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SOME DEGREE BASED TOPOLOGICAL INDICES OF A

GENERALISED F SUMS OF GRAPHS

LIJU ALEX , G. INDULAL

Abstract. The degree based structural descriptors such as Zagreb indices,

Forgotten index are some important tools for the topological structural anal-
ysis of graphs. Various physio-chemical properties like boiling points, binding

energy, π− electron energy of alkanes and other hydrocarbons were extensively

studied using these indices [7]. In [2] a new sum of two graphs is defined with
the help of subdivision of edges and cartesian product and obtained the Weiner

index of the resulting graph. In [4] the first and second zagreb indices and in

[10] the Forgotten index of this new sums of graphs are obtained. In this paper
we generalise the F sums of graphs using an arbitrary graph H and compute

the First, Second Zagreb indices and the Forgotten index of the generalised F

sums thus making the results in [4, 10] as particular cases when H is replaced
by K1. The results obtained are illustrated with some examples also.

1. Introduction

The study of structural descriptors associated with molecular graph is a formost
area of importance in analysing chemical compounds. A topological index is a
unique tool which associates the structural composition of graphs to a unique real
number. From the introduction of the first topological index by H. Wiener [12] in
1947 called path number (which was later renamed as Wiener index) a plethora
of research had been carried out in this area. Throughout the years, a lot of new
topological indices which are invariant under graph isomorphism has been explored
[6] based on distance between vertices and degrees of vertices. Though the distance
based indices were introduced first, the degree based indices to name a few Randić
index, Forgotten index, first Zagreb index, second Zagreb index, Generalised Zagreb
index were found to be a lot more convenient as well as applicable in studying
molecular graphs . In 1972 I. Gutman, N. Trinajstić [7] defined the first and second
Zagreb indices. They introduced these indices as a an easier approximation in the
computation of π− electron energy of hydrocarbons, they also defined one another
index with similar physical application. Although the first and second zagreb indices
were studied extensively and found many applications in molecular graph theory,
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the third index, doesn’t followed up properly for a long time until recently in 2015
B. Furtula, I. Gutman in [3] rediscovered this third index and named it as Forgotten
index and studied various properties of this index. The first Zagreb index, M1(G)
is defined as the sum of squares of degrees of each vertices and the second zagreb
index, M2(G) is the sum of the product of the degrees of the end vertices of every
edge, and the Forgotten index F (G) is the sum of the cubes of degrees of each
vertices.

M1(G) =
∑

u∈V (G)

d(u)2

M2(G) =
∑

uv∈E(G)

d(u)d(v)

F (G) =
∑

u∈V (G)

d(u)3 =
∑

uv∈E(G)

d(u)2 + d(v)2

where d(u) denote the degree of the vertex u. Some of the mathematical proper-
ties as well as physical application of these indices can be found in [6, 8, 9, 11].
Computing the structural descriptors of graph operations like cartesian product,
strong product, tensor product, lexicographic product has been a subject of vari-
ous studies. In [2] M.Eliasi, B. Taeri, computed the Wiener index of four new sums
associated with the cartesian product. They considered the associated subdivision
graphs in defining this sum which is referred as F-sum . We extend this definition
of F sums by defining four subdivision graphs by introducing a new graph H corre-
sponding to each edge and define an analogous generalised F sum. We also compute
the first second Zagreb indices and Forgotten index of these four new generalised
F sums. For the basics of graph theoretic terminologies see [1].

2. The graphs SH(G1), RH(G1), QH(G1), TH(G1) and the generalised F−
sums

Let G1, G2 be two graphs with vertex set V1(G) ,V2(G) edge set E1(G) and
E2(G) respectively. Let H be any graph, we define four subdivision related graphs
associated with H as SH(G1), RH(G1), QH(G1), TH(G1) as follows.

(1) SH(G1) is the graph obtained from G1 by replacing each edge ei of G1 with
a copy of H and making every vertex in the ith copy of H adjacent to the
end vertices of ei for each ei ∈ E(G1). That is, SH(G1) is a graph with

vertex set V (SH(G1)) = V (G1)
⋃
Ve(H) where Ve(H) = ∪|E(G1)|

i=1 Vi(H),
Vi(H) = V (H) ∀i and the edge set ) = {(v, h), (u, h) : e = vu ∈ E(G1), h ∈
Ve(H)} ∪ Ee(H) where Ee(H) = ∪|E(G1)|

i=1 Ei(H), Ei(H) = E(H) ∀i
(2) RH(G1) is the graph obtained from G1 by replacing each edge ei of G1 with

a copy of H and making every vertex in the ith copy of H adjacent to the
end vertices of ei for each ei ∈ E(G1) also keeping every edge in G1 as well.
That is, RH(G1) is a graph with vertex set V (RH(G1)) = V (G1)

⋃
Ve(H)

and edge set E(RH(G1)) = {(v, h), (u, h) : e = vu ∈ E(G1), h ∈ Ve(H)} ∪
Ee(H)∪E(G1), where Ve(H) = ∪|E(G1)|

i=1 Vi(H), Vi(H) = V (H) ∀i, Ee(H) =

∪|E(G1)|
i=1 Ei(H), Ei(H) = E(H) ∀i.
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Figure 1.

(3) QH(G1) is the graph obtained from G1 by replacing each edge ei of G1

with a copy of H and making every vertex in the ith copy of H adja-
cent to the end vertices of ei for each ei ∈ E(G1) along with edges join-
ing all the vertices in the ith copy of H to all the vertices in the jth
copy of H whenever ei adjacent to ej in G1. That is, QH(G1) is a graph
with vertex set V (QH(G1)) = V (G1)

⋃
Ve(H) and edge set E(QH(G1)) =

{(v, h), (u, h) : e = vu ∈ E(G1), h ∈ Ve(H)} ∪ Ee(H) ∪ E(HeV Hs) where

Ve(H) = ∪|E(G1)|
i=1 Vi(H), Vi(H) = V (H) ∀i, E(HeV Hs) = {(he, hs) : he ∈

V (He), hs ∈ V (Hs), e, s are adjacent in G1},Ee(H) = ∪|E(G1)|
i=1 Ei(H),

Ei(H) = E(H) ∀i and He, Hs are the copies of H corresponding to the
edge e, s ∈ E(G1) and e, s are adjacent in G1.

