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COMMON COUPLED FIXED POINTS OF GENERALIZED
CONTRACTION MAPS IN --METRIC SPACES

N. SIVA PRASAD, D. RATNA BABU AND V. AMARENDRA BABU

ABSTRACT. In this paper, we introduce generalized contraction condition for
two pairs (F, f) and (G, g) of maps F;,G: X x X — X, f,g: X — X where X
is a b-metric space and prove the existence and uniqueness of common coupled
fixed points of these two pairs under the assumptions that these pairs are w-
compatible and satisfying generalized contraction condition by restricting the
completeness of X to its subspace. We draw some corollaries from our main
results and provide examples in support of our results.

1. INTRODUCTION

The main idea of b-metric was initiated from the works of Bourbaki [§] and
Bakhtin [4]. The concept of b-metric space or metric type space was introduced by
Czerwik [9] as a generalization of metric space. Afterwards, many authors studied
fixed point theorems for single-valued and multi-valued mappings in b-metric spaces,
for more information we refer [3}, 6} [7, 10, (14 15 [19].

In 2006, Bhaskar and Lakshmikantham [5] introduced the notion of coupled fixed
point and established the existence of coupled fixed points for mixed monotone map-
pings in ordered metric spaces. Later, Lakshmikantham and Ciri¢ [16] introduced
the notion of coupled coincidence points of mappings in two variables. Afterwards,
many authors studied coupled fixed point theorems, we refer [I1] 16}, 17, 20} 21].
Definition 1.1.[9] Let X be a non-empty set. A function d : X x X — [0,00) is
said to be a b-metric if the following conditions are satisfied: for any z,y,z € X

(i) 0 < d(z,y) and d(z,y) = 0 if and only if x =y,
(i) d(z,y) = d(y, z),
(iil) there exists s > 1 such that d(z, z) < s[d(x,y) + d(y, 2)].

In this case, the pair (X, d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric
space is not a metric space.

Definition 1.2. [7] Let (X, d) be a b-metric space.
(i) A sequence {z,} in X is called b-convergent if there exists x € X such that
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d(zp,x) — 0 as n — oo. In this case, we write lim z, = x and z is unique.
n— oo

(i) A sequence {z,} in X is called b-Cauchy if d(z,,,x,,) — 0 as n,m — cc.

(iil) A b-metric space (X, d) is said to be a complete b-metric space if every b-Cauchy
sequence in X is b-convergent in X.

(iv) A set B C X is said to be b-closed if for any sequence {x,} in B such that
{zn} is b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.
In this paper, we denote RT = [0,00) and N is the set of all natural numbers.

Example 1.3. [I3] Let X = NU {co}. We define a mapping d : X x X — [0, 00)

as follows:

0 if m =n,
L _ 11 if one of m,n is even and the other is even or oo,
d(m,n) = m _onl . .
’ 5 if one of m,n is odd and the other is odd or oo,
2 otherwise.

Then (X, d) is a b-metric space with coefficient s = 2.

Definition 1.4. [5] Let X be a nonempty set and F : X x X — X be a mapping.
Then we say that an element (z,y) € X x X is a coupled fixed point, if F(z,y) =
and F(y,z) = y.
Definition 1.5. [I6] Let X be a nonempty set. Let FF: XxX — X andg: X — X
be two mappings. An element (x,y) € X x X ia called
(i) a coupled coincidence point of the mappings F' and g if F(z,y) = gz and

F(y,z) = gy;
(ii) a common coupled fixed point of mappings F' and ¢ if F(x,y) = gr = = and

F(y,z) =gy =vy.

In 2010, Abbas, Khan and Radenovic [I] introduced the concept of w-compatible
mappings as follows.
Definition 1.6. [I] Let X be a non-empty set. We say that the mappings
F:XxX — X andg: X — X are w-compatible if gF(x,y) = F(gx, gy) whenever
gz = F(z,y) and gy = F(x,y).
The following lemmas are useful in proving our main results.
Lemma 1.7. [2] Let (X,d) be a b-metric space with coefficient s > 1. Suppose
that {z,} and {y,} are b-convergent to = and y respectively, then we have
Ld(z,y) <liminf d(zy,, y,) < limsup d(z,,y,) < s%d(z,y).
n—00 n—oo0

In particular, if © = y, then we have lim d(x,,y,) = 0. Moreover for each z € X
n—oo

we have
%d(w, z) < liminf d(z,, z) < limsupd(z,, z) < sd(z, z).
n—00 s

Lemma 1.8. [I2] Let (X, d) be a b-metric space with coefficient s > 1and T': X —
X be a selfmap. Suppose that {x,} is a sequence in X induced by 41 = Tz,
such that d(zn, Tnt1) < Ad(Tn—1,2,) for all n € N, where A € [0,1) is a constant.
Then {x,} is a b-Cauchy sequence in X.

In 1994, Matthews [I8] introduced the notion of a partial metric in which the
concept of self distance need not be equal to zero.
Definition 1.9. [I8] Let X be a nonempty set. A mapping p : X x X — RT is
said to be a partial metric, if it satisfies the following conditions:
For any z,y,z € X

(PL) x =y & p(z,z) =p(z,y) = p(Y, ),

(P2) p(z,z) < p(z,y), p(y,y) < p(z,y),
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(P3) p(z,y) = p(y, ),

(P4) p(z,y) < p(x,2) + p(2,y) — p(z, 2).
The pair (X, p) is called a partial metric space.

Recently, Gu and Shatanawi [I1] proved the following theorem in the setting of
partial metric spaces.
Theorem 1.10. [II] Let (X,p) be a partial metric space. Let F,G : X x X —
X, f,g: X — X be four mappings. Suppose that there exist k1, k2, k3, k4 and k5 in
[0,1) with k1 + ko + k3 + 2k4 4+ 2k5 < 1 such that
p(P(2,9), Glu,0)) + p(F(y,2), G(v,u)) < kalp(fe, gu) + p(fy, gv)]

+ k2[p(fx’ F(.’L‘, y)) + p(f:% F(y7 .’17))}
+ k3[p(gu7 G(u7 U)) + p( v, G(Ua u))]
+ ka[p(fz, G(u,v)) + p(fy, G(v, u))]
+ kslp(gu, F(z,y)) + p(gv, F(y, ©))]

for all z,y,u,v € X. Also, suppose the following hypotheses:
(1) F(X x X)Cg(X)and G(X x X) C f(X),

(7i) either f(X) or g(X) is a complete subspace of X,

(797) (F, f) and (G, g) are w-compatible.

