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UNBOUNDED PERTURBATION TO TIME-DEPENDENT
SUBDIFFERENTIAL OPERATORS WITH DELAY

DORIA AFFANE, SARRA BOUDADA AND MUSTAPHA FATEH YAROU

ABSTRACT. In this paper, we discuss the existence of solution for an evolution
inclusion of the form —i(t) € dp(t,z(t)) + G(t,7(t)x) where dp(-,-) is a
subdifferential of a proper convex lower semicontinous function ¢ and G(,-)
is a set-valued unbounded perturbation with nonempty convex closed values
with delay.

1. INTRODUCTION

Let 7 > 0 be a finite delay and Cy = Cx([~7,0]) be the Banach space of contin-
uous functions defined on [—r, 0] taking values in a Hilbert space H. In this paper,
we establish the existence of solutions for an evolution inclusion of the form

(P,) —i(t) € Op(t,x(t)) + G(t,7(t)x) ae. te [0, T],
") x(s) =(s) foralls € [—r,0],

where = : [-r,T] — H is a continuous mapping such that its restriction to [0, T
is absolutely continuous, G : [0,7] x Co — H is a scalarly upper semicontinu-
ous set-valued mapping with convex closed values and for any ¢ € [0,T], 7(t) :
Cu([-r,T]) — Cy is defined by (7(t)x)(s) = z(t +s), Vs € [—r,0].

Such problems have been extensively studied without delay, see for instance [4} [5] [6]
7, 18, (T3], [15] [16], [17], and with delay [I8,[19]. In [7], we have established an existence
result for the problem without delay when the system is subject to an unbounded
perturbation.

A special case had great interest for a large number of researchers because of its
various applications in elasto-plasticity, mechanics, economics, transportation, elec-
trical circuits, dynamics, known as the sweeping process, that is when we take the
subdifferential of the indicator function of a closed convex set. It is well known that
this subdifferential is a maximal monotone operator governed by a normal cone,
which makes possible to use of the projection property and to deduce an algorithm,
called catching up algorithm. Several papers used this approach to generalize the
pioneer work of Moreau [14], see for instance [11 2], 8] [7, 10, 1T}, 20] and the references
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therein. It is well known that the delayed problem generalizes the problem without
delay and the existence result can be obtained for the first problem by reducing it
to the second one and using the known results for this case, see for instance |9 [12].
The main purpose of the present work is to show the existence of solution for
(P,). We proceed as follows: for each n € N, we consider a partition of the
interval [0,7], in each subinterval, making use of appropriate functions g} (see
the definition below), we replace the delayed perturbation G by an undelayed one
Gi(t,r) = G(t,7(t),1)gy (+,x)) for which our result in [7] insures the existence of
solution. In [I8], a single valued perturbation satisfying a linear growth condition
has been considered, here, we extend the result to a set-valued perturbation with
non necessary bounded values. The paper is organized as follows. In Section 2, we
give some preliminaries and recall some results which will be used in the paper. In
Section 3, we establish the existence theorem for the considered problem (P,.).

2. PRELIMINARIES

Through the paper, we will use the following notations and definitions:
e H is a separable Hilbert space whose inner product is denoted by (-,-) and the
associated norm by || - ||
e For any r, T > 0, Cr = Cy([—r,T)) is the Banach space of all continuous map-
pings from [—r, T to the space H.
o Let ¢ : H— RU{+00} be an extended real-valued lower semicontinuous func-
tion, which is proper in the sense that its effective domain dome defined by

dom p:={x € H : p(x) < +oo}

is nonempty.
e The Fenchel conjugate of ¢ is defined by

@*(v) = sup[(v, z) — p(z)].
reH

e The subdifferential dp(x) of ¢ at x € dom ¢ is defined by
Op(z)={ve H: (v,y—z) <p(y) —¢(x) for all y € dom ¢}

and its effective domain is dom dp = {z € H : dp(x) # 0}.
o If ¢ is a proper lower semicontinuous convex function, then its subdifferential
operator Jp is a maximal monotone operator. Any maximal monotone operator

A satisfies the closure property, that is; if x = lim z, strongly in H and y =
n—oo

lim vy, weakly in H, where z,, € domA and y,, € A(z,,), then, z € domA and

n—ro0

y € A(z).

e The function ¢ is said to be inf-ball-compact if for every A > 0, the set {x €

H : ¢(z) < A} is ball-compact, i.e., its intersection with any closed ball in H is

compact.