(4) TH(G1) is the graph obtained from G1 by replacing each edge ei of G1 with
a copy of H and making every vertex in the ith copy of H adjacent to the
end vertices of ei for each ei ∈ E(G1) along with edges joining all the ver-
tices in the ith copy of H to all the vertices in the jth copy of H whenever
ei adjacent to ej in G1 and keeping every edge of G1 as well . That is,
TH(G1) is a graph with vertex set V (TH(G1)) = V (G1)

⋃
Ve(H) and edge

set E(TH(G1)) = E(G1) ∪ {(v, h), (u, h) : e = vu ∈ E(G1), h ∈ V (H)} ∪
Ee(H) ∪ E(G1) ∪ E(HeV Hs) where Ve(H) = ∪|E(G1)|

i=1 Vi(H), Vi(H) =

V (H) ∀i, , Ee(H) = ∪|E(G1)|
i=1 Ei(H), Ei(H) = E(H) ∀i, E(HeV Hs) =

{(he, hs) : he ∈ V (He), hs ∈ V (Hs), e, s are adjacent in G1} and He, Hs

are the copies of H corresponding to the edge e, s ∈ E(G1) and e, s are
adjacent in G1. TH(G1) is called the total graph associated with H.

Corresponding to the four new graphs SH(G1), RH(G1), QH(G1), TH(G1), we
define four new sums called generalised F sums associated with the graph H as
follows.
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Let G1 and G2 be two connected graphs and H be any graph. Let FH be any one
of the symbols SH , RH , QH , TH . The generalised F sum of G1 and G2 is denoted
by G1 +FH

G2, is graph with vertex set V (G1 +FH
G2) = V (FH(G1))× V (G2) and

the edge set E(G1 +FH
G2) = {(a, b)(c, d) : a = c ∈ V (G1) and bd ∈ E(G2) or ac ∈

E(FH(G1)) and b = d ∈ V (G2)}. Figure 1 is an example with G1, G2 = P3 and
H = P2.

3. Zagreb index of the generalised F sum

In this section we derive the expression for the first and second Zagreb indices
of the generalised F sum in terms of the Zagreb indices of the factor graphs.

Theorem 1. Let G1 and G2 be two connected graphs and H be any graph. Then

a. M1(G1+SH
G2) = |V (G2)|M1(SH(G1))+|V (G1)|M1(G2)+8||E(G1)||E(G2)||V (H)|

b. M2(G1+SH
G2) = |V (G2)|M2(SH(G1))+|E(G2)||V (H)|2M1(G1)+2|E(G1)||V (H)|M1(G2)+

|V (G1)|M2(G2) + 8|E(G2)| (||E(SH(G1))| − |V (H)||E(G1)|)

Proof. From the definition of first zagreb index, we have

M1(G1 +SH
G2) =

∑
(u,v)∈V (G1+SH

G2)

d2(G1+SH
G2)

(u, v)

=
∑

(u,v)(x,y)∈E(G1+SH
G2)

(
d(G1+SH

G2)(u, v) + d(G1+SH
G2)(x, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+SH

G2)(u, v) + d(G1+SH
G2)(u, y)

)
+

∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v) + d(G1+SH
G2)(x, v)

)

Now we find the values of the each parts in the sum one by one. First we consider
the sum in which u ∈ V (G1) and vy ∈ E(G2).

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+SH

G2)(u, v) + d(G1+SH
G2)(u, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[
dSH(G1)(u) + dG2

(v) +
(
dSH(G1)(u) + dG2

(y)
)]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
2dSH(G1)(u) + dG2

(v) + dG2
(y)
]

=
∑

u∈V (G1)

[2|E(G2)||V (H)|dG1
(u) +M1(G2)] = 4|E(G1)||E(G2)||V (H)|+ |V (G1)|M1(G2)
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Now for each edge ux ∈ E(SH(G1)), v ∈ V (G2). We divide the sum into two parts,
ux ∈ E(SH(G1)), u ∈ V (G1), x ∈ Ve(H) and ux ∈ E(SH(G1)), u, x ∈ Ve(H).∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v) + d(G1+SH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(SH(G1))u∈V (G1)x∈Ve(H)

[(
dSH(G1)(u) + dG2(v)

)
+ dSH(G1)(x)

]
+

∑
v∈V (G2)

∑
ux∈E(SH(G1))u,x∈Ve(H)

[(
dSH(G1)(u)

)
+ dSH(G1)(x)

]
=

∑
v∈V (G2)

(2|E(G1)||V (H)|dG2(v) +M1(SH(G1)) = 4|E(G1)||V (H)||E(G2)|+ |V (G2)|M1(SH(G1)

From the expressions we obtain

M1(G1 +SH
G2) =|V (G2)|M1(SH(G1) + |V (G1)|M1(G2) + 8||E(G1)||E(G2)|V (H)|

Next Consider

M2(G1 +SH
G2) =

∑
(u,v)(x,y)∈E(G1+SH

G2)

(
dG1+SH

G2(u, v)dG1+SH
G2(x, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
dG1+SH

G2
(u, v)dG1+SH

G2
(u, y)

)
+

∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
dG1+SH

G2(u, v)dG1+SH
G2(x, v)

)
First part of the sum is∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+SH

G2)(u, v)d(G1+SH
G2)(u, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[
dSH(G1)(u) + dG2

(v)
] [
dSH(G1)(u) + dG2

(y)
]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
|V (H)|2dG1

(u)2 + |V (H)|dG1
(u) (dG2

(v) + dG2
(y)) + dG2

(v)dG2
(y)
]

= |E(G2)||V (H)|2M1(G1) + 2|E(G1)||V (H)|M1(G2) + |V (G1)|M2(G2)

The next part is,∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v)d(G1+SH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(SH(G1)),u∈V (G1),x∈Ve(H)

[(
dSH(G1)(u) + dG2(v)

)
dSH(G1)(x)

]
+

∑
v∈V (G2)

∑
ux∈E(SH(G1)),u,x∈Ve(H)

[
dSH(G1)(u)dSH(G1)(x)

]
=

∑
v∈V (G2)

(4 (|E(SH(G1))| − |V (H)|E(G1)) dG2(v) +M2(SH(G1))

= 8 (|E(SH(G1))| − |V (H)|E(G1)) |E(G2)|+ |V (G2)|M2(SH(G1))
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Thus we obtain,