Then F, G, f and g have a unique common coupled fixed point in X x X. Moreover,
the common coupled fixed point of F,G, f and ¢ has the form (u,v).

Motivated by the works of Gu and Shatanawi [I1] (Theorem 1.10) in Section 2,
we introduce generalized contraction condition for two pairs (F, f) and (G, g) of
maps F;G : X x X — X, f,g: X — X where X is a b-metric space and prove
the existence and uniqueness of common coupled fixed points of these two pairs
under the assumptions that these pairs are w-compatible and satisfying generalized
contraction condition by restricting the completeness of X to its subspace. We
draw some corollaries from our main results and provide examples in support of
our results in Section 3.

2. MAIN RESULTS

The following we introduce generalized contraction condition for two pairs (F, f)
and (G,g) of maps F,;G: X x X = X, f,¢g: X — X in b-metric spaces.
Definition 2.1. Let X be a b-metric space with coefficient s > 1 and F,G :
X xX — X, f g: X — X be four mappings. Suppose that there exists k € [0,1)
such that

s'[d(F (2, y), G(u,v)) + d(F(y, ), G(v,u))] < kM (z,y,u,v) (1)

for all x,y,u,v € X, where

M(z,y,u,v) = max{d(fz, gu) + d(fy, gv),d(fz, F(z,y)) + d(fy, F(y,x)),
d(gu, G(u,v)) + d(gv, G(v, u)), a(fz,G(u, v));rd(fy,G(v u)) d(gu, F(w7y))+d(gv F(y,w))}

In this case, we say that the maps F, G, f, g satisfy generahzed contractlon condition
on X.
Proposition 2.2. Let (X, d) be a b-metric space with coefficient s > 1 and F, G :
XxX — X,f,g: X — X be four mappings satisfy the generalized contraction
condition. Suppose that
(1) If F(X x X) C g(X) and the pair (G, g) is w-compatible, and if (u,v) is a
common coupled fixed point of F and f then (u,v) is a common coupled
fixed point of F, G, f and g and it is unique.
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(17) If G(X x X) C f(X) and the pair (F, f) is w-compatible, and if (u,v) is
a common coupled fixed point of G and ¢ then (u,v) is a common coupled
fixed point of F, G, f and g and it is unique.

Then F, G, f and g have a unique common coupled fixed point in X x X.

Proof. First, we assume that (i) holds. Let (u,v) be a common coupled fixed point
of F' and f.

Then F(u,v) = fu=wu and F(v,u) = fv =v.

Since F(X x X) C g(X), there exist a,b € X such that u = F(u,v) = ga and
v=F(v,u) = gb.

We now consider

{ std(u, G(a,b)) + d(v,G(b,a))] = s*[d(F(u,v), )G(a, b)) + d(F(v,u),G(b,a))]

<k M(u,v,a,b
(2)
M (u, 0,0, ) = max{d( fu, ga) + d(fv, gb), d(fu, F(u,0)) + d(fv, F(v, u)),
d(ga, G(CL7 b))+d(gb, G(b, CL)) d(fu,G(a,b))+d(fv,G(b, a)) d(ga,F(u,v))+d(gb,F(v,u)) }

= d(u, G(a,b)) + d(v, G(b,a)) 2

From the inequality , we have
s*[d(u, G(a,b)) + d(v, G(b,a))] < k [d(u, G(a,b)) + d(v,
d(u,G(a,b)) + d(v, G(

a contradiction.

Therefore u = G(a,b) = ga and v = G(b,a) = gb.

Since the pair (G, g) is w-compatible, we have

gu = g(G(a,b)) = G(ga, gb) = G(u,v) and gv = g(G(b,a)) = G(gb, ga) = G(v, u).
We now prove that gu = u and gv = v.

Suppose that gu # v and gv # v.

Now we consider

s d(u, gu)+d(v, gv)] = s*[d(F(u,v), G(u,v))+d(F(v,u),G(v,u))] < k M(u,v,u,v)
3)
where
M (u,v,u,v) = max{d(fu, gu) + d(fv, gv),d(fu, F(u,v)) + d(fv, F(v,u)),
d(gu, G(u, ’U))+d(g’t}, G(’U, U)), d(fu,G(u,v));;d(fv,G(v,u)) d(gu,F (u, v))2t4d(gv,F(v,u))}
= d(u, gu) + d(v, gv).
From , we have
std(u, gu) + d(v, gv)] < k[d(u, gu) + d(v, gv)] implies that
(s* — k)[d(u, gu) + d(v, gv)] < 0, which is a contradiction.
Therefore gu = v and gv = v and hence G(u,v) = gu = u and G(v,u) = gv = v.
Thus (u,v) is a common coupled fixed point of F, G, f and g.
Let (u/,v") be another common coupled fixed point of F,G, f and g
with (u,v) # (u/,0").
We now consider
std(u,u') + d(v,v")] = s*[d(F(u,v), G, v")) + d(F(v,u), G(v',u'))]
< kM (u,v,u',v")
= kmax{d(fu, gu')+d(fv, gv"), d(fu, P, 0))+d(fo, F(v,u),
d(gv', G ,v"))+d(gv’, G(v',u")), d(fu’c(“/’Ul));;d(f”’G(v/’ul)),

d(gu’ ,F(u, v))2+d(gv ,F(v,u)) }
= k[d(u,v') + d(v,v")] < d(u,u) + d(v, ),
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a contradiction.
Therefore u = v’ and v = v’.
Hence (u,v) is a unique coupled fixed point of F, G, f and g. (]

Lemma 2.3. Let (X, d) be a b-metric space with coefficient s > 1, F,G : X x X —
X, f,g : X - X be four mappings satisfy generalized contraction condition and
F(X x X) C g(X) and G(X x X) C f(X). For g € X and yo € X, there
exist sequences {x,} and {y,} in X such that F(zan,y2n) = gTont1 = 22n(say),
F(yan, Tan) = gY2n+1 = wan(say), G(Tant1,Y2nt1) = fTonta = 2zant1(say) and
G(Y2n+1,T2n+1) = [Yont2 = wapt1(say) for all n =0,1,2,.... Then the sequences
{zn} and {w,} are b-Cauchy in X.

