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COEFFICIENT BOUNDS FOR GENERAL CLASS OF

BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER

ASSOCIATED WITH q−SĂLĂGEĂN OPERATOR AND

CHEBYSHEV POLYNOMIALS

M. K. AOUF, A. O. MOSTAFA, R. E. EL. MORSY

Abstract. In the present paper, we introduce a general subclass of bi-univalent
functions of complex order associated with q−Sălăgeăn operator and using
Chebyshev polynomials. We obtain coefficient bounds for functions in this
class.

1. Introduction

Denote by A the class of analytic functions of the form:

f(z) = z +

∞∑
k=2

akz
k , z ∈ U = {z : z ∈ C and |z| < 1} (1)

and by S the subclass of A which are univalent in U . For two functions f(z)
and g(z), analytic in U, f(z) is subordinate to g(z) (f(z) ≺ g(z)), if there exists a
function ω(z), analytic in U with ω(0) = 0 and |ω(z)| < 1, f(z) = g(ω(z)) and if
g(z) is univalent in U, then (see for details [16]):

f(z) ≺ g(z) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

Some of the important and well - investigated subclasses of S are the classes
S∗(α) and C(α) which are, respectively, starlike and convex functions of order α in
U defined by Robertson ([28]) as follows:

S∗(α) =

{
f : f ∈ S and ℜ

(
zf

′
(z)

f(z)

)
> α, 0 ≤ α < 1

}
, (2)

and

C(α) =

{
f : f ∈ S and ℜ

(
1 +

zf
′′
(z)

f ′(z)

)
> α, 0 ≤ α < 1

}
. (3)
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These classes are related to each other by

f(z) ∈ C(α) ⇔ zf
′
(z) ∈ S∗(α).

It is well known (see Duren [19]) that every function f ∈ S has an inverse map f−1,
defined by

f−1(f(z)) = z (z ∈ U),
and

f (f−1(ω)) = ω (|ω| < r0(f); r0(f) ≥
1

4
).

In fact the inverse function g = f−1 is given by

g(ω) = f−1(ω) = ω − a2ω
2 + (2a22 − a3)ω

3 − (5a32 − 5a2a3 + a4)ω
4 + ... (4)

A function f ∈ A is said to be bi-univalent function in U if both f and f−1 are
univalent in U. Denote by △ the class of bi- univalent functions in U. For more
study (see [17], [21]).

The Chebyshev polynomials of the first and seconed kinds are well known and
defined by (see [1], [10], [18], [20], [26]):

Tk(t) = cos kθ and Uk(t) =
sin(k + 1)θ

sin θ
(−1 < t < 1),

where the degree of the polynomial is k and t = cos θ. Consider the function

H(z, t) =
1

1− 2tz + z2
.

Note that if t = cosα, α ∈ (−π
3 , π

3 ), then for all z ∈ U

H(z, t) = 1 +
∞∑
k=1

sin(k + 1)α

sinα
zk

= 1 + 2 cosαz + (3 cos2 α− sin2 α)z2 + ... . (5)

Thus, we have (see [34])

H(z, t) = 1 + U1(t)z + U2(t)z
2 + ... (z ∈ U, t ∈ (−1, 1)), (6)

where Uk−1(t) = sin(k arccos t)√
1−t2

, for k ∈ N = {1, 2,... }, are the second kind of the

Chebyshev polynomials. which has the recurrence relation:

Uk(t) = 2tUk−1(t)− Uk−2(t), (7)

and

U1(t) = 2t, U2(t) = 4t2 − 1, U3(t) = 8t3 − 4t, ... . (8)

The first kind of the Chebyshev polynomials Tk(t), t ∈ (−1, 1), have the generating
function

∞∑
k=0

Tk(t)z
k =

1− tz

1− 2tz + z2
(z ∈ U). (9)