M2(G1 +SH
G2) = |V (G2)|M2(SH(G1)) + |E(G2)||V (H)|2M1(G1) + 2|E(G1)||V (H)|M1(G2) + |V (G1)|M2(G2)

+ 8 (|E(SH(G1))| − |V (H)||E(G1)|) |E(G2)|

�

Theorem 2. Let G1 and G2 be two connected graphs and H be any graph. Then

a. M1(G1+RH
G2) = |V (G2)|M1(RH(G1))+|V (G1)|M1(G2)+8|E(G1)||E(G2)| (|V (H)|+ 1)

b. M2(G1 +RH
G2) = |V (G2)|M2(RH(G1)) + |V (G1)|M2(G2)

+|E(G2)|
(

(|V (H)|+ 1)
2

+ 2(|V (H)|+ 1)
)
M1(G1)+|E(G1)| (2(|V (H)|+ 1) + 1)M1(G2)

+ 8|E(G2)| (|E(RH(G1))| − (|V (H)|+ 1)|E(G1)|)

Proof. Using the definition,

M1(G1 +RH
G2) =

∑
(u,v)∈V (G1+RH

G2)

d2(G1+RH
G2)

(u, v)

=
∑

(u,v)(x,y)∈E(G1+RH
G2)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(x, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(u, y)

)
+

∑
v∈V (G2)

∑
ux∈E(RH(G1)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(x, v)

)
Now we find the values of the each part in the sum separately. First we consider the
sum in which u ∈ V (G1) and vy ∈ E(G2), We also use the relation dRH(G1)(u) =
(|V (H)|+ 1) dG1

(u)∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(u, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dRH(G1)(u) + dG2(v)

)
+
(
dRH(G1)(u) + dG2(y)

)]
=

∑
u∈V (G1)

∑
vy∈E(G2)

[
2dRH(G1)(u) + dG2(v) + dG2(y)

]
=

∑
u∈V (G1)

∑
vy∈E(G2)

[2 (|V (H)|+ 1) dG1(u) + dG2(v) + dG2(y)]

=
∑

u∈V (G1)

[2|E(G2)| (|V (H)|+ 1) dG1(u) +M1(G2)]

= 4|E(G1)||E(G2)| (|V (H)|+ 1) + |V (G1)|M1(G2)

Now for each edge ux ∈ E(RH(G1)), v ∈ V (G2).∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v) + d(G1+SH
G2)(x, v)

)
(1)
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LetD =
(
d(G1+FH

G2)(u, v) + d(G1+FH
G2)(x, v)

)
where FH = SH or RH or QH or TH .

We divide the following sum into three parts as∑
v∈V (G2)

∑
ux∈E(RH(G1))

D =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

D (2)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

D (3)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈Ve(H)

D (4)

Now we calculate the value of these three expressions separately∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

D =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(RH(G1))u,x∈V (G1)

[(
dRH(G1)(u) + dG2

(v)
)

+
(
dRH(G1)(x) + dG2

(v)
)]

=
∑

v∈V (G2)

∑
ux∈E(RH(G1))u,x∈V (G1)

[
dRH(G1)(u) + dRH(G1)(x) + 2dG2

(v)
]

=
∑

v∈V (G2)

∑
ux∈E(RH(G1))u,x∈V (G1)

[
dRH(G1)(u) + dRH(G1)(x)

]
+ 4|E(G1)||E(G2)|

Also, Consider the case where ux ∈ E(RH(G1)), u ∈ V (G1), x ∈ Ve(H)∑
v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

D

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

(
dRH(G1)(u) + dG2(v) + dRH(G1)(x)

)
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

(
dRH(G1)(u) + dRH(G1)(x)

)
+ 4|E(G1)||E(G2)||V (H)|

Now consider the sum∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (H)

D

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (H)

(
d(G1+RH

G2)(u, v) + d(G1+RH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (H)

dRH(G1)(u) + dRH(G1)(x)

From the expressions, we obtain

M1(G1 +RH
G2) = |V (G2)|M1(RH(G1)) + |V (G1)|M1(G2) + 8|E(G1)||E(G2)| (|V (H)|+ 1)
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Similarly,

M2(G1 +RH
G2) =

∑
(u,v)(x,y)∈E(G1+RH

G2)

(
dG1+RH

G2(u, v)dG1+RH
G2(x, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
dG1+RH

G2
(u, v)dG1+RH

G2
(u, y)

)
+

∑
v∈V (G2)

∑
ux∈E(RH(G1)

(
d(G1+RH

G2
(u, v)d(G1+RH

G2
(x, v)

)

Now we separately find the sums,

∑
u∈V (G1)

∑
vy∈E(G2)

(
dG1+RH

G2
(u, v)dG1+RH

G2
(u, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dRH(G1)(u) + dG2(v)

) (
dRH(G1)(u) + dG2

(y)
)]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
dRH(G1)(u)2 + dRH(G1)(u) (dG2

(v) + dG2
(y)) + dG2

(v)dG2
(y)
]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
(|V (H)|+ 1)

2
dG1

(u)2 + (|V (H)|+ 1) dG1
(u) (dG2

(v) + dG2
(y)) + dG2

(v)dG2
(y)
]

= |E(G2)| (|V (H)|+ 1)
2
M1(G1) + 2|E(G1)| (|V (H)|+ 1)M1(G2) + |V (G1)|M2(G2)

Let T =
(
d(G1+FH

G2)(u, v)d(G1+FH
G2)(x, v)

)
, Where FH = SH or RH or QH or TH .