Proof. Let zp € X and yg € X. Then there exist 1 € X and y; € X such that
F(x0,y0) = gx1 = 20(say) and F(yo,20) = gy1 = wo(say). In the same way, for
21 € X and y; € X, there exist z2 € X and yo € X such that G(z1,y1) = fzo =
z1(say) and G(y1,x1) = fy2 = wi(say). On continuing this way, we get,

F(Zon, Yon) = 9%ant+1 = 2on, F(Yon, Ton) = gY2n+1 = Wan,

G(@2n+1,Y2n+1) = fTont2 = 2ont1 and G(Yan+1, Tant1) = [Yant2 = Wan41, for all
n > 0.

We have the following two cases.

Case (i). h€[0,1) (s > 1).

If n is odd, then n = 2m + 1,m € N.

We now consider

84 [d(z%n-l-h 32m+2) + d(UJ2m+1, w2m+2)]
s d(F(v2mt2, Yam+2), G(T2mi1, Yamt1))
+d(F(Y2m+2, Tam+2), G(Y2m+1, Tam41)))
< EM (Z2m42, Y2m+25 T2mt15 Y2m+1)
(4)
where

M(z2m+2, Yom+2, Tam+1, Yom+1) = Max{d(fTom+2, 9Zam+1) + d(fY2m+2, GY2m+1),
d(fram2, F(Tomy2, Yom+2)) FA(fY2mr2, F(Yom+2, Tam+2)),

d(922m+1, G(Zam+1, Yam+1)) F+d(9Y2ms1, G (Y2m+1, T2ms1)),
d(from+2,G(T2m+1,Y2m+1 ))+d(fy2m+2 G (Y2m+1,T2m+1 ))

d(zna Zn-i—l) + d(w'ru wn—i—l) S

d(gz2m+1,F (T2m+2,Y2m +z))+d(gyzm +1,F (Y2m+2,22m+2)) }
2

s
= max{d(z2m+1, 22m) + d(Wam+1, Wam),
d(z2m+1, Zam42) + d(Wam1, Wam+2),

d(ZZm7 Z2m+1) + d(’LUQm, w2m+1)7
d(z2m+1,22m+1) +d(Wam+1,Wam+1)  d(22m,22m+2)+d(Wam,Wam+2) }
, 3

2s s
< max{d(zam+1, 22m) + A(Warm+1, Wom),
d(z2m+1, Zam42) + d(Wam41, Wam2)}-
If M(Z2m+t2, Yom+2: T2am+1, Y2m+1) = A(22m41, 22m+2) +d(Wom+1, Wam+2) then from
@), we get that
54[d(22m+17 Zom+2) + d(Wamt1, Wam+2)] < kld(Zam+1, 2om+2) + d(Womt1, Wam42)]
implies that
d(zom+1, 22m+2) + d(Wam41, Wam2) <0,
a contradiction.
Therefore, M(me-‘er Yom+25 L2m+1, y2m+1) = d(ZQm; 22m+1) + d(mev w2m+1)~
Hence from , we have
$*d(zamt1, zom+2) +d(Womt1, Wamt2)] < k[d(22m, 22m+1) +d(Wam, Warm1)] implies
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that

d(zom+1, Zam42) + d(Wam1, Wam2) < h[d(22m, 22m+1) + d(Wam, Wam+1)]  (5)

where h = s% <1.
On the similar lines, if n is even, it follows that

d(z2m+1, 22m42) + d(Wam+1, Wam+2) < hld(22m, 22m+1) + d(Wam, Wam41)]  (6)
From and @, it follows that

d(znv Zn-‘rl) + d(wna wn+1)

< h[d(zn—la Zn) + d(wn—17 w’ﬂ)]
d(Zn, Zn+1) + d(wn, wn+1) < h[d(
<

Zn—1; Zn) + d(wn—lv ’LUn)]
h? [d(2n—2, 2n—1) + d(Wp—2,wn—1)] (7)

< h[d(20, 21) + d(wo, w1)].

For each n,m € N with n > m and using , we obtain that
A(zmy 2n) +d(Wp, wy) < 8[d(Zm, 2m+1) FA(Zmt1, 2n) Fd( Wi, W 1) FA(Winp1, Wh)]
< sld(2m 2m+1) + (Wi, Wint1)]
+ Sz[d(zm-ﬁ-la Zmt2) + d(Zm+2, 2n) + (W1, Wint2)
+ d(w7n+27 wn)]
< s[d(zm, Zmr1)+A( W, Wi 1) +52[d(Zms 15 Zm2)FA (Wi g1, Wingo)]
+ 8°[d(2m12, 2me3) + (Wi 2, Wmis)] + ...+
s d(2 1, 20) + d(wn_1,wy))
< sh™[d(z0, 21) + d(wo, w1)] + s2h™ T d(20, 21) + d(wo, w1)]
+83h™2[d(20, 21)+d(wo, w1 )]+ . .A++s" LR d(20, 21)
+ d(wo, wy)]
sh™[1+sh+(sh)?+...4+ (sh)" ™ 1[d(20, 21) + d(wo, w1 )]
sh™[1 + sh + (sh)? + .. ][d(z0, 21) + d(wg, w1)]
ff?h [d(z0,21) + d(wo,w1)] = 0 as m — oo

which implies that lim d(zm,2,) =0 and lim d(wp,w,) =0.
m,n— 00 m,n— oo

Therefore {z,} and {w,} are b-Cauchy sequences in (X, d).
Case (ii). h € [1,1).
In this case, we have h™ — 0 as n — 00, so there exists ng € N such that A" < %

Al

Thus by Case (i), we have {zny, Zno+15 Zng+2s - - - » Zngtns - - - and

{Wng, Wngt1, Wng+2, - -, Wnotn, - - - are b-Cauchy sequences.