The first and second kind of Chebyshev polynomials Tk(t) and Uk(t) are connected
by :

dTk(t)

dt
= kUk−1(t), Tk(t) = Uk(t)− tUk−1(t), 2Tk(t) = Uk(t)− Uk−2(t).... (10)
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For a function f(z) ∈ A, given by (1) and 0 < q < 1, the Jackson’s q−derivative of
a function f is defined by [25] (also see [2], [8], [12], [15], [22], [30], [31], [32], [35]):

Dqf(z) =
f(qz)− f(z)

(q − 1) z
, (z ∈ U, 0 < q < 1) , (11)

Dqf(0) = f
′
(0) and D2

qf(z) = Dq(Dqf(z)). From (11) we have

Dqf(z) = 1 +

∞∑
k=2

[k]q akz
k−1, (12)

where

[k]q =
1− qk

1− q
(0 < q < 1). (13)

As q → 1−, [k]q → k. For f ∈ A, Govindaraj and Sivasubramanian ([23]) defined
and discussed the Sălăgean q− difference operator as given below:

D0
qf(z) = f(z)

D1
qf(z) = zDqf(z)

Dn
q f(z) = zDq(D

n−1
q f(z))

Dn
q f(z) = z +

∞∑
k=2

[k]
n
q akz

k (n ∈ N0 = N ∪ {0},N = {1, 2, ...}, 0 < q < 1, z ∈ U).

(14)

We note that

lim
q→1−

Dn
q f(z) = Dnf(z) = z +

∞∑
k=2

knakz
k (n ∈ N0, z ∈ U) (15)

where Dnf(z) is the Sălăgean operator (see [3], [4], [5], [6], [7], [9], [11], [13], [14],
[24], [29]).

By using the Sălăgean q−difference operator for g of the form (4), Vijaya et al.
([33]) (also see [27]) defined Dn

q g(ω) by:

Dn
q g(ω) = ω − a2[2]

n
qω

2 + (2a22 − a3)[3]
n
qω

3 + ... . (16)

Definition 1. For 0 ≤ λ ≤ 1, b ∈ C∗ = C\{0} and t ∈ ( 12 , 1), a function f ∈△ is
said to be in the class Tn

△ (b, λ, q, t) if

1 +
1

b

[
(1−λ)Dn+1

q f(z)+λDn+2
q f(z)

(1−λ)Dn
q f(z)+λDn+1

q f(z)
− 1

]
≺ H(z, t) = 1

1−2tz+z2 , (17)

and

1 +
1

b

[
(1−λ)Dn+1

q g(ω)+λDn+2
q g(ω)

(1−λ)Dn
q g(ω)+λDn+1

q g(ω)
− 1

]
≺ H(ω, t) = 1

1−2tω+ω2 . (18)

where z, ω ∈ U and g is given by (4).
Specializing the parameters λ, b, q and n, we obtain the following subclasses:
(i) limq→1− Tn

△ (b, λ, q, t) = Tn
△ (b, λ, t) where

1 +
1

b

[
z(Dnf(z))

′
+λz2(Dnf(z))

′′

(1−λ)Dnf(z)+λz(Dnf(z))′
− 1

]
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b

[
ω(Dng(ω))

′
+λω2(Dng(ω))

′′

(1−λ)Dng(ω)+λω(Dng(ω))′
− 1

]
≺ H(ω, t) = 1

1−2tω+ω2 ,
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(ii) T 0
△(b, λ, q, t) = T△(b, λ, q, t), where

1 +
1

b

[
(1−λ)zDqf(z)+λzD2

qf(z)

(1−λ)f(z)+λzDqf(z)
− 1
]
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b

[
(1−λ)ωDqg(ω)+λωD2

qg(ω)

(1−λ)g(ω)+λωDqg(ω) − 1
]
≺ H(ω, t) = 1

1−2tω+ω2 ,

(iii)Tn
△ (b, 0, q, t) = Tn

△ (b, q, t),where

1 +
1

b

[
Dn+1

q f(z)

Dn
q f(z) − 1

]
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b

[
Dn+1

q g(ω)

Dn
q g(ω) − 1

]
≺ H(ω, t) = 1

1−2tω+ω2 ,

(iiii) Tn
△ (1, 0, q, t) = Tn

△ (q, t), where
Dn+1

q f(z)