We divide the following sum into three parts as∑
v∈V (G2)

∑
ux∈E(RH(G1))

T =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

T (5)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

T (6)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈Ve(H)

T (7)

Now we calculate the value of these three expressions separately∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

T

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

[(
dRH(G1)(u) + dG2(v)

) (
dRH(G1)(x) + dG2(v)

)]
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

[
dRH(G1)(u)dRH(G1)(x) + dG2(v)

(
dRH(G1)(u) + dRH(G1)(x)

)
+ dG2(v)2

]
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

dRH(G1)(u)dRH(G1)(x) + 2|E(G2)| (|V (H)|+ 1)M1(G1) + |E(G2)|M1(G2)
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Now,∑
v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

T

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

(
dRH(G1)(u) + dG2

(v)
)
dRH(G1)(x)

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

dRH(G1)(u)dRH(G1)(x) + 8|E(G2)| (|E(RH(G1))| − (|V (H)|+ 1)|E(G1)|)

Now consider the sum∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈Ve(H)

T =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈Ve(H)

dRH(G1)(u)dRH(G1)(x)

Now collecting all the previous terms, the value is

M2(G1 +RH
G2) = |V (G2)|M2(RH(G1)) + |V (G1)|M2(G2) + |E(G2)|

(
(|V (H)|+ 1)

2
+ 2(|V (H)|+ 1)

)
M1(G1)

+ |E(G1)| (2(|V (H)|+ 1) + 1)M1(G2) + 8|E(G2)| (|E(RH(G1))| − (|V (H)|+ 1)|E(G1)|)
�

Theorem 3. Let G1 and G2 be two connected graphs and H be any graph. Then

a. M1(G1+QH
G2) = |V (G2)|M1(QH(G1))+|V (G1)|M1(G2)+8|E(G1)||E(G2)||V (H)|

b. M2(G1+QH
G2) = |V (G2)|M2(QH(G1))+|V (G1)|M2(G2)+|E(G2)||V (H)|2M1(G1)+

2|E(G1)||V (H)|M1(G2) + 8|E(G2)| (|E(QH(G1))| − |E(G1)||V (H)|)

Proof. Using the definition,

M1(G1 +QH
G2) =

∑
(u,v)∈V (G1+SH

G2)

d2(G1+QH
G2)

(u, v)

=
∑

(u,v)(x,y)∈E(G1+QH
G2)

(
d(G1+QH

G2)(u, v) + d(G1+QH
G2)(x, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+QH

G2)(u, v) + d(G1+QH
G2)(u, y)

)
+

∑
v∈V (G2)

∑
ux∈E(QH(G1))

(
d(G1+QH

G2)(u, v) + d(G1+QH
G2)(x, v)

)
Now we find the values of the each part in the sum separately. First we consider
the sum in which u ∈ V (G1) and vy ∈ E(G2).∑

u∈V (G1)

∑
vy∈E(G2)

(
d(G1+QH

G2)(u, v) + d(G1+QH
G2)(u, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dQH(G1)(u) + dG2

(v)
)

+
(
dQH(G1)(u) + dG2

(y)
)]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
2dQH(G1)(u) + dG2

(v) + dG2
(y)
]

=
∑

u∈V (G1)

[2|E(G2)||V (H)|dG1
(u) +M1(G2)]

= 4|E(G1)||E(G2)||V (H)|+ |V (G1)|M1(G2)
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For each edge ux ∈ E(QH(G1)) and the vertex v ∈ V (G2)

∑
v∈V (G2)

∑
ux∈E(QH(G1))

D =
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

D

+
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈V (H)

D

Now we separately find both the expressions. Consider the facts dQH(G1)(u) =
|V (H)|dG1

(u) for each u ∈ V (G1)

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

D

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

(
d(G1+QH

G2)(u, v) + d(G1+QH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

(
dQH(G1)(u) + dG2

(v)
)

+ dQH(G1)(x)

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

|V (H)|dG1
(u) + dG2

(v) + dQH(G1)(x)

=
∑

v∈V (G2)

(|V (H)|)2M1(G1) + 2|E(G1)||V (H)|dG2
(v) +

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(x)

= (|V (H)|)2M1(G1)|V (G2)|+ 4|E(G1)||E(G2)||V (H)|+
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(x)

Now, we find the value of the last expression

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(x)

=
∑

v∈V (G2)

2

 ∑
u∈V (QH(G1))

dQH(G1)(u)−
∑

u∈V (QH(G1))∩V (G1)

dQH(G1)(u)


=

∑
v∈V (G2)

2

2|E(QH(G1))| −
∑

u∈V (G1)

|V (H)|dG1
(u)


= 4|V (G2)| (|E(QH(G1))| − |E(G1)||V (H)|)

Thus,

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

D

= (|V (H)|)2M1(G1)|V (G2)|+ 4|E(G1)||E(G2)||V (H)|+ 4|V (G2)| (|E(QH(G1))| − |E(G1)||V (H)|)
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Then again,∑
v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈V (H)

D =
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈V (H)

(
d(G1+QH

G2)(u, v) + d(G1+QH
G2)(x, v)

)
=

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈V (H)

(
dQH(G1)(u) + dQH(G1)(x)

)

=
∑

v∈V (G2)

 ∑
ux∈E(QH(G1)),u,x∈V (H)

(
dQH(G1)(u) + dQH(G1)(x)

)
=

∑
v∈V (G2)

 ∑
ux∈E(QH(G1))

(
dQH(G1)(u) + dQH(G1)(x)

)
−

∑
ux∈E(QH(G1)),u∈V (G1),x∈V (H)

(
dQH(G1)(u) + dQH(G1)(x)

)
=

∑
v∈V (G2)

M1(QH(G1))− |V (H)|2
∑

u∈V (G1)

dG1
(u)2 − 2

∑
x∈V (H)

dQH(G1)(x)


=

∑
v∈V (G2)

M1(QH(G1))− |V (H)|2M1(G1)− 4 (|E(QH(G1))| − |E(G1)||V (H)|)

= |V (G2)|
(
M1(QH(G1))− |V (H)|2M1(G1)− 4|E(QH(G1))|+ 4|E(G1)||V (H)|

)
Thus we obtain

M1(G1 +QH
G2) = |V (G2)|M1(QH(G1)) + |V (G1)|M1(G2) + 8|E(G1)||E(G2)||V (H)|

Similarly,

M2(G1 +QH
G2) =

∑
(u,v)(x,y)∈E(G1+QH

G2)

(
d(G1+QH

G2)(u, v)d(G1+QH
G2)(x, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+QH

G2)(u, v)d(G1+QH
G2)(u, y)

)
+

∑
v∈V (G2)

∑
ux∈E(QH(G1))

(
d(G1+QH

G2)(u, v)d(G1+QH
G2)(x, v)

)
Now we find the values of each part in the sum.∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+QH

G2)(u, v)d(G1+QH
G2)(u, y)

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dQH(G1)(u) + dG2

(v)
) (
dQH(G1)(u) + dG2

(y)
)]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
dQH(G1)(u)2 + dQH(G1)(u) (dG2