e For any subset C of H, ¢oC stands for the closed convex hull of C.

e 0*(-,C) represents the support function of C, that is, 6*(¢,C) := sup(¢, x), for
zeC

all £ € H. Recall that for a closed convex subset C we have

d(z,C) = sup [{z/,x) — 6*(2', O)].

z’'€B
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e We denote by Proj(-,C) the metric projection mapping onto the closed set C,
defined by

Proj(z,C):={veC:d(z,C)=|v—z|}
e A set-valued mapping G : F — H from a Hausdorff topological space E into
H is said to be upper semicontinuous if, for any open subset V' C H, the set
{re EF:G(x) CV}isopenin E.
e (G is said to be scalarly upper semicontinuous or upper hemicontinuous if, for any

y € H, the real-valued function z — o(y, G(x)) is upper semicontinuous.
Let us recall the following result due to [7].

Theorem 1 Let ¢ : [0,7] x H — R4 U {400} be such that:

(H1) for each t € [0,T], the function x — @(t,z) is proper convex lower semi-
continuous.

(Hz2) there exist a p-Lipschitzean function & : H — Ry and an absolutely
continuous function a : [0,7] — R, with a non-negative derivative a €
L2([0,T]), such that

pr(t,x) < " (s, @) + k(z) | a(t) — a(s) |

for every (t,s,x) € [0,T] x [0,T] x H.
(Hs3) ¢ is inf-ball-compact for every ¢ € [0,T].

Let G : [0,T] x H — H be a set-valued mapping with nonempty closed convex
values, satisfying the following assumptions:

(H4) G is measurable on both variables and upper hemicontinuous with respect
to the second variable.
(Hs) For some real o > 0:

d(0,G(t,x)) < a forall t€[0,7] and = € H.

Then, for any xy € dom (0, -) the problem

) {g'c(t) € Dp(t,z(t)) + G(t,z(t) ae. te|0,T)

x(0) = z¢ € dom (0, )

has at least one absolutely continuous solution, satisfying
T
JRECIRE
0
where
T
c=2cy / a*(t)dt + oaT + 2 (T + (0, ar:o)>7
0
1
co = 5 (K*(0) +3(p + 1)%),

o=k (0)+3(p+1)*+4.
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3. EXISTENCE RESULT

We study here the existence of solution for the problem (P;).

Theorem 2 Assume that ¢ : [0,7] x H — R} U {400} satisfies (H1), (Ha2)
and (#H3) of Theorem 1. Let G : [0,T] x Cy — H be a set-valued mapping with
nonempty closed convex values, satisfying the following assumptions:

(H4) G is measurable on both variables and upper hemicontinuous with respect
to the second variable..
(H5) For some real a > 0, d(0,G(t, 7(t)z)) < o for all ¢ € [0,T] and z € Co.
Then, for any ¢ € Cy with ¥(0) € dom ¢(0,-), the problem (P,) has at least one
absolutely continuous solution, satisfying

T
/ |l&()||%dt < c.
0

Proof. Step 1: We construct a sequence of continuous mappings (z,(+)), in
Cu([—r,T)). Define, for every n > 1, the partition of [0,T]: for each 0 < k < n,

iy = kg and I} =tp,t},]. Consider the function gg : [~r,t7] x H — H such
that

n(t x) _ ¢(t) if te [77’70]3

goth $(0) + 2t(x — p(0)) if te [0,47]

Next, define the set-valued mapping G§ : [0,¢}] x H — H by:
Go(t,x) = G(t, 7(t7)gg (-, @)

Now, let us prove that the function = — 7(t7)g (-, z) is continuous from H to Cp.
For each z,y € H, we have

| 7(t7)go (- x) — 7(t7)g90 (- y) I= S[up | Il g0 (17 + s,2) — go (t7 + s, 9) ||
s€[—r,0

= sup | gy(s,7) —g5(sy) |l
s€l-r+tp.17]

< sup | gg5(s,z) —g5(s,y) < sup *8 fz—yl<lz-yl.
s€[0,t7] s€[0,t L]

Then, the function x — 7(t7)g{ (-, z) is continuous. Hence the set-valued mapping