Dn
q f(z) ≺ H(z, t) = 1

1−2tz+z2 ,

and
Dn+1

q g(ω)

Dn
q g(ω) ≺ H(ω, t) = 1

1−2tω+ω2 ,

(v) limq→1− Tn
△ (b, 0, q, t) = Tn

△ (b, t),where

1 +
1

b

[
z(Dnf(z))

′

Dnf(z) − 1

]
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b

[
ω(Dng(ω))

′

Dng(ω) − 1

]
≺ H(ω, t) = 1

1−2tω+ω2 ,

(vi) limq→1− Tn
△ (1, 0, q, t) = Tn

△ (t), where

z(Dnf(z))
′

Dnf(z) ≺ H(z, t) = 1
1−2tz+z2 ,

and
ω(Dng(ω))

′

Dng(ω) ≺ H(ω, t) = 1
1−2tω+ω2 ,

(vii) Tn
△ (b, 1, q, t) = Tn

△(b, q, t), where

1 +
1

b

[
Dn+2

q f(z)

Dn+1
q f(z)

− 1
]
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b

[
Dn+2

q g(ω)

Dn+1
q g(ω)

− 1
]
≺ H(ω, t) = 1

1−2tω+ω2 ,

(viii) Tn
△ (1, 1, q, t) = Wn

△(q, t), where
Dn+2

q f(z)

Dn+1
q f(z)

≺ H(z, t) = 1
1−2tz+z2 ,

and
Dn+2

q g(ω)

Dn+1
q g(ω)

≺ H(ω, t) = 1
1−2tω+ω2 ,

(viiii) limq→1− T 0
△(b, λ, q, t) = T△(b, λ, t), where

1 +
1

b

[
zf

′
(z)+λz2f

′′
(z)

(1−λ)f(z)+λzf ′ (z)
− 1

]
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b

[
ωg

′
(ω)+λω2g

′′
(ω)

(1−λ)g(ω)+λωg′ (ω)
− 1

]
≺ H(ω, t) = 1

1−2tω+ω2 ,
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(x) limq→1− Tn
△ (b, 1, q, t) = Kn

△(b, t), where

1 +
1

b
z(Dnf(z))

′′

(Dnf(z))′
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 +
1

b
ω(Dng(ω))

′′

(Dng(ω))′
≺ H(ω, t) = 1

1−2tω+ω2 ,

(xi) limq→1− Tn
△ (1, 1, q, t) = Xn

△ (t), where

1 + z(Dnf(z))
′′

(Dnf(z))′
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 + ω(Dng(ω))
′′

(Dng(ω))′
≺ H(ω, t) = 1

1−2tω+ω2 ,

(xii) Tn
△ ((1− α)eiβ cosβ, λ, q, t) = Tn

△ (α, λ, β, q, t)(0 ≤ α < 1, |β| < π
2 ), where

eiβ
[
(1−λ)Dn+1

q f(z)+λDn+2
q f(z)

(1−λ)Dn
q f(z)+λDn+1

q f(z)

]
≺ H(z, t)(1− α) cosβ + α cosβ + i sinβ,

and

eiβ
[
(1−λ)Dn+1

q g(ω)+λDn+2
q g(ω)

(1−λ)Dn
q g(ω)+λDn+1

q g(ω)

]
≺ H(ω, t)(1− α) cosβ + α cosβ + i sinβ,

(xiii) limq→1− T 0
△(1, 1, q, t) = K△(t), where

1 + zf
′′
(z)

f ′ (z)
≺ H(z, t) = 1

1−2tz+z2 ,

and

1 + ωg
′′
(ω)

g′ (ω)
≺ H(ω, t) = 1

1−2tω+ω2 ,

(xiiii) limq→1− T 0
△(1, 0, q, t) = T△(t), where

zf
′
(z)

f(z) ≺ H(z, t) = 1
1−2tz+z2 ,

and
ωg

′
(ω)

g(ω) ≺ H(ω, t) = 1
1−2tω+ω2 ,

In this paper, we obtain the initial coefficients bounds and Fekete -Szego problem
for functions in the class Tn

△ (b, λ, q, t).