Therefore z, = {20, 21,22, - - - s Zng—1} U {Zng» Zno+1s Zno+2» - - - s Zngtn, - - -} and

Wy, = {Wo, W1, Way ..., Wno—1} U {Wng, Wngt1, Wng+2, - -+ s Wngtn,s - - -} are b-Cauchy
sequences in X. O

Theorem 2.4. Let (X,d) be a b-metric space with coefficient s > 1 and F,G :
XxX — X, f,g: X - X be four mappings satisfying generalized contraction
condition. Assume that
(1) F(X xX)Cyg(X)and G(X x X) C f(X),

(77) either f(X) or g(X) is a complete subspace of X,

(792) (F, f) and (G, g) are w-compatible.
Then F, G, f and g have a unique common coupled fixed point in X x X.
Proof. From (i), there exist sequences {z,}, {yn}, {zn} and {w,} in X such that

F(on,Yon) = gTon+1 = Zon, for alln >0
F(yan; Ton) = gYon+1 = Way, for all n >0
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G(®2n+1,Y2n+1) = fZant2 = 2ant1, forall n >0

G(Y2n+1:Tan+1) = fY2nt2 = Wany1, for all n > 0.

Assume that z, = 2,41 and w,, = w41 for some n = {0,1,2,...}.
Case (i): n even.

We write n = 2m,m € N.

Now we consider

d(zn41, Zng2) + d(Wnt1, Wnto) < sYd(22mi1, 2om2) + d(Wam41, Wom+2)]
= ' d(F (22m+2, Y2m+2), G(T2m 415 Y2m11))
+d(F(y2m+2, Tam+2), G(Y2m+1, Tam+1))]
< EM(22m42, Y2m+2> T2m+15 Y2m+1)
(8)

where

M(z2m+2, Yom+2, Tamt1, Yam+1) = Max{d(fTom+2, 9Zam+1) + d(fY2m+2, GY2m+1),
d(fram2, F(Tomy2, Yom+2)) FA(fY2mr2, F(Yom+2, Tam+2)),

d(922m+1, G(Tam+1, Yam+1)) +d(9Y2m+1, G (Y2m+1, T2m+1)),
d(fzam+2,G(@2m+1,Y2m+1))+d(fY2m+2,G(Y2m+1,T2m+1))

2s ?
d(grom+1,F(am+2,92m+2))+d(gy2m+1,F (Yam+2,C2m+2)) }
pl

2s
= max{d(2z2m+1, 22m) + A(W2m+1, W2m),
d(z2m+1, Zam+2) + d(Wam1, Wam+2),

d(22m;, 22m+1) + d(W2m, Wam11),
d(ZZm+1;z27n+1)+d(w27n+1aw27n+1) d(22m;z2nz+2)+d(w2nb7w27n+2)}

S
< max{O d(ZQm—Q—la22m+2)+d(w2m+17w2m+2) 0,0,
d(z2m+1, 22m+2)+d(w2m+1,w2m+2)}

25
= d(22m+1, Zam+2) + d(Wam+1, Wam+2)-
From , we have
s d(22m+1s 22mt2) + A(Wamt1, Womt2) < k[d(22m+1, 22mt2) +d(Wom+1, Wamt2)] im-
plies that
d(zam+1, 2om+2) + d(Wam 41, Womt2) < 0 which implies that zo,,4+1 = 2zom42 and
Wom+1 = W2m+-2-
Hence 22, = 22m+1 = Zom+2 and Wam = Wam41 = Wam—2-
In general, zo,, = 2om4k and woy, = Wom4r for k=0,1,2,.. ..
Case (ii): n odd.
We write n =2m + 1,m € N.
Now we consider

d(Znt1, Zng2) + d(Wnt1, Wnto) < $4d(22ms2, 22m+3) + d(Wamt2, Wom+3)]
= s d(F (22ms2, Y2m+2); G(T2m+3, Yamt3))
+d(F (Y2m+2: T2m+2), G(Y2m+35 T2m+3))]
S kM(x27rL+27 Yom+2, L2m+3, y27n+3)
9)

where

M (xom+2, Yom+2, Tam+3, Yo2m+3) = max{d(fTom+2, 9Tom+3) + A(fY2m+2; GY2m+3),
d(fram+2, F(T2m+2, Yom+2)) +d(fY2mr2, F(Y2m+2; Tam+2)),

gg$2m+3, G(22m+3, Yom+3))+d(gY2m+3, G(Y2m+3, Tam+3)),
(

d(framy2,G(T2m43, y2m+3))+d(fy2m+2 G(Y2m+3,T2m+3))
)

d gw27n+37F(aj2m+27y27n+2))+d(gy27n+37F(y2m+27$27n+2)) }
3

2s
= max{d(22m+1, 22m+2) + A(Wam+1, Wam+2),
d(zam+1, Zam+2) + d(Wam+1, Wam+2),
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d(2om+2, 22m+3) + d(Wamt2, Wam3),
d(22m+11z2m+3)+d(w2m+17w2m+3) d(z27n+2722n1+2)+d(w2n1+27w27n+2)}
252

< max{O 0, d(z2m+2;22m+3)+d(w2m+27w2m+3)
d(z2m+2 22m+3)+d(Wam 42, W2m+3) 0}
b)

= d(22m+2, Zam+3) + d(Wam+2, Wam+3)-
From (9)), we have
s*d(z2m+2s 22m43) + A(Wam+2, Wom+3) < k[d(zam+2, 22m+3) +d(Wom+2, Wamt3)] im-
plies that
d(z2m+2, 2om+3) + d(Wamt2, Wamys) < 0 which implies that zo;, 12 = zom+3 and
Wom+2 = W2m+3-
Hence zom+1 = 22m+2 = 22m+3 and Wopmy1 = Wamt2 = Wam+3-
In general, zom 1 = 2omtk and Wam41 = Wamk for £k =0,1,2,
From Case (i) and Case (ii), we have z,1r = z, and wy4r = w, for k=0,1,2,....
Therefore, {z, 1} and {w,x} are constant sequences and hence {2, } and {w, 1}
are Cauchy sequences.
Now we assume that z, # 2,41 and w, # wy41 for all n € N.
If nis odd, then n =2m +1,m € N.
We now consider

