R*) the endemic
equilibrium. Suppose the hypothesis (Hy) hold. Then we have for all t > T with T

sufficiently large such that S(T) + I(T) + R(T) = N(T) & %:

[ 17)
f(S, 1)

Proof. By the lemma@we have (R — R*)(S — S5*) < 0.
Furthermore, it follows from the hypothesis (H;) that

o1 (R —R*)(1 - ) <0.

f(57,17)

nR = B0 = T

) <0.

This completes the proof.

Theorem 8. If Ry1 > 1, then the endemic equilibrium P* is globally asymptotically
stable.

Proof. We define the Lyapunov functional
V(t) = Vi(t) + Va(t), with

S S* —HT %)
Vl(t):/ (1- Jo o cr) du+ (I —I* — I*In L),
* fO ’LL e u‘rI*)d I

0o

R
— =  (R—R*—R'ln—).
(N+51+52)( )

The function f(S,I) is a strictly monotone increasing function of S > 0, for any
fixed I > 0, and the function

g(z) = x — 1 — Inx is always positive for any > 0, and g(z) = 0 if and only if
x =1, then we have V(¢t) > 0 for all t > 0 and V(S*,I*, R*) = 0.

The time derivative of the functions V;(t) and Va(t) along the positive solution of

system (2) is

S* —HWT [* d h
avi(t) — (1 fO © ) T A—HS_/ p(T f(S,ei‘uTI.,—)L—dT—F(SlR)
dt fO S e ;U'TI*)dT 0
IS
-0 / PO (ST L + 82 = (u+ )1
0

(®)
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h 5 0BT V[ dr *
Using the relation A = /LS*+fO VF(S*, e M) [*dT—6 R*, (u+v) = Jo' p(DI(S" e I*I M"dr 16, R ,

and (p + 01 + d3)R* = ~yI*. Slmple calculations give that

(t) Jo () F(S*, e 1*)d .
d‘stt :u(l }0 p(r S’:MTI*)d:)QS* 75)

fo T)f(S* e ‘”I*)dT)

h
S, e hT ) [*d
+/0 PSS et (1 - P (1) f(S, eIV dr

f(S,e I I.d f(S* e T I*)d
< (1- Jo' P8 e k) T)+51(R7R*)( Jo r! e )ar
S p(r) f(S*, e=wTI*) [*dr fo f(S,e=rmI*)dr
T* h f 6 ,U,TIT)ITdT I T*
1-= S*. e~ HT ) [*dr =20 Y+ (1= )R-
+ ( I ) /0 p(T)f( ¢ ) (f p S* e—,u.TI*)I*dT I*) + ( ) 2(

_ M(l fo f(S* e ’”I*)dT) (S* B S)

fohp f(S,e~rI*)dr

h - Jo POF(S* e 1) 1% [ p(r) (S, e L) I dr
S*, BT ¥\ T* 0 4" Jo
+/0 P(TJ(S7, eI dr{(2 - fo F(S,errydr L [T p(r)f(S* e 1) Idr
fo ) f(S, e *T L) dr _i)}
fo 7)f(S,e WI*)I*dT I~
S* T T* d * *
+oi(R— RY)(1 - f} o ‘ ;Ii))dT) Fa0- )R- T0)
O e

and

dVo(t) 09 R*
= 1——)(vI — 01+ 62)R
0o ~IR*
=——— (v — (u+ 61 +82)R — + (p+ 61+ 02)R*
(H+5l+52)(v (1 +61+02) (1 + 61+ 62)R™)
*T *\2
762R — 09 R — 89 HE) + 09 R*

I* RI*

IR*
T*

)
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Then we have

dV (t f(S*, e+ I*)d (5%, eIV
A: (1 fo e )T)(S*—S>+51(R—R*)( fo e )dT
dt f p(T)f(S,e=#7I*)dr f p(7)f(S, e~ I*)dr
h f S* e_#TI*)dT I* f S e HTT )I dr
+/ p(T)f(S*, e "TI*)[*dr{3 — =2 0
’ fo F(S;emrIydr L [P p(r)f(S* eI Idr