2. Main Results

Unless otherwise mentioned, we assume in the reminder of this paper that 0 ≤
λ ≤ 1, b ∈ C∗, 0 < q < 1 and t ∈ ( 12 , 1).

Theorem 1. Let f(z) ∈ Tn
△ (b, λ, q, t). Then

|a2| ≤ 2t|b|
√
2t√

|{q(q+1)[1+λ(q+q2)][3]nq b−q(1+λq)2[2]2nq }4bt2−q2(1+λq)2(4t2−1)[2]2nq |
, (19)

and

|a3| ≤ 2|b|t
q

(
2|b|t

q(1+λq)2[2]2nq
+ 1

(q+1)[1+λ(q+q2)][3]nq

)
. (20)
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Proof. Let f(z) ∈ Tn
△ (b, λ, q, t) and g = f−1. From (17) and (18), we have

1 + 1
b

(
(1−λ)Dn+1

q f(z)+λDn+2
q f(z)

(1−λ)Dn
q f(z)+λDn+1

q f(z)
− 1

)
= 1 + U1(t)p(z) + U2(t)p

2(z) + ... (21)

and

1 +
1

b

(
(1−λ)Dn+1

q g(ω)+λDn+2
q g(ω)

(1−λ)Dn
q g(ω)+λDn+1

q g(ω)
− 1

)
= 1 + U1(t)q(ω) + U2(t)q

2(ω) + ... (22)

for some analytic functions

p(z) = c1z + c2z
2 + ... (z ∈ U), (23)

q(z) = d1ω + d2ω
2 + ... (ω ∈ U), (24)

such that p(0) = q(0) = 0, |p(z)| < 1 and |q(ω)| < 1. It is well known that if
|p(z)| < 1 and |q(ω)| < 1 then

|cj | ≤ 1 and |dj | ≤ 1 for all j ∈ N. (25)

From (21) and (22), we have

1

b

(
(1−λ)Dn+1

q f(z)+λDn+2
q f(z)

(1−λ)Dn
q f(z)+λDn+1

q f(z)
− 1

)
= U1(t)c1z + (U1(t)c2 + U2(t)c

2
1)z

2 + ... (26)

and

1

b

(
(1−λ)Dn+1

q g(ω)+λDn+2
q g(ω)

(1−λ)Dn
q g(ω)+λDn+1

q g(ω)
− 1

)
= U1(t)d1ω+(U1(t)d2 +U2(t)d

2
1)ω

2 + ... . (27)

Equating the coefficients in (26) and (27) we get

1

b
q(1 + λq)[2]nq a2 = U1(t)c1, (28)

1

b
{q(q + 1)

[
1 + λ(q + q2)

]
[3]nq a3 − q(1 + λq)2[2]2nq a22}

= (U1(t)c2 + U2(t)c
2
1), (29)

and

− 1

b
q(1 + λq)[2]nq a2 = U1(t)d1, (30)

1

b
{q(q + 1)

[
1 + λ(q + q2)

]
[3]nq (2a

2
2 − a3)− q(1 + λq)2[2]2nq a22}

= (U1(t)d2 + U2(t)d
2
1). (31)

From (28) and (30) it follow that

c1 = −d1 (32)

and
2q2(1 + λq)2[2]2nq a22 = b2U2

1 (t)(d
2
1 + c21). (33)

Also, (29) and (31) yield

2q(q + 1)
[
1 + λ(q + q2)

]
[3]nq a

2
2 − 2q(1 + λq)2[2]2nq a22

= b
{
U1(c2 + d2) + U2(c

2
1 + d21)

}
, (34)

which by (33), leads to

{2q(q + 1)
[
1 + λ(q + q2)

]
[3]nq − 2q(1 + λq)2[2]2nq − 2U2q

2(1+λq)2[2]2nq
bU2

1
}a22

= bU1(c2 + d2),
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that is

a22 =
bU1(c2 + d2)