d(zn, 2n+1) + d(Wn, wht1) < s d(22m41, 22mt2) + A(W2mt1, Wamt2)]
= s"d(F (z2m+2, Y2m+2), G(T2my 15 Y2mi1))
+d(F(y2m+2, Tam+2), G(Y2m+1, Tam+1))]
< EM(22m42, Y2m+2> T2m+15 Y2m+1)
(10)
where
M(z2m+2, Yom+2, Tamt1, Yom+1) = Max{d(fTomt2, 9Zam+1) + d(fY2m+2, GY2m+1),
d(from+2, F(T2m12, Yomt2)) +d(fY2mr2, F(Y2m+2; Tam+2)),

d(922m+1, G(Tam+1, Yam+1)) F+d(9Y2ms1, G (Y2m+1, Tam+1)),
d(from+2,G(T2m+1,Y2m+1)) +d(fY2m+2,G(Y2m+1,T2m+1))

2s )
d(gz2m+1,F (T2m+2,92m+2))+d(gy2m+1,F (Y2m+2,L2m+2)) }
252

= max{d(2z2m+1, 22m) + A(W2m41, W2m),
d(z2m+1, Zam42) + d(Wam1, Wam+2),

d(22m7 Z2m+1) + d(w2ma w2m+1)7
d(z2m+1 1z2m+1)+d(w2m+17w2m+1) d(za2m,zam+2) +d(Wam, wWamt2) }
) 252

< max{d(zzmH, Zom) + d(Wam+1, Wam),

d(22m+1, 22m+2)Fd(Wam1, Wam42) }-
If M(22m2, Y2m+2> Tam+1, Y2mt1) = A(Z2m+1, Z2m+2) +d(W2m 41, Wam2) then from
(10), we get that
sMd(zamt1, 22m+42) + d(Wamt1, Wom+2)] < kld(22m41, 22m+2) + d(Wamt1, Wami2)]
implies that
d(22m+1, 22m+2) + d(Wam41, Wam42) <0,
a contradiction.
Therefore) M(x2m+27 Yom+25 L2m+1, y2m+1) = d(z2m; 22m+1) + d(w2m7 w2m+1)~
Hence from , we have
s*d(zamt1, 22m+2) +d(Womt1, Wamt2)] < k[d(22m, 22m+1) +d(Wam, Wam1)] implies
that

d(Zam+1, Zam+2) + A(Wamt1, Woam+2) < hld(2om, 22m+1) + d(Wam, Wam41)]  (11)
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where h = b% < 1.
On the similar lines, if n is even, it follows that

d(22m+1, Zom+2) + d(Wam+1, Wam+2) < h[d(22m, 2om+1) + d(Wam, wam41)]  (12)

From and , it follows that
d(zru Zn+1) + d(wn7 wnJrl) < h[d(znfly zn) + d(wnfh wn)]
< hQ[d(Zn—% Zn—l) + d<wn—27 wn—l)]

< h™[d(z0, z1) + d(wg, w1)] = 0 as n — 0.
Therefore lim d(z,, zp+1) =0 and lim d(z,, 2n+1) = 0.
n— oo n— o0

By Lemma 2.3, we have {z,} and {w,} are Cauchy sequences in b-metric space
(X,d). Therefore {zon+1} and {wa,+1} are Cauchy sequences in the subspace
(7(X). d).

Suppose that f(X) is complete. Since {zant1} C f(X) and {wan+1} C f(X), it
follows that the sequences {za,4+1} and {wa, 1} are convergent in (f(X),d).
Hence, there exist u,v € f(X) such that nh—>120 d(zon+1,u) = 0 and

lim d(wap41,v) = 0.

n—oo

Since u,v € f(X), there exist s,t € X such that u = fs and v = ft.
Since {z,} and {w,} are b-Cauchy sequences in X and {zo,41} — u

and {wan41} — v as n — oo, so that {29,} — u and {ws,} — v as n — oo.
Therefore lim d(za,,u) =0 and lim d(way,v) = 0.

n— oo n—00
By Lemma 1.7, we have

Ld(F(s,t),u) < lirginfd(F(s,t),ZQnH) < limsup d(F(s,t), zon+1) < s d(F(s,t),u)
n o0 n—oo
and

Ld(F(t,s),v) < hmmfd( (t,8), want1) < hmsupd( (t,8), want1) < sd(F(t,s),v).

We now prove that F(s,t) =u = fs and F(t s) =v = ft.
Suppose that F(s,t) # u # fs and F(t,s) #v # ft.
Now we consider

d(F(Sa t)7 22n+1) + d(F(t7 5)7 w2n+1) = d(F(S7 t)a G(IQn-&-la y2n+1))
+d(F(t’ s)» G(y2n+1a x2n+1))
< sHd(F(s,t), G(T2nt1, Yoani1))
+d(F(t, s), G(y2n+1, Tan+1))]
<k M(s,t,Ton41,Y2n+1)
(13)
where
M(57 tyTany1, an-‘rl) = max{d(fs, gx2n+1)+d(ft7 gy2n+1)7 d(fsv F(S7 t))+d(ftv F(ta S))7
d(gz2n+1, G(T2n+1, Yon+1)) +d(gy2nt1, G(Yan+1, Tant1)),
d(fs,G(®2n+1,Y2n+1))+d(f1, G(92n+17$2n+1)) d(grant1,F (s, t))+d(gy2n+1 F(t, 9))}

= max{d(qugn) + d(v, way), d(u F(s,t)) + d( F(t,s)),

d(u,22n+1)+d(v,wan
d(z2"’z2”+1) +d(w2n7w2n+1)7 (72 Jr1)25( . +1)7

d(z2n,F (S t))+d(w2n!F(t S))}
< max{d(u, za5) —|— d(v Wap ), d(u, F(s,t)) + d(v, F(t, s)),
(22, Z2041) + d(Wan, Wap 4 1), LeZ2net) A0 Wans1)