(v) + dG2
(y)) + dG2

(v)dG2
(y)
]

= |E(G2)||V (H)|2M1(G1) + 2|E(G1)||V (H)|M1(G2) + |V (G1)|M2(G2)

Now,∑
v∈V (G2)

∑
ux∈E(RH(G1))

T =
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

T +
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈Ve(H)

T
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Now we separately find each expressions∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

T

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

(
dQH(G1)(u) + dG2

(v)
)
dQH(G1)(x)

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(u)dQH(G1)(x) + dG2
(v)dQH(G1)(x)

= 8|E(G2)| (|E(QH(G1))| − |E(G1)||V (H)|) +
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(u)dQH(G1)(x)

Then again,

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈Ve(H)

T =
∑

v∈V (G2)

 ∑
ux∈E(QH(G1)),u,x∈Ve(H)

(
dQH(G1)(u)dQH(G1)(x)

)
Thus we obtain,

M2(G1 +QH
G2) = |V (G2)|M2(QH(G1)) + |V (G1)|M2(G2) + |E(G2)||V (H)|2M1(G1) + 2|E(G1)||V (H)|M1(G2)

+ 8|E(G2)| (|E(QH(G1))| − |E(G1)||V (H)|)

�

The following theorem is a consequence of Theorem 2 and 3.

Theorem 4. Let G1 and G2 be two connected graphs and H be any graph. Then

a. M1(G1+TH
G2) = |V (G2)|M1(TH(G1))+|V (G1)|M1(G2)+8|E(G1)||E(G2)| (|V (H)|+ 1)

b. M2(G1 +TH
G2) = |V (G2)|M2(TH(G1)) + |V (G1)|M2(G2)

+ |E(G2)|
(
(|V (H)|+ 1)2 + 2(|V (H)|+ 1)

)
M1(G1)

+|E(G1)| (2(|V (H)|+ 1) + 1)M1(G2)+8|E(G2)| (|E(TH(G1))| − (|V (H)|+ 1)|E(G1)|)

Illustration 1. When G1 = Pn, G2 = Pm H = Pr, n,m, r > 3, using the theorem,
we easily obtain the following results

(1) M1(Pn +SPr
Pm) = 4r2mn− 6r2m+ 24rmn− 10mn− 24mr− 8nr+ 14m−

6n+ 8r
(2) M2(Pn+SPr

Pm) = 20r2mn−30r2m+4r2n+32rmn+6r2−28mn−28mr−
28nr + 32m+ 28r − 8

(3) M1(Pn+RPr
Pm) = 4r2mn−6r2m+32rmn+2mn−36mr−8nr−14n+8r+8

(4) M2(Pn +RPr
Pm) = 24r2mn−38r2m−4r2n+72rmn+6r2−8mn−92mr−

44nr + 6m− 30n+ 52r + 28
(5) M1(Pn +QPr

Pm) = 4r3mn+ 20r2mn− 10r3m− 38r2m+ 16rmn− 10mn−
8mr − 8nr + 14mn− 6n+ 8r

(6) M2(Pn+QPr
Pm) = 4r4mn+28r3mn+48r2mn−12r4m−68r3m−80r2m−

12r2n− 4rmn+ 22r2 + 52rm− 28nr − 24mn+ 24m+ 20r − 8
(7) M1(Pn +TPr

Pm) = 4r3mn+ 20r2mn− 10r3m− 38r2m+ 24mnr− 20mr+
2mn− 8nr − 14n+ 8r + 8

(8) M2(Pn+TPr
Pm) = 4r4mn+28r3mn+60r2mn−12r4m−68r3m−106r2m−

12r2n+ 36rmn+ 22r2 − 32mr − 32nr − 4mn− 2m− 30n+ 52r + 28
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4. Forgotten index of the generalised cartesian F sum

In this section we derive the expression for the Forgotten index or F index of the
generalised F sums of graphs in terms of the F index of the factor graphs.

Theorem 5. Let G1 and G2 be two connected graphs and H be any graph. Then

F (G1 +SH
G2) = |V (G2)|F (SH(G1)) + |V (G1)|F (G2) + 6|E(G2)||V (H)|2M1(G1)

+ 6|E(G1)||V (H)|M1(G2)

Proof. From the definition of F index, we have

F (G1 +SH
G2) =

∑
(u,v)∈V (G1+SH

G2)

d3(G1+SH
G2)

(u, v)

=
∑

(u,v)(x,y)∈E(G1+SH
G2)

(
d(G1+SH

G2)(u, v)2 + d(G1+SH
G2)(x, y)2

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+SH

G2)(u, v)2 + d(G1+SH
G2)(u, y)2

)
+

∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v)2 + d(G1+SH
G2)(x, v)2

)

Now we find the values of the each part in the sum separately. First we consider
the sum in which u ∈ V (G1) and vy ∈ E(G2).

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+SH

G2)(u, v)2 + d(G1+SH
G2)(u, y)2

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dSH(G1)(u) + dG2(v)

)2
+
(
dSH(G1)(u) + dG2(y)

)2]
=

∑
u∈V (G1)

∑
vy∈E(G2)

[
2dSH(G1)(u)2 + dG2(v)2 + dG2(y)2 + 2dSH(G1)(u) (dG2(v) + dG2(y))

]
=

∑
u∈V (G1)

[
2|E(G2)||V (H)|2dG1(u)2 + F (G2) + 2|V (H)|dG1(u)M1(G2)

]
= 2|E(G2)||V (H)|2M1(G1) + |V (G1)|F (G2) + 4|E(G1)||V (H)|M1(G2)
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Now for each edge ux ∈ E(SH(G1)), v ∈ V (G2).