0 is measurable on both variables, upper hemicontinuous with respect to the
second variable and satisfies

d(0,Gg (t,x)) = d(0,G(t, 7(t)gy (,2))) <,V (t,z) €[0,¢]] x H.
An application of Theorem gives an absolutely continuous solution zj : [0,¢}] — H
such that
a3 (1) € Dplt,al (1) + Gl (1) gl (- 20)),
let 2§/ (t) = Proj(0,G(t,7(t1) g8 (-, z0)) then
H 25 (1) < a,
—iq(t) € dp(t,zg(t)) +25(t) forae.t e [0,t7],

ty tr £
/ | &5 (t) ||* dt < 2c0/ a?(t)dt + cr/ a?dt + do,
0 0 0

and
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with
do =2( (2] = 0) + ¢(0,55(0) ~ (8 (e ).
Now, define ¢ : [-r,t}] x H — H by
P (t) if te [-r0],
gilta) =) if te 0,8,
BB + Bt — )z — 2§ () i t e [t 5]

Let us show that the function z — 7(t5)g} (-, ) from H to Cy is continuous. Indeed,
for every z,y € H we have

| 7(t3)g7 (@) — 7(t3)g7 (- y) |= S[upo] | g7 (ty +s,2) — g7 (t3 +s,9) ||
se|—r,
= sup |[g7(s,2) —g7(s,9) |

s€[—r+ty,ty]
n
< suwp lgi(s,2) =97 (s,y) [ sup (s —t7) o —yll<|z -yl
s€[ty,t5] sty t5]

Then, the function z — 7(¢5)g} (-, ) is continuous. Let define a set-valued mapping
GT : [t7,t5]) x H — H by G}(t,x) = G(t,7(t5)g7(-,z)). Hence it is measurable
on both variables, upper hemicontinuous with respect to the second variable and
satisfies

d(0,G}(t,x)) = d(0,G(t, 7(t5) g7 (-, z))) < a, for each (t,x) € [t],t5] x H.

An application of Theorem 1 gives an absolutely continuous solution z7 : [¢],t5] —
H such that

—@7(t) € Op(t, a1 () + Gt 7(t2)g1 (- 1)),
let 21 = Proj(0,G(t, 7(t7)g? (-, 21)) then

—27(t) € Dp(t,xT(t)) + 27 (¢) for a.e.t € [t],t5],
127 <o,

t & tg

/ | &7 (t) ||? dt < 200/ dg(t)dt-i-a/ a?dt + dy,

t7 7 t7

with

0 = 2<(t3 )+ 02 0D) - (1)) )

Now suppose that (z}_;(-), zp_;(-)n) is defined on [—r, 7], (1 < k < n) such that
—dp ) Op(t,xy_y(t) +2;_1(t) forae te [th i 7],
2 (1) = (0 G(t, () g1 (- )))
| 251 (2) ||
and
ty ty ty
/ | &7, () ]|? dt < 200/ a2(t)dt+a/ o?dt + dj_1,
o1 t s
with

dy—1 = 2((152 — b)) + e(ti1, T (ti1) — @(tﬁ,xﬁ_l(tﬁ)))
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where g, : [-7,1}] x H — H is defined by

P(t) if te [-r0],
Gia(ta) = ar(t) ifte [t (0<i<h-1),
wp_o(tiy) + 7t — i )@ —af_y(t ) if t e [t 7]
Hence, we can define similarly gi! : [, ¢, ] x H — H by
Y(t) if te [-r0],
gi(t,x) = qaf(t) if te [t71,] (0<i<k-1),
wp g (8) + 7 (¢ =) (e — 2y, (6)) if te [t 7).

So, we show that the mapping = + 7(t3, )9z (-, ) from H to Cp is continuous.
Indeed, for every x,y € H, we have

[ T(tZH)gg('?x) - T(tTI:H)QZ('»y) =

sup || gg(t2+1 +5,2) - gZ(tZJrl +5,9) |l
s€[—r,0]
= sup | g (s,2) — g (s,9) ||

SE[—r+t7, 57 ]
n
< swp lgi(sz) —gi(sy) s sup o S(s—t) [z —yl<llz—yl.
s€ftp tyy ] s€fty try ]
It follows that the set-valued mapping G} (t, ) = G(t, 7(t}, 1) gy (-, 7)) is measurable

on both variables, upper hemicontinuous with respect to the second variable and
satisfies

d(0,GL(t,x)) = d(0,G(t, T(tg 1)k (- ) < o, for all (t,x) € [ty th, ] x H.