2q(q + 1) [1 + λ(q + q2)] [3]nq − 2q(1 + λq)2[2]2nq − 2U2q
2(1+λq)2[2]2nq

bU2
1

. (35)

From (8) , (25) and (35) , we have (19).
Next , by subtracting (31) from (29), we have

2

b
{q(q + 1)

[
1 + λ(q + q2)

]
[3]nq (a3 − a22)}

= U1(c2 − d2).

then

a3 − a22 = bU1(c2−d2)
2q(q+1)[1+λ(q+q2)][3]nq

a3 = a22 +
bU1(c2−d2)

2q(q+1)[1+λ(q+q2)][3]nq
. (36)

Hence using (33) and applaying (8), we get (20). This completes the proof of
Theorem 1. �

Taking λ = 0 in Theorem 1, we have the following corollary:
Corollary 1. Let f ∈ Tn

△ (b, q, t). Then

|a2| ≤ 2t|b|
√
2t√

|{q(q+1)[3]nq b−q[2]2nq }4bt2−q2[2]2nq (4t2−1)|
,

|a3| ≤ 2|b|t
q

(
2|b|t
q[2]2nq

+ 1
(q+1)[3]nq

)
.

Taking λ = 1 in Theorem 1, we have the following corollary:
Corollary 2. Let f ∈ Tn

△(b, q, t). Then

|a2| ≤ 2t|b|
√
2t√

|{q(q+1)[1+q+q2][3]nq b−q(1+q)2[2]2nq }4bt2−q2(1+q)2(4t2−1)[2]2nq |
,

|a3| ≤ 2|b|t
q

(
2|b|t

q(1+q)2[2]2nq
+ 1

(q+1)[1+q+q2][3]nq

)
.

3. Fekete-Szegö inequalities for the function class Tn
△ (b, λ, q, t)

Theorem 2. If f ∈ Tn
△ (b, λ, q, t), Then

∣∣a3 − µa22
∣∣ ≤ 2t|b|

q(q+1)[1+λ(q+q2)][3]nq
, |µ−1| ≤

∣∣∣∣∣∣ 1− (q+1)−1(1+λq)2[2]2nq
[1+λ(q+q2)][3]nq

− q(q+1)−1(1+λq)2(4t2−1)[2]2nq
[1+λ(q+q2)][3]nq 4t

2b

∣∣∣∣∣∣ (37)

and∣∣a3 − µa22
∣∣ ≤ 8t3|b2||µ−1|

{q(q+1)[1+λ(q+q2)][3]nq b−q(1+λq)2[2]2nq }4bt2−q2(1+λq)2(4t2−1)[2]2nq
, (38)

when

|µ− 1| ≥
∣∣∣1− (q+1)−1(1+λq)2[2]2nq

[1+λ(q+q2)][3]nq
− q(q+1)−1(1+λq)2(4t2−1)[2]2nq

[1+λ(q+q2)][3]nq 4t
2b

∣∣∣ .
Proof. From (35) and (36)

a3 − µa22 = (1− µ)

[
b2U3

1 (c2+d2)

2{(q(q+1)[1+λ(q+q2)][3]nq −q(1+λq)2[2]2nq )bU2
1−q2(1+λq)2[2]2nq U2} + bU1(c2−d2)

2(q+1)[1+λ(q+q2)][3]nq

]
= bU1

[(
h(µ) + 1

2(q+1)[1+λ(q+q2)][3]nq

)
c2 +

(
h(µ)− 1

2(q+1)[1+λ(q+q2)][3]nq

)
d2

]
, (39)
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where

h(µ) =
bU2

1 (1−µ)

2{(q(q+1)[1+λ(q+q2)][3]nq b−q(1+λq)2[2]2nq )bU2
1−q2(1+λq)2[2]2nq U2} .