∑
v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v)2 + d(G1+SH
G2)(x, v)2

)
=

∑
v∈V (G2)

∑
ux∈E(SH(G1))u∈V (G1),x∈Ve(H)

[(
dSH(G1)(u) + dG2

(v)
)2

+ dSH(G1)(x)2
]

+
∑

v∈V (G2)

∑
ux∈E(SH(G1))u,x∈Ve(H)

[
dSH(G1)(u)2 + dSH(G1)(x)2

]
=

∑
v∈V (G2)

∑
ux∈E(SH(G1))

[
dSH(G1)(u)2 + dG2

(v)2 + dSH(G1)(x)2 + 2dSH(G1)(u)(dG2
(v)
]

+
∑

v∈V (G2)

∑
ux∈E(SH(G1))u,x∈Ve(H)

[
dSH(G1)(u)2 + dSH(G1)(x)2

]
=

∑
v∈V (G2)

[
2|E(G1)||V (H)|dG2

(v)2 + F (SH(G1)) + 2|V (H)|2|M1(G1)dG2
(v)
]

= 2|E(G1)||V (H)|M1(G2) + |V (G2)|F (SH(G1)) + 4|V (H)|2|E(G2)|M1(G1)

From the expressions, we obtain

F (G1 +SH
G2) =|V (G2)|F (SH(G1)) + |V (G1)|F (G2) + 6|E(G2)||V (H)|2M1(G1) + 6|E(G1)||V (H)|M1(G2)

�

Theorem 6. Let G1 and G2 be two connected graphs and H be any graph. Then

F (G1 +RH
G2) = |V (G2)|F (RH(G1)) + |V (G1)|F (G2) + 6|E(G2)|

(
(|V (H)|+ 1)

2
)
M1(G1)

+ 6|E(G1)| (|V (H)|+ 1)M1(G2)

Proof. From the definition of F index, we have

F (G1 +RH
G2) =

∑
(u,v)∈V (G1+RH

G2)

d3(G1+RH
G2)

(u, v)

=
∑

u∈V (G1)

∑
vy∈E(G2)

(
d(G1+RH

G2)(u, v)2 + d(G1+RH
G2)(u, y)2

)
+

∑
v∈V (G2)

∑
ux∈E(RH(G1)

(
d(G1+RH

G2)(u, v)2 + d(G1+RH
G2)(x, v)2

)
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Now we find the values of the each part in the sum. First we consider the sum in
which u ∈ V (G1) and vy ∈ E(G2), We also use dRH(G1)(u) = (|V (H)|+ 1) dG1(u)∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+RH

G2)(u, v)2 + d(G1+RH
G2)(u, y)2

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dRH(G1)(u) + dG2(v)

)2
+
(
dRH(G1)(u) + dG2(y)

)2]
=

∑
u∈V (G1)

∑
vy∈E(G2)

[
dRH(G1)(u)2 + dG2(v)2 + +dRH(G1)(u)2 + dG2(y)2 + 2dRH(G1)(u) (dG2(v) + dG2(y))

]
=

∑
u∈V (G1)

∑
vy∈E(G2)

[
2 ((|V (H)|+ 1) dG1(u))

2
+ dG2(v)2 + +dG2(y)2 + 2 ((|V (H)|+ 1) dG1(u)) (dG2(v) + dG2(y))

]
=

∑
u∈V (G1)

[
2|E(G2)| (|V (H)|+ 1)

2
dG1

(u)2 + F (G2) + 2 (|V (H)|+ 1) dG1
(u)M1(G2)

]
=
[
2|E(G2)| (|V (H)|+ 1)

2
M1(G1) + |V (G1)|F (G2) + 4|E(G1)| (|V (H)|+ 1)M1(G2)

]
Now for each edge ux ∈ E(RH(G1)), v ∈ V (G2). Consider the relation E(RH(G1)) =
(2|V (H)|+ |E(H)|) |E(G1)|+ |E(G1)|.∑

v∈V (G2)

∑
ux∈E(SH(G1))

(
d(G1+SH

G2)(u, v)2 + d(G1+SH
G2)(x, v)2

)
(8)

LetD1 =
(
d(G1+FH

G2)(u, v)2 + d(G1+FH
G2)(x, v)2

)
. Where FH = SH , RH , QH , TH .

We divide the following sum into three parts as∑
v∈V (G2)

∑
ux∈E(RH(G1))

D1 =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

D1 (9)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

D1 (10)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (H)

D1 (11)

Now we calculate the value for three expressions separately∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

D1 =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (G1)

(
d(G1+RH

G2)(u, v)2 + d(G1+RH
G2)(x, v)2

)
=

∑
v∈V (G2)

∑
ux∈E(G1)

[(
dRH(G1)(u) + dG2

(v)
)2

+
(
dRH(G1)(x) + dG2

(v)
)2]

=
∑

v∈V (G2)

∑
ux∈E(G1)

[
dRH(G1)(u)2 + 2dG2

(v)2 + dRH(G1)(x)2 + 2dG2
(v)
(
dRH(G1)(u) + dRH(G1)(x)

)]
=

∑
v∈V (G2)

∑
ux∈E(G1)

dRH(G1)(u)2 + dRH(G1)(x)2 + 2dG2
(v)2 + 2dG2

(v) (|V (H) + 1|) (dG1
(u) + dG1

(x))

=
∑

v∈V (G2)

∑
ux∈E(G1)

(
dRH(G1)(u)2 + dRH(G1)(x)2

)
+ 2|E(G1)|M1(G2) + 4|E(G2)| (|V (H)|+ 1)M1(G1)
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Also, Consider the case where ux ∈ E(RH(G1)), u ∈ V (G1), x ∈ Ve(H)∑
v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

D1

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

(
d(G1+RH

G2)(u, v)2 + d(G1+RH
G2)(x, v)2

)
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

(
dRH(G1)(u) + dG2(v)

)2
+ dRH(G1)(x)2

=
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

dRH(G1)(u)2 + dRH(G1)(x)2 + dG2(v)2 + 2dRH(G1)(u)dG2(v)

= 2|E(G1)||V (H)|M1(G2) + 4|E(G2)| (|V (H)|+ 1) |V (H)|M1(G1)

+
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

dRH(G1)(u)2 + dRH(G1)(x)2

Now consider the sum∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈Ve(H)

D1 =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈Ve(H)

(
d(G1+RH

G2)(u, v)2 + d(G1+RH
G2)(x, v)2

)
=

∑
v∈V (G2)

∑
ux∈E(RH(G1)),u,x∈V (H)

dRH(G1)(u)2 + dRH(G1)(x)2

From the expressions, we obtain

F (G1 +RH
G2) = |V (G2)|F (RH(G1)) + |V (G1)|F (G2) + 6|E(G2)|

(
(|V (H)|+ 1)

2
)
M1(G1)

+ 6|E(G1)| (|V (H)|+ 1)M1(G2)