2s )

d(z2n,22n+1) +d(22n+1,F (5,t)) +d(wan, wont1)+d(wani1,F (t,5)) }
2s

On letting limit superior as n — 0o on M (s,t, Zon+1, Yant1), We get
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limsup M (s, t, T2n11, Y2n+1) < d(u, F'(s,t)) + d(v, F(t, 5)).
n—oo
On taking limit superior as n — oo in , we get

s*L[d(u, F(s,t)) + d(v, F(t,s))] < s* hrrzn—folip[d(F(S’ t), G(T2n+1, Y2n+1))

+d(F(t, ), G(Y2n+1, T2n+1))]
< k limsup M (s,t, Zant1, Y2n+1)
n—oo
< kld(u, F(s,t)) +d(v, F(t,s))]
< d(u, F(s,t)) +d(v, F(t,s))
which implies that (s — 1)[d(u, F(s,t)) + d(v, F(t, s))] < 0,
which is a contracdiction.
Therefore d(u, F(s,t)) + d(v, F(t,s)) = 0 implies that F(s,t) = u = fs and
F(t,s) =v = ft.
Hence (s, t) is a coincidence point of F' and f. Since the pair (F, f) is w-compatible,
we have
fu=f(F(s,t)) = F(fs, ft) = F(u,v) and fv = f(F(ts)) = F(ft, fs) = F(v,u).
We now prove that fu = u and fv = v. Suppose that fu # u and fv # v.
We now consider
s*ld(fu,u) +d(fv,v)] < s°[d(fu, zan+1) + d(fo,want1)] + °[d(22n41,u) + d(w2p41,0)]
= 5(84 [d(F(uv U)v G(x2n+17 anJrl)) + d(F(Uv U), G(y2n+17 x2n+1))])
+85[d(22n+1, U) + d(’LU2n+1, U)]
< sk M(u,v,Z2n41,Y2ns1) + 8°[d(22n41, u) + d(w2n41,0)]
(14)
where
M(uv U, T2n+1, y2n+1) = max{d(fu’ g$2n+1)+d(f1}, gy2n+l)7 d(f“? F(’U,, 1}))+d(f’U, F(U7 u)),
d(gr2n+1, G(Tan+1, Yan+1))+d(gy2n+1, G (Y2n+1; Tant1)),
d(fu,G(z2n+1, y2n+1))+d(fv G(y%+17$2n+1)) d(gzan+1,F (u, U))+d(gy2n+17F(U u)) }
)
)

= max{d(fu zon)+d(fv, 1U2n) d(fu, F(u, v))—l—d(fv F(v,u

d(Zan 22n+1)+d(w2n7 w2n+1)a d(fu Z2n+1);sd(fv w2n+1)v (Z2n fU)+d Wan Y }

On taking limit superior as n — oo, we get
lim sup M(“v Uy, X2n+1, y2n+1) < d(fua F(“v U)) + d(f’U, F(U7 U))

n—o0

On letting as n — oo in , we have

S[d( fu,u)+d(fv,0)] < K[ fu, F(u, v))+d(fv, F(o,u))] < d(fu, F(u, v)+d(fo, F(v, 0)),
a contradiction.

Therefore fu =u and fv =w.

Thus F(u,v) = fu=wu and F(v,u) = fv=w.

Hence (u,v) is a common coupled fixed point of F and f.

By Proposition 2.2, we have

(u,v) is a unique common coupled fixed point of F,G, f and g. O

Theorem 2.5. Let (X,d) be a b-metric space with coefficient s > 1. Let F,G :
XxX — X, f,g: X — X be four mappings. Suppose that there exist k1, ko, k3, k4
and ks in [0,1) with ky + ko + k3 + 2sk4 + 2sks < 1 such that

s'd(F(x,y), G(u,v)) + d(F(y,x),G(v,u))] < ki[d(f, gu) + d(fy, gv)]
+hold(fx, F(z,y)) + d(fy, F(y,z))]
+ks[d(gu, G(u,v)) + d(gv, G(v, u))]
+hald(fz, G(u,v)) +d(fy, G(v,u))]
—l—ks[d(gu,F(m,y)) + d(gvvF(wa))
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for all z,y,u,v € X. Also, suppose the following hypotheses:

(i) F(X x X) Cg(X)and G(X x X) C f(X),
(1) either f(X) or g(X) is a complete subspace of X,
(#it) (F, f) and (G, g) are w-compatible.

Then F,G, f and g have a unique common coupled fixed point in X x X.

Proof. We define the sequences {x, }, {yn}, {2z} and {w, } same as in Theorem 2.4.

Assume that z, = 2,41 and w;,, = w41 for some n = {0,1,2,...}.

Case (i): n even.

We write n = 2m, m € N.

Now we consider and using (15), we have

d(22m+1, 22m+2) + A(Wamt1, Wamt2) < s d(22m+1, 22m+2) + d(Womt1, Wom2)]
= s d(F(z2m+2, Yom+2), G(@2mt1, Y2m+1))

+ d(F(me-i-m x2m+2) G(y27n+17 x2m+1))]

< krd(frams2, 9T2m+1)+d(fY2m+2, GY2m+1)

)
+ k2d(fromi2, F(Zami2, Yamt2)) + d(fy2ma2, F(Y2mt2, T2mi2))
+ k3d(922m+1, G(T2m41, Yom+1)) + d(gy2m+1, G(Y2m41, T2m+1))
+ kad(frams2, G(T2m+1, Y2mt1)) + A(fy2mt2, G(Y2m+1, T2m+1))
+ ksd(922m+1, F(am42, Yom+2)) + d(gY2m+1, F (Y2m42, Tom+2)

= k1d(22m+1, 22m) + d(Wam+1, Wam)
+kod(22m41, Z2m+2) + A(Wom+1, Wam+2)
+ k3d(z2m, 22m41) + d(Wam, Wam41)
+ kad(22m+15 22m+1) + d(Wam41, Worm41)
+ ksd(22m, 2am+2) + d(Wam, Wapmt2)
< kod(22m+1, Zam+2) + d(Wam+1, Wam+2)
+sksd(z2m+1, 22m+2) Fd(W2m+1, Wam+2)
which implies that (1 — ko — sks)[d(22m+1, 22m+2) + d(Wam+1, Wamt2)] < 0 so that
29m+1 = Zam+2 and Womi1 = Womi2.
Hence zom = 2om+1 = 22m+2 and Wam = Wam41 = Wam42-
In general, zo,, = zom4k and woy, = W4k for k=0,1,2,....
Case (ii): n odd.
We write n = 2m + 1, m € N. Now we consider
d(22m+2, 22m+3) + A(Wamt2, Wamt3) < $*[d(22m+2, 22m+3) + d(Wamt2, Wom+3)]
= s d(F(z2m12, Yam+2), G(T2m 3, Y2m+3))
+d(F(Yam+2, T2m+2); G(Y2m+3, Tam+3))]
< kid(framt2, 9T2m+3)+d(fY2m+2, 9Y2m+3)

