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GENERALIZING TRAN’S CONJECTURE

R. BOGVAD, I. NDIKUBWAYO AND B. SHAPIRO

ABSTRACT. A conjecture of Khang Tran [6] claims that for an arbitrary pair
of polynomials A(z) and B(z), every zero of every polynomial in the sequence
{Pn(2)}52, satisfying the three-term recurrence relation of length k

n=1
Pn(2) + B(2)Pr—1(2) + A(2)P,—k(2) =0

with the standard initial conditions Py(z) =1, P—1(z) = --- = P_p41(2) =0
which is not a zero of A(z) lies on the real (semi)-algebraic curve C C C given

T a(59) o vz (59) < e

In this short note, we show that for the recurrence relation (generalizing the
latter recurrence of Tran) given by

Pr(z) + B(2) Po—t(2) + A(2) Pk (2) = 0,

with coprime k£ and ¢ and the same standard initial conditions as above, every
root of P,(z) which is not a zero of A(z)B(z) belongs to the real algebraic

curve Cyp j, given by
B*(2)
& =0
N (Aff(z) )

1. BASIC NOTIONS AND MAIN RESULT

Linear recurrence relations with various types of coefficients have been studied
for more than a century and appear in different contexts throughout the whole
body of mathematics. A natural univariate set-up in this area is as follows.

Let { P,,(z)} be a polynomial sequence satisfying a finite linear recurrence relation
of the form

P(z) + Qu(2) Puo1(2) + Q2(2) Pa—2(2) + - + Qr(2) Poi(2) =0, (1)
with polynomials coefficients Q1(z), ..., Qk(z) and initial polynomial conditions of
the form Py(z) = po(2), P-1(2) = p—1(2),..., and P_p11(2) = p—g+1(2).

Problem 1 In the above notation, describe the (asymptotic) behavior of the
roots for polynomials in {P,(z)}.
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A major result related to Problem [I| has been proven in [, [2]. It states that
independently of the initial conditions, the sequence {u,} of the root-counting
measures of {P,(z)} converges in the weak sense to the measure pigy supported on
I'g, where Q = (Q1(2),Q2(2),...,Qr(2)) and I'g is defined as follows. Consider
the symbol equation of given by

B4 QA 4+ Qu2) = O, @)

For a given fixed z € C, let #1(2) > ta(z) > -+ > tr(z) be the k-tuple of the
absolute values of all (not necessarily distinct) roots of in the non-increasing
order. Finally, define I'g as:

Ig={2€Clt(z) =t2(2)}. (3)

The density of yiz; can be also determined using (2) and , but we will not need
this expression below.

In the majority of the situations, the roots of P,(z) only tend to the Beraha-
Kahane-Weiss curve I'y when n — oo and it is difficult to say something about
their location for finite n. The only general exception from this rule is probably
the case when all polynomials in {P,(z)} are real-rooted which is often discussed
in the literature and important for applications.

However in [6] Khang Tran was able to find a non-trivial situation in which
the roots of P, (z) are not necessarily real and (almost all of them) still lie on the
limiting curve I's for all n. Observe that this property is destroyed by small generic
deformations of coefficients/initial polynomials.

Namely, Conjecture 6 of [0] claims the following.

Conjecture 1 For an arbitrary pair of polynomials A(z) and B(z), all zeros of
every polynomial in the sequence {P,(z)}22; satisfying the three-term recurrence
relation of length &

P, (2) + B(2)Py—1(2) + A(2)P—r(2) =0

with the standard initial conditions Py(z) =1, P_1(2) = -++ = P_k4+1(2) = 0 which
do satisfy A(z) # 0 lie on the real (semi)-algebraic curve C C C given by

s(55) =0 e osevn () s @

Moreover, these roots become dense in C when n — co.

One can check that in this specific case, the latter curve C given by (4) is exactly
the Beraha-Kahane-Weiss curve I'g. In [6] Conjecture [1| was proven for k = 2,3,4
and in [7] Conjecture [1) was proven for arbitrary k, but only for polynomials P, (z)
with sufficiently large n. Several other aspects of this problem are discussed in [3],
[8], [@). The purpose of this short note is to generalize and settle the first part of
Conjecture [T}

We note that in the case when k and ¢ are not coprime, say k = dk’,£ = dt’,
ged(k', ') =1 and

o0 . 1
D Pal@)t" = + Bt + A(2)tF

n=0
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we obtain
= L+ B(2)t! + A(2)th 14 B(2)t? + A(z)tdh — &= " |

Thus it suffices to study the zero distribution in the case ged(k, ¢) = 1.

Theorem 1 For an arbitrary pair of polynomials A(z) and B(z), all zeros of
every polynomial in the sequence {P,(z)}22, satisfying the three-term recurrence
relation of length &

Po(2) + B(2)Pa_i(2) + A(2)Pa_i(2) = 0 (5)

with coprime k and ¢ and with the standard initial conditions Py(z) =1, P_1(2) =
-+ = P_jy1(2) = 0 which satisfy the condition A(z)B(z) # 0 lie on the real

algebraic curve given by
B*(2)
3 =
R <A€(z) > 0. (6)

Initial results in this direction together with the inequality determining which
part of the curve given by () contain the roots of {P,(z)} can be found in a recent
paper [4] of the second author.