An application of Theorem 1 gives an absolutely continuous solution z : [t}!, ¢} +1] —
H and the function z}; : [t}}, ¢}, ] — H such that

—2(t) € Op(t, 2} (t) + 2;(t) forae.te [tz7tg+1],
Z]?(t) = PTOj(Ov G(th(tZ+l)gg('>$2))7

|25 @) [|I< o
and
t2+1 tZ+1 t}TcL+1
/ | &7 () ||? dt < 2c0/ a?(t)dt + a/ a?dt + dy, (1)
e e e
with

=2 (0 = 8) + (LR — ot ) ).
Now we define x,,(-) : [-r,T] — H by
t if ¢ —
xn(t) — ,l/)() 1. € [ 7',0],
op(t) if te 1,67 ] (0<k<n—1),
and z, : [0,T] — H by 2z,(t) = 2 (t) for all ¢ €]t}, 7], what allows to write

—in(t) € Dp(t,zn(t)) + 2,(t), ae. te0,T)
with

xn(s) =(s), forall se[-r0],
and

| 2n(t) 1<
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So, for all k € {0,---,n — 1},
n xzn(t) if te [-rt},
Tn(ty) + 7 (¢ —t0)(x — 2 (t})) if t € [ty 4]
Now, consider the functions é,, 6, : [0,7] — [0, 7] such that for any k € {0,---,n—
1}, 0n(t) = tp Vt € [ty ti [, 0n(T) =T and 0,,(t) = t3,, Vt €]t} 17 ,4], 0.(0) = 0.
Then, for each n > 1, we have

zn(t) € Gt 7(0n(1) 95, (1) 2 (- Za (1)), (2)
Further, from (|1),one has for any k£ € {0,--,n — 1}

ti1 n—1
Z / ln®)] dt<2coz / dt+m2z / dt+ > d:
n tkn k:O
equlvalently,
T T T
/ ||m'n(t)|\2dt§2co/ a?(t)dt+aa2/ dt + d,
0 0 0
T
§200/ a(t)dt + 0T + d,,,
0
with

dp =2 (T + ¢(0,29) — (T, xn(T)))7
because ¢ is non-negative, putting d = 2(T + ¢(0, zp)), we may write
T T
/ |20 (2)]|%dt < 2¢0 2(t)dt + oa®T +d,
0 0

then, for all n

T
/ i (t)|2dt < D,
0

where .
D = 2¢y / a(t)dt + oa’T + d,
0
then
T
sup/ |2 (2)||%dt < D. (3)
ne 0

Step 2: We will prove that (z,(-)) converges uniformly on [—r,T] to a continuous
mapping z(-) € Cr.
Using the Cauchy-Schwartz inequality and (3)), for all s € [0, 7] we obtain

| 2 (s) = 2n(0) [I°=|| 2 (s) — z0 [|* < 5/0 | &n(t) |* dt < TD
and hence
| 2a(s) 12 <2 | @0 2 +2 || @u(s) — w0 < 2 || o ||? +2TD.
Consequently, for each n, we get

| 0 A< 2 || o ||> +2TD.
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Then

Nl=

a2l <2 I o |12 +2TD> . (4)

Therefore

n(®) =20 | =l [ dulr)ar |
< (- 5)}( / | n(r) | dr)?
<(t- s>%</0 | in(r) PP dr)t < (¢ — )4 D,

so along with (), the set {(z,(-))»} is bounded and equicontinuous in Cy ([0, 77),
since ¢ is inf-ball-compact by assumption, the set {z,(t); n € N} is relatively
compact in H, so by Ascoli’s theorem, we can extract a subsequence of (z,(:)),
that converges uniformly on [0, 7] to some map w(-) € Cg([0,T]). From (3)), (in)n
is bounded in L% ([0, T]), we may then extract a subsequence converging weakly in
L%,([0,T]) to some map v(-). The equality

Tn(t) = 2, (0) + /t Tn(s)ds forallt e [0,T],
then yields i
w(t) = (0) + /tv(s)ds for allt € [0,T].
For each t € [—r, T, we set '

[ew) it te [-r0],
2(t) = {w(t) it te [0,7.

Then (2, ())n converges to z(:) € Cyx([—r,T]).

Step 3: We show that x(-) is a solution of (P,).