LTy p(n)f(S, eI
I [0 p(r)f(S, eI ) I dr

T)f(S e ML) dT I fo T)f(S,e M I*)I*dr

h
* _— T T* fO
S*, e I [*dr{—1
+/() ( )f( ) { + fo (T)f(S e— I“'I*)I*d’r I* fO 7- f S e~ /“'IT)L—dT

I*R IR*

+ 0o R*(2 — IR* — ﬁ)
S* e~ [*)dr S* e M I*)d
f p T) f(S,e l”]*)dT fo f(S,e=rTI*)dr
h S* —BT ¥\ * S ~uTIVId
+/ p(r)f(S™, eI dr{3 — Jo' p( e MTIM)dr 1 fo e ML)l dr
O fo f(S,emr1)ydr [T p(r) (S, eI Idr

1 fohP(T)f(S,e_“TI*)I*dr}
r foh (1) f(S, e r 1) I dr

* S p(r)$(S,I;)dr
(fo p(1)6(S, 1 )dr_l) | Lt

h
+/ p(7) f(S*, e M) [*dr—

DA [ p(r)e(S. 1;)dr L pmes.ryr
. I*R IR*
~o (1w FR)
Cosequently, we obtain
S* —BT [*¥)( S* g
w: (1 fo e )T)(S*—S>+51(R—R*)( fo e )dT
dt f p S e HTI*)dT f p S e u‘r‘[*)dT
h S* —BT %\ I* S —uT [ I d
+/ p(T) f(S*, e "TI*) [*dr{3 — Jo »! c )dr . fo e M I;)Idr
0 fO ,e ”TI*)d fO S* e— ‘”I*)I*dT

L S p(r) f(S, e ) I*dr
I (P p(r) f(S, e nT I, ) I dr

}

+/h (7)F(5*, e~ ") I*dr I(foZp(T)¢(S,I*)dr 71) (17 fUZp(T)\If(S,IT)m-)

[ p(r)e(S, I, )dr
.( |T"R TR
~oan (11

1
=}
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It follows from (H;) and corollary ﬂ 7| that

5% e T [*)d
w1 17 (s - s) <o,
fo f(S,e “TI*)dT
and
F(S*, e #I%)d
51(R— R*)(1 — foh eI

o P(T)f(S,emrmI*)dT

and, according to the assumptions (Hs) and (Hg) we have

h *
(fOLp(T)qS(S,I )dT B 1) (1 fo )dT)
h
Jo p()¢(S, I )dr Sl p(r S I*)dr
Moreover, since the arithmetic mean is greater than or equal to the geometric mean,
we obtain that

fo f(S* e ’”I*)dT I* fO f(S,e "I ) dr I foh T)f(S, e P I*)I*dr
fo F(S, e ydr T S p(r) f(S*, e=nTI*)I*dr I S p(r) (S, e=rT L) dr
Therefore, V(t) < 0 for all t > T, where the equality holds only at the equilibrium

point (S*,I*, R*). Thus {P*} is the largest invariant set in {(5, 1, R) ’dv = 0}.

Consequently, we obtain, by the Lyapunov-LaSalle asymptotic stability Theorem
[211 22], that P* is globally asymptotically stable. This completes the proof.

4. CONCLUSION

In this paper, we presented a mathematical analysis for an STRSI epidemiological
model applied to the evolution of the spread of disease with relapse in a given pop-
ulation, with a distributed delay and incidence function rate of the form f(S,I)I.
The incidence function rate used represents a variety of possible incidence functions
that could be used in epidemic models as well as virus dynamics models. By con-
structing two suitable Lyapunov functionals, we found the sufficient conditions of
the global stability for the endemic and disease-free equilibrium of the SIRSI epi-
demic model with distributed delay. The basic reproduction number Ry, remains a
key parameter for the stability analysis of epidemiological models: if Ry < 1, then
the disease free equilibrium is globally asymptotically stable and if Ry > 1, then
the unique endemic equilibrium is globally asymptotically stable.
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