�

Theorem 7. Let G1 and G2 be two connected graphs and H be any graph. Then

F (G1 +QH
G2) = |V (G2)|F (QH(G1)) + |V (G1)|F (G2) +

(
4|E(G2)||V (H)|2 + 2|E(G2)|

)
M1(G1)

+ (4|E(G1)|+ 2|E(G1)||V (H)|)M1(G2)

Proof. Using the definition of F index and generalised F sum,

F (G1 +QH
G2) =

∑
(u,v)∈V (G1+SH

G2)

d3(G1+QH
G2)

(u, v)

=
∑

(u,v)(x,y)∈E(G1+QH
G2)

(
d(G1+QH

G2)(u, v)2 + d(G1+QH
G2)(x, y)2

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+QH

G2)(u, v)2 + d(G1+QH
G2)(u, y)2

)
+

∑
v∈V (G2)

∑
ux∈E(QH(G1))

(
d(G1+QH

G2)(u, v)2 + d(G1+QH
G2)(x, v)2

)



EJMAA-2021/9(1) SOME DEGREE BASED TOPOLOGICAL INDICES 107

Now we find the values of the each part in the sum separately . First we consider
the sum in which u ∈ V (G1) and vy ∈ E(G2).

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+QH

G2)(u, v)2 + d(G1+QH
G2)(u, y)2

)
=

∑
u∈V (G1)

∑
vy∈E(G2)

[(
dQH(G1)(u) + dG2

(v)
)2

+
(
dQH(G1)(u) + dG2

(y)
)2]

=
∑

u∈V (G1)

∑
vy∈E(G2)

[
2dQH(G1)(u)2 + dG2

(v)2 + dG2
(y)2 + 2dQH(G1)(u) (dG2

(v) + dG2
(y))

]
=

∑
u∈V (G1)

[
2|E(G2)||V (H)|2dG1

(u)2 + F (G2) + 2|V (H)|dG1
(u)M1(G2)

]
=
[
2|E(G2)||V (H)|2M1(G1) + |V (G1)|F (G2) + 4|E(G1)||V (H)|M1(G2)

]

For each edge ux ∈ E(QH(G1)) and the vertex v ∈ V (G2)

∑
v∈V (G2)

∑
ux∈E(QH(G1))

D1 =
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

D1

+
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈Ve(H)

D1

Now we separately find each expressions,

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

D1

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

(
d(G1+QH

G2)(u, v)2 + d(G1+QH
G2)(x, v)2

)
=

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

(
dQH(G1)(u) + dG2

(v)
)2

+ dQH(G1)(x)2

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(u)2 + dG2(v)2 + 2dQH(G1)(u)dG2
(v) + dQH(G1)(x)2

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(u)2 + dQH(G1)(x)2 + dG2
(v)2 + 2|V (H)|dG1

(u)dG2
(v)

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u∈V (G1),x∈Ve(H)

dQH(G1)(u)2 + dQH(G1)(x)2

+ 2|E(G1)||V (H)|M1(G2) + 4|E(G2)||V (H)|2M1(G1)
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Now, we find the value of the last expression∑
v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈Ve(H)

D1

=
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈Ve(H)

(
d(G1+QH

G2)(u, v)2 + d(G1+QH
G2)(x, v)2

)
=

∑
v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈Ve(H)

(
dQH(G1)(u)2 + dQH(G1)(x)2

)

=
∑

v∈V (G2)

 ∑
ux∈E(QH(G1)),u,x∈V (H)

(
dQH(G1)(u)2 + dQH(G1)(x)2

)
Thus we obtain

F (G1 +QH
G2) = |V (G2)|F (QH(G1)) + |V (G1)|F (G2) +

(
6|E(G2)||V (H)|2

)
M1(G1)

+ (6|E(G1)||V (H)|)M1(G2)

�

Theorem 8. Let G1 and G2 be two connected graphs and H be any graph. Then

F (G1 +TH
G2) = |V (G2)|F (TH(G1)) + |V (G1)|F (G2) + 6|E(G2)|

(
(|V (H)|+ 1)

2
)
M1(G1)

+ 6|E(G1)| (|V (H)|+ 1)M1(G2)

Proof. For each vertex (u, v) ∈ V (G1 +TH
G2) where u ∈ V (G1) and v ∈ V (G2),

dG1+TH
G2

(u, v) = dG1+RH
G2

(u, v) and For each vertex (u, v) ∈ V (G1+TH
G2) where

u ∈ V (TH(G1)/V (G1) and v ∈ V (G2), dG1+TH
G2(u, v) = dG1+QH

G2(u, v)

∑
u∈V (G1)

∑
vy∈E(G2)

(
d(G1+TH

G2)(u, v)2 + d(G1+TH
G2)(u, y)2

)
=
[
2|E(G2)| (|V (H)|+ 1)

2
M1(G1) + |V (G1)|F (G2) + 4|E(G1)| (|V (H)|+ 1)M1(G2)

]
For each edge ux ∈ E(TH(G1)) and the vertex v ∈ V (G2)∑

v∈V (G2)

∑
ux∈E(TH(G1))

D1 =
∑

v∈V (G2)

∑
ux∈E(TH(G1)),u,x∈V (G1)

D1

+
∑

v∈V (G2)

∑
ux∈E(TH(G1)),u∈V (G1),x∈Ve(H)

D1

+
∑

v∈V (G2)

∑
ux∈E(TH(G1)),u,x∈Ve(H)

D1

By proceeding like theorem 2 we get,∑
v∈V (G2)

∑
ux∈E(TH(G1)),u,x∈V (G1)

D1 =
∑

v∈V (G2)

∑
ux∈E(QH(G1)),u,x∈V (G1)

dTH(G1)(u)2 + dTH(G1)(x)2

+ 2|E(G1)|M1(G2) + 4|E(G2)|(|V (H)|+ 1)M1(G1)
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Similarly,∑
v∈V (G2)

∑
ux∈E(TH(G1)),u∈V (G1),x∈Ve(H)

D1 =
∑

v∈V (G2)

∑
ux∈E(RH(G1)),u∈V (G1),x∈Ve(H)

dTH(G1)(u)2 + dTH(G1)(x)2

+ 2|E(G1)||V (H)|M1(G2) + 4|E(G2)| (|V (H)|+ 1)M1(G1)∑
v∈V (G2)

∑
ux∈E(TH(G1)),u∈u,x∈Ve(H)