+ k2d(fromi2, F(Tami2, Yamt2)) + d(fy2ma2, F(Y2mt2, T2mi2))
+ kad (9$2m+37 G($2m+37 y2m+3)) + d(gy2m+33 (y2m+37 962m+3))
+ kad(frams2, G(Tam+3, Y2m+3)) + A(fy2ms2, G(Y2m+3, T2m+3))
+ ksd(972m 43, F(Tamy2, Y2m+2)) + A(9Y2m+3, F(Yo2m+2, Tam2))

< kad(22m+2, 22m+3) + d(W2mt2, Wam+3)

+skad(22m+2, 22m+3) Fd(Wam+2, Wam+3)
which implies that (1 — ks — skq)[d(22m+2, 22m+3) + d(Wamt2, Wamt3)] < 0 so that
Zom+2 = Zam+3 and Wom4o = Womy3.
Hence zom41 = 22m+42 = 22m+3 and Wopmy1 = Womy2 = Wam43-
In general, zo;m 41 = 2om+k and wapm41 = Womk for k=0,1,2,....
From Case (i) and Case (ii), we have z,+r = 2z, and wp4 = w, for k=10,1,2,.. ..
Therefore, {z,+x} and {w,, 1} are constant sequences and hence {z, 1} and {w,4+x}
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are Cauchy sequences.

Now we assume that z,, # 2,1 and w, # w,41 for all n € N.

If n is odd, then n = 2m + 1,m € N.

We now consider

d(zom+1, 22m+2) + d(Wam+1, Wam+2) < s*[d(22m+1, 22m+2) + d(Wam41, Wam+2)]
= ' [d(F (22m+2, Y2m+2), G(T2m 415 Y2m11))

+d(F(Y2m+2: Tam+2), G(Y2m+1, Tam+1)))

< k1d(fr2m+2, 9T2m+1)+d(fY2m+2, 9Y2m+1)

+ kod(framt2, F(Xam+2, Yamt2)) + A(fy2mt2, F (Y2m+2: Tam+2))

+ k3d(gT2m+1, G(T2m+1, Yom+1)) + d(gY2m+1, G(Y2m+1, Tam+1))

+ kad(fromt2, G(Tami1, Yom+1)) + A(fY2m+2, G(Yom+1, T2m+1))

+ ksd(gT2m+1, F(T2mt2, Yam+2)) + d(gY2m+1, F(Yom12, Tam2))

which implies that

(1—ky—sks)[d(2n, 2nt1) +d(wn, Wny1)] < (k1+ks+sks)[d(2n—1, 2n) +d(Wp—1, wy)]
and hence
[d(zn, 2nt1) + d(wp, wy41)] < %[d(znflv Zn) + d(Wnp—1,wy)] (16)
= h1[d(zn-1, 2n) + d(wWp—1, wy)]
where h; = % <1
On the similar lines, if n is even, it follows that
[Azns 2041) + d(wn, )] < GEREER A1, 20) + dwn-swa)] gy
= ho [d(znfla Zn) + d(wnfla wn)]
where ho = % < 1.
We take h = max{hi,ho}, from (I6) and (17), we have that
[d(2n, Zn+1) + d(Wn, Wny1)] < h[d(2n-1,20) + d(Wn—1,wy)]
By Lemma 2.3, it follows that
{zn} and {w,} are Cauchy sequences in b-metric space (X, d).
Therefore {22511} and {wa,41} are Cauchy sequences in the subspace (f(X),d).
Suppose that f(X) is complete.
Since {zan+1} C f(X) and {wan41} € f(X), it follows that
the sequences {z2,,11} and {wap41} are convergent in (f(X),d).
Hence, there exist u,v € f(X) such that
nh—{%o d(zon+1,u) = 0 and nh_{rgo d(wap41,v) = 0.
Since u,v € f(X), there exist s,t € X such that u = fs and v = ft.
Since {z,} and {w,} are Cauchy sequences in X and {22,141} — u and
{want+1} — v as n — oo, it follows that
{zon} — v and {wa,} — v as n — oo.
Therefore nlgrgo d(z2n,u) = 0 and nh%rrgo d(wap,v) = 0.
By Lemma 1.7, we have
Ld(F(s,t),u) < linrggfd(F(s,t),ZQnH) < limsup d(F(s,t), zant1) < s d(F(s,t),u)

n— oo
and

Ld(F(t,s),v) < liminf d(F(t,s), wan41) < limsup d(F(t, s), wopt1) < s d(F(t, s),v).
n—00 n—00

We now prove that F(s,t) =u = fs and F(t,s) =v = ft.

Suppose that F(s,t) #u # fs and F(t,s) # v # ft.
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Now we consider

d(F'(s,t), 22n+1) + d(F (¢, 8), want1) = d(F(s,1), G(Tant1,Y2n+1))
+d(F'(t,5), G(y2n+1, T2n+1))
é 84 [d(F(s’ t)a G(x2n+1a y2n+1))
+d(F(t, 8)7 G(Y2n+1, x2n+1))]
< kild(fs, grany1) + d(ft, gyont1)]
+hold(fs, F(s,t)) +d(ft, F(t,s))]
+ks[d(gz2n+1, G(2n41, Y2n+1))
+d(gy2n+1, G(Y2nt1, Tany1))]
+hald(fs, G(T2n41, Y2n+1))
+d(ft, G(Y2n+1, T2n+1))]
+hs[d(gz2n+1, F(s,1) + d(gyant1, F(t, s))]
= k1 [d(u, 22,) + d(v, w2y )]
+kold(u, F(s,t)) 4+ d(v, F(t, s))]
+k3[d(22n, 2on+1) + d(Wan, Wan41))
+kald(u, zon41) + d(v, Want1)]
+ks [d(ZQTH F(S7 t)) + d(w2m F(ta S))]
< ky[d(u, zan) + d(v, way,)]
+kold(u, F(s,t)) 4+ d(v, F(t, s))]
+hsld(z2n, 22n+1) + d(Wan, Wany1)]
+kqld(u, zon41) + d(v, Want1)]
+sks [d(ZQn, Zgn+1) + d(22n+1, F( ,t)
+sks[d(wan, want1) + d(wany1, F(t,