2. PROOFS
Lemma 2 In notation of Theorem
P = X o (T aepe) U
1200 !
l+jk=n
Proof. Equation together with the standard initial conditions imply that

oo N 1
,;P”(z)t T 1 B+ A

=1—(B)t" + A(2)t") + (B(2)t* + A(2)tF)* -
Comparing the coefficients of t™ on both sides of the above equation gives .

Let L:= Ly = {(i,j) € Z%, : il+jk = n}. Since the gradient of z{+ky = n is
negative, the set L is a (possibly empty) finite set, say with s elements. In general,
the linear Diophantine equation z¢ + ky = n (with ged(k,¢) = 1) has integer
solutions of the form x = xg + ku and y = yg — fu where xg,yo,u € Z. We can
choose an z and yp in a such a way that L = {(iy, ju) := (zo +ku,yo — lu) € Z2, :
u=1,...,s}. Forany 1 < u < s, we have i, —i; = k(u—1) and j; — j, = £(u—1).

Let

—~ (fu+Ju) w1

G = “ “m
ant) =3 ("7 ) ®

u=1
Then Gy k., (7) is the generating function for number of north and east lattice paths
from the origin (0,0) to the point (iy,j.) € L. The proof of the next result can be
found in [I0]. See Conjecture 1 and its proof in Section 2 of the the same paper.
(Weaker statements in the same direction can be found in [5].)
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Theorem A In the above notation, for any given positive integers ¢, k,n,
G k,n(T) as a polynomial in 7 has only negative roots.

Example 1 Take { = 2, k =3, n =21. Then L = {(0,7), (3,5), (6,3), (9,1)}.
The generating polynomial is

0 3 6 9

5 6+3 9+1
G2,3,21(T)=(0+7)+(3+ >T+( + )7'2—!-( + )7’3:1—1—567'—1—847'24-1073.

The roots of this polynomial are approximately equal to —7.67175, —0.70989 and
—0.0183618.

Proof of Theorem [1| For fixed k, ¢ and n with ged(k,£) =1 and k > ¢, as above
set L = {(iu,ju) := (zo + ku,yo — lu) € Z2, : uw = 1,..., s} where (zg,y0) is a
solution to the equation if 4 jk = n. B

From Lemma 2] we have

Pu(s) = g—nl‘m () amme o

= A0 () B 2) ()P Sy (T I g i)
u=1 w

S o iiep (G G BEDR()
— (—1) AT (2) B (2) 3 (~1) D e>< N >A(umz)

u=1

s ’L . k z v
“orae 3 () (005 )

u=1

k(2
_ iBil(z)AJ‘l (2)Goxm ((—1)(76—2) if((z))> .

The last equality follows from (8). If zyp € C is such that P,(z) = 0 and
A(z0)B(z0) # 0, then it follows that

k Z

By Theorem [2] we have

5 (= (k—l)Bk(ZO) _
<( D Af(zw) N

which completes the proof.

Example 2 Let A(z) =23+ 2+1,B(2) =22 =22+ 7,4 =2k =3, and n = 21.
Then using Example 1, we get

7 B?
Pyi(z) = —A"Ga3,21 <_ﬁ>

=@ +241)7(1 o
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On simplification, we have

Py1(2) = 393672761 — 6467546332 + 6677975572 4 982398062 — 120666192521+
21714672282° — 25299641922° 4 224660736927 — 16257848602° + 9697124122° —
486724329210 + 201422869211 — 68243275212 + 17375116212 — 2717833214 —
19675621 + 29574826 — 114667217 + 27963218 — 461921 + 492220 — 1922,

This polynomial Py;(z) is the same as one given by using Mathematica for the
same choice of parameters.
In Figure 1 below, we illustrate Theorem [I] for the above generated polynomial

Pgl(z).

5 u} 5 10 145

FIGURE 1. For A(z) = 23 + 2+ 1 and B(z) = 2% — 22 + 7, the

graph of & (fjgi;) = 0 and the zeros of Py1(2).

3. FINAL REMARKS

1. The most important question related to this note is to find the analog of the
inequality in describing on which part of the real algebraic curve given by @
the roots of {P,(z)} are located and become dense when n — co. Some special
cases are considered in [4].

2. Choosing an initial k-tuple IN = {Py(2),...,P_x+1(2)}, find other exam-
ples/classes of pairs (Q,IN) where (almost all) zeros of {P,(z)} lie on a fixed
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curve in the complex plane which is different from an affine line. One can try to
find such examples for relations of order 4.

3. Theorem [2] apparently has a multivariate generalization when one considers
a multivariate polynomial generating function for multinomial coefficients whose
indices belong to a hyperplane given by an equation x1¢1 + x2ly + - - - + 2, = n.
It is very tempting to find this generalization and check whether it leads to further
implications related to Problem (1| and its version a la Tran.
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