D1 = dTH(G1)(u)2 + dTH(G1)(x)2

Now collecting all of them we get,∑
v∈V (G2)

∑
ux∈E(TH(G1))

D1 = |V (G2)|F (TH(G1)) + 4|E(G2)|(|V (H)|+ 1)M1(G1)

+ 2|E(G1)|(|V (H)|+ 1)M1(G2) + 8|E(G1)||E(G2)| (|V (H)|+ 1)

Thus,

F (G1 +TH
G2) = |V (G2)|F (TH(G1)) + |V (G1)|F (G2) + 6|E(G2)|

(
(|V (H)|+ 1)

2
)
M1(G1)

+ 6|E(G1)| (|V (H)|+ 1)M1(G2)

�

Illustration 2. Let Pn be a path of n vertices, Let H = Pr n,m, r ≥ 4

• F (Pn +SH
Pm) = 8mnr3 + 24mnr2 + 88mnr − 66mn− 14mr3 − 36mr2 −

88mr + 74m− 24nr2 − 36nr − 14n+ 36r2 + 36r
• F (Pn +RH

Pm) = 8mnr3 + 48mnr2 + 160mnr− 10mn− 14mr3 − 78mr2 −
202mr − 24nr2 − 84nr − 74n+ 36r2 + 108r + 72
• F (Pn +QH

Pm) = 8mnr4 + 56mnr3 + 96mnr2 + 4mnr − 66mn− 22mr4 −
134mr3 − 168mr2 + 80mr + 74m− 24nr2 − 36nr − 14n+ 36r2 + 36r

• F (Pn +TH
Pm) = 8mnr4 + 56mnr3 + 120mnr2 + 76mnr− 10mn− 22mr4−

134mr3 − 210mr2 − 34mr − 24nr2 − 84nr − 74n+ 36r2 + 108r + 72

Illustration 3. Let Cn be a cycle of n vertices , Let H = Pr n,m, r ≥ 4

• F (Cn +SH
Pm) = 8mnr3 + 24mnr2 + 88mnr− 66mn− 24nr2− 36nr− 14n

• F (Cn +RH
Pm) = 8mnr3 +48mnr2 +160mnr−10mn−24nr2−84nr−74n

• F (Cn +QH
Pm) = 8mnr4 + 56mnr3 + 96mnr2 + 4mnr − 66mn− 24nr2 −

36nr − 14n
• F (Cn +TH

Pm) = 8mnr4 + 56mnr3 + 120mnr2 + 76mnr− 10mn− 24nr2−
84nr − 74n

Illustration 4. Let Cn be a cycle of n vertices, Let H = Pr, n,m, r ≥ 4

• F (Cn +SH
Cm) = 8mnr3 + 24mnr2 + 88mnr − 66mn

• F (Cn +RH
Cm) = 8mnr3 + 48mnr2 + 160mnr − 10mn

• F (Cn +QH
Cm) = 8mnr4 + 56mnr3 + 96mnr2 + 4mnr − 66mn

• F (Cn +TH
Cm) = 8mnr4 + 56mnr3 + 120mnr2 + 76mnr − 10mn

Illustration 5. Let Pn be a path of n vertices, Let H = Cr, n,m, r ≥ 4

• F (Pn +SH
Pm) = 8mnr3 + 24mnr2 + 88mnr + 8mn − 14mr3 − 36mr2 −

88mr − 24nr2 − 36nr − 14n+ 36r2 + 36r
• F (Pn +RH

Pm) = 8mnr3 + 48mnr2 + 160mnr+ 64mn− 14mr3 − 78mr2 −
202mr − 74m− 24nr2 − 84nr − 74n+ 36r2 + 108r + 72
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• F (Pn+QH
Pm) = 16mnr4+104mnr3+216mnr2+152mnr+8mn−46mr4−

278mr3 − 516mr2 − 280mr − 24nr2 − 36nr − 14n+ 36r2 + 36r
• F (Pn+TH

Pm) = 16mnr4+104mnr3+240mnr2+224mnr+64mn−48mr4−
278mr3− 558mr2− 394mr− 74m− 24nr2− 84nr− 74n+ 36r2 + 108r+ 72

Illustration 6. Let Cn be a cycle with n vertices, Let H = Cr, n,m, r ≥ 4

• F (Cn+SH
Pm) = 8mnr3+24mnr2+88mnr+8mn−64mr−24nr2−36nr−

14n
• F (Cn +RH

Pm) = 8mnr3 + 48mnr2 + 160mnr + 64mn − 64mr − 24nr2 −
84nr − 74n
• F (Cn +QH

Pm) = 8mnr4 + 56mnr3 + 120mnr2 + 88mnr − 8mn− 8mr4 −
48mr3 − 96mr2 − 96mr − 24nr2 − 36nr − 14n
• F (Cn +TH

Pm) = 8mnr4 + 56mnr3 + 144mnr2 + 160mnr+ 64mn−8mr4−
48mr3 − 96mr2 − 64mr − 24nr2 − 84nr − 74n

Illustration 7. Let Cn be a cycle with n vertices, Let H = Cr, n,m, r ≥ 4

• F (Cn +SH
Cm) = 8mnr3 + 24mnr2 + 88mnr + 8mn− 64mr

• F (Cn +RH
Cm) = 8mnr3 + 48mnr2 + 160mnr + 64mn− 64mr

• F (Cn +QH
Cm) = 8mnr4 + 56mnr3 + 120mnr2 + 88mnr− 8mn− 8mr4 −

48mr3 − 96mr2 − 96mr
• F (Cn +TH

Cm) = 8mnr4 + 56mnr3 + 144mnr2 + 160mnr+ 64mn−8mr4−
48mr3 − 96mr2 − 64mr

5. Summary and Conclusion

The F sum was introduced by M. Eliasi, B. Taeri in [2] and the first and sec-
ond Zagreb indices of F sums were computed by Hanyuan Deng, D. Sarala, S. K.
Ayyaswamy, S. Balachandran in [4] and the Forgotten index of F sum was com-
puted by Shehnaz Akhter,Muhammad Imran in [10]. We have extended this F sum
to a generalised F sum and found the first,second Zagreb indices and Forgotten
index of this F sum. These sums can be defined in terms of strong product, lexi-
cographic product, tensor product and other topological indices can be computed
in the case of such generalised F sums which we hope that a prosperous area of
further research.
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