Since G is measurable on both variables and ||z, (¢)|| < a for alln € Nand ¢ € [0, 7],
we may suppose that the sequence (z,(-)), converges weakly in L}, ([0,T]) to a
mapping z(-), with [|z(t)| < a a.e. t € [0,T]. Further, since (&n(-) + Z"())n
converges weakly in L} ([0,7]) to (i(-) + 2(-)) and (2,(-)), converges strongly in
L1,([0,T]) to z(-) and since the operator dip(t,-) satisfies the closure property as
the subdifferential of a proper lower semicontinuous function one obtains

(t) + z(t) € —0p(t, x(t)).
Consequently, —&(t) € dp(t,x(t)) + 2(t), a.e. t € [0,T]. It remains to prove that
z(t) € G(t,7(t)z) for almost every ¢ € [0, T]. First, we claim that 7(0,,())gs, )z (s ¥ (t))
converges to 7(t)x in the space Cr([—r,0]). Fix t € [0, T}, for any n > 1, there exists
an integer 0 < k < n — 1 such that ¢ € [t},?};,,]. Then

I 7(0n ()5, 1)z (5 2n () = T7(O)2() leg= sup || gi (i1 + 5,20 (2)) —x(t +5) |

s€[—r,0
= sup | g (s, 2n(t) — 2+ s —t) |l
sE[—r-l—t}cLJrl,t;;Jrl]
< sup | g (s, zn(t) —a(s) [+  sup | 2(s) —x(t+s—tiy) |l
S€[7T+t}’:’t2+1] SE[*'I‘th',’;,t',’CLJrl]
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< sup |l@als) —x(s) [+ sup | gi(s,za(t)) —2(s) ||
s€[—mr,t}] sEfty ty, ]

+ osup o fla(s) -t s —tia) |-
s€[—r+ty,tp ]

Clearly we have sup || 2 (s)—z(s) ||<|| zn—2 ||cy, because (z,,) converges uniformly
n>1

to z, we get
lim  sup || xn(s) —x(s) ||=0.
n—+0 se[— 7] "

As z(+) is uniformly continuous, we have

lim sup | z(s) —x(t+s—ti 1) ||=0
n—-+00 SE[—r+tY, 5t ] *

Indeed, let € > 0, there is 7 > 0 such that | s — (t +s5 -t} ;) [< n for all s € [-7, 0]
implies || z(s) — x(t +s—1t3.1) [[< e, hence

sup || z(s) —x(t +s —t,,) [[< e

Further on,
sup || g (s, 2n () —x(s) < sup [ @n(t}) —2(s) | + [ 2n(t) = 2n(t}) |
sEt,ty, ] SE[tE 1R, 4]
< sup @) —2(s) [ + | 2alt) — () |
SE[tR th

+ [ 2(t) —2(0n(t) [| + [| 2(n(t)) — 2n(dn(t)) | -
As nggr_loo dn(t) =t and z(-) is continuous, we have ngr-lr-loo Il z(t) — z(6,(2)) ||= 0,
and

i wa(t) — 2(1) =0,
lim — sup || zn(tf) — 2(s) [= 0,
n— 400 SE[tE 1R, 4] ok

and

im_ || 2(0n(t)) = 2 (0n(t)) [[= 0

n—-+oo
So, we can conclude that
im || 7(0n(¢))95, 1)

n——+oo

(s (t) = 7()a () lley= 0. ()

As (2,,) converges weakly in L1 ([0,7]) to z, using Mazur’s lemma to (z,) provides
a sequence ((,) such that

n
T

6o € (eolz(t), a>n)

and (¢,) converges strongly in L1 ([0,7]) to z. We can extract from ((,) a subse-
quence which converges a.e. to z. Then, there is a Lebesgue negligible set N C [0, T]]
such that for every ¢t € [0, 7]\ N

ﬂ{(m i g>n}C ﬂ@{zm(t): q>n}. (6)
n>0 n>0
Fix any ¢ € [0,T] \ N, n > no and £ € H, then the relation (6)) gives
(€, 2(t)) < limsup 6* (f, G(t,T(én(t))gfil(t)%(-, xn(t)))>.

n—> 00



218 D. AFFANE, S. BOUDADA AND M. F. YAROU EJMAA-2020/8(2)

By (b)) and the upper hemicontinuity of G(t,-) we get for all ¢ € [0, T]
(€2(0) <0 (6.6, 700) ).

by the convexity of G (¢, 7(t)z) we can write d(z(t), G(t,7(t)z)) <0, then we get
z(t) € G(t, 7(t)x) ae. te [0,T)

because G(t,7(t)z) is a closed set. The proof is therefore completed.
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