Then, by taking the modelus of (39) and considering (8), we have

|a3 − µa22| ≤

{
2|b|t

q(q+1)[1+λ(q+q2)][3]nq
, 0 ≤ |h(µ)| ≤ 1

2(q+1)[1+λ(q+q2)][3]nq

4t|b||h(µ)|, |h(µ)| ≥ 1
2(q+1)[1+λ(q+q2)][3]nq

.

This completes the proof of Theorem 2. �
Taking λ = 0 in Theorem 2, we have the following corollary:
Corollary 3. Let f ∈ Tn

△ (b, q, t). Then∣∣a3 − µa22
∣∣ ≤ 2t|b|

q[3]nq [2]q
,∣∣a3 − µa22

∣∣ ≤ 8t3|b2||µ− 1|
{q(q + 1)[3]nq b− q[2]2nq }4bt2 − q2[2]2nq (4t2 − 1)

.

Taking λ = 1 in Theorem 2, we have the following corollary:
Corollary 4. Let f ∈ Tn

△(b, q, t). Then∣∣a3 − µa22
∣∣ ≤ 2t|b|

q(q+1)[1+q+q2][3]nq
,∣∣a3 − µa22

∣∣ ≤ 8t3|b2||µ− 1|
{q(q + 1)[1 + q + q2][3]nq b− q(1 + q)2[2]2nq }4bt2 − q2(1 + q)2(4t2 − 1)[2]2nq

.

Taking µ = 1 in Theorem 2, we have the following corollary:
Corollary 5. Let f ∈ Tn

△ (b, λ, q, t). Then∣∣a3 − a22
∣∣ ≤ 2t|b|

q(q+1)[1+λ(q+q2)][3]nq
.

Remark:
For different values of q,b,λ, t in Theorems 1 and 2, we obtain results correspond-

ing to the classes mentioned in the introduction.
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[11] M. K. Aouf and G. S. Sălăgeăn, Generalization of certain subclass of convex functions and

a corresponding subclass of starlike functions with negative coefficients, Math. Tome 50 (73)
(2) , 119-138, 2008.

[12] M. K. Aouf and T. M. Seoudy, Convolution properties for classes of bounded analytic func-
tions with complex order defined by q-derivative operator, Rev. R. Acad. Cienc. Exactas Fis.

Nat. Ser. A Math., 113 (2) , 1279-1288, 2019.
[13] M. K. Aouf and H. Silverman, Class of uniformaly convex functions with two fixed points,

PonAmer. Math. J., 19 (2) , 1-15, 2009.
[14] M. K. Aouf and H. M. Srivastava, Some families of starlike functions with negative coefficients,

J. Math. Anal. Appl., 203 , 762-790, 1996.
[15] A. Aral, V. Gupta, and R. P. Agarwal, Applications of q-Calculus in Operator Theory,

Springer, New York, USA, 2013.
[16] T. Bulboaca, Differential Subordinations and Superordinations, Recent Results, House of

Science Book Publ. Cluj-Napoca, 2005.
[17] S. Bulut, Coefficient estimates for a class of analytic and bi-univalent functions, Novi Sad J.

Math., 43 (2), 59-65, 2013.
[18] E. H. Doha, The first and second kind Chebyshev coefficients of the moments of the general

order derivative of an infinitely differentiable function, Int. J. Comput. Math., 51 , 21-35,
1994.

[19] P. L. Duren, Univalent Functions, Grundlhren der Mathematischen Wissenschaften

259,Springer, New York, 1983.
[20] J. Dziok, R. K. Raina and J. Sokol, Application of Chebyshev polynomials to classes of

analytic functions, C. R. Math. Sci. Paris 353, 5 , 433-438, 2015.
[21] B. A. Frasin and M. K. Aouf, New subclasses of bi-univalent functions, Appl. Math. Lett.,

24 (9) , 1569-1573, 2011.
[22] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge Univ. Press, Cambri-

didge, U. K., 1990.
[23] M. Govindaraj and S. Sivassubramanian, On a class of analytic function related to conic

domains involving q-calculus, Anal. Math., 43 (3) , 475-487, 2017.
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