)]
s))]
(18)

On taking limit superior as n — oo in , we get

s*2[d(u, F(s,t)) + d(v, F(t,s))] < limsup s*[d(F(s,t), G(Zan+1, Yon+1))

+d(F(t,8), G(y2n+1, T2nt1))]
< kald(u, F(s,t)) +d(v, F(t,5))] + s*ks[d(u, F(s,1))
+d(v, F(t, 5))]
< (kg + 8%ks)[d(u, F(s,t)) + d(v, F(t, 5))]
< (ska + 5°ks)[d(u, F(s,t)) + d(v, F(t, 5))]
< sld(u, F(s,t)) + d(v, F(t, s))]

which implies that

(5% — s)[d(u, F(s,1)) + d(v, F(t,5))] <0,

a contracdiction.

Therefore d(u, F(s,t)) + d(v, F(t,s)) =0
which implies that

F(s,t)=u= fsand F(t,s) =v = ft.

Hence (s,t) is a coincidence point of F' and f.
Since the pair (F, f) is w-compatible, we have
fu= f(F(s,t)) = F(fs, ft) = F(u,v) and
fv=[(F(t,s)) = F(ft, fs) = F(v,u).

We now prove that fu =wu and fv =wv.
Suppose that fu # v and fv # v.
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‘We now consider

std(fu,u) + d(fv,v)] < s°[d(fu, 2ans1) + d(fv, wani1)]
‘|‘S5 [d(22n+1, u) + d(’LUgn_H, U)]
= s(s*[d(F(u,v), G(z2n11,Y2n+1))
+d(F(v,u), G(Y2n+1, Tan+1))])
+5°[d(22n11, 1) + d(wany1,0)
s[k1d(fu, gzany1) + d(fv, gyans1)]
+hold(fu, F(u,v)) +d(fv, F(v,u))]
+k3[d(gT2n+1, G(T2n41, Y2n+1))
+d(gyen+1, G(Y2n+1, T2ni1))]
+k4 [d(fu, G($2n+1a y2n+1)) + d(f’U, G(y2n+1a £L’Qn+1))]
+ksld(gr2n11, F(u,v)) + d(gyzni1, F(v,u))]]
+S5 [d(22n+1, u) + d(’LUQn+1, U)]
= s[k1[d(fu, z2n) + d(fv, wap)]
+Eka[d(fu, F(u,v)) + d(fv, F(v,u))]
+ksld(zon, zont1) + d(Wan, Wany1)]
+kald(fu, zon11) + d(fv, wans1)]
+/€5 [d(ZQn, f’LL) + d(’wgn, f’l))]]
+S5 [d(22n+1, u) + d(’U)2n+1, U)]

(19)

On taking limit superior as n — oo in , we get
std(fu,u) + d(fv,v)] < s(sky + ko + ska + sks)[d(fu, F(u,v)) + d(fv, F(v,u))]

< s(sky + ska + s%kq + s%ks)[d(fu, F(u,v)) +d(fv, F(v,u))]

< [d(fu, F(u,0) + d(fo, F(v,u)
which implies that (s? — 1)[d(fu, F(u,v)) + d(fv, F(v,u))
d(fu, F(u,v)) + d(fv, F(v,u)) = 0.
Therefore fu =u and fv =w.
Thus F(u,v) = fu=wu and F(v,u) = fv=wv.
Hence (u,v) is a common coupled fixed point of F' and f.
By Proposition 2.2, we have (u, v) is a unique common coupled fixed point of F, G, f
and g. (Il

]
] <0 so that

Theorem 2.6. Let (X,d) be a b-metric space with coefficient s > 1. Let F,G :
XxX — X, f g: X — X be four mappings. Suppose that there exist k1, ko, k3, k4
and ks in [0,1) with

k14 ko + ks + kg + ks + kg + 2sk7 + 2skg + 2skg + 2sk19 < 1 such that

S4d(F(£L', y)a G(’LL, U)) S kld(f(E, gu) + kZd(fy» gv)
+k3d(fxa F(:Ev y)) + k4d(fy7 F(y7 $)) + de(gu7 G(u7 ’U))
+kod(gv, Glv,u)) + krd(fr, Glu, v)) + ksd(Fy, G(o, u))
+kod(gu, F(x,y)) + kiod(gv, F(y, x))
(20)
for all z,y,u,v € X. Also, suppose the following hypotheses:

(i) F(X x X) C g(X) and G(X x X) C f(X),
(79) either f(X) or g(X) is a complete subspace of X,
(797) (F, f) and (G, g) are w-compatible.

Then F,G, f and g have a unique common coupled fixed point in X x X.
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Proof. Let z,y,u,v € X be arbitrary. Then from the inequality (20]), we have

84d(F($, y)7 G(u7 U)) < kld(thqu) + de(fyagv) + k3d(fxa F(l‘, y))
+k4d(fy, F(y,z)) + ksd(gu, G(u,v)) + ked(gv, G(v,u))
+k7d(f$7 G(uv U)) + de(fy, G(”? U)) + k9d(gua F(SU, y))
+k10d(gv, F(yv 1‘))

(21)
and
sYd(F(y,x), G(v,u)) < kyd(fy, gv) + ked(fx, gu) + ksd(fy, F(y, z))
Fkad(fr, F(x,y)) + ksd(gv, G(v,u)) + ked(gu, G(u,v))
+krd(fy, G(v,u)) + ksd(fx, G(u,v)) + kod(gv, F(y, x))
+k10d(gu, F(z,y)). (22)
22

From and , we get
d(F(.’E, y)7 G(u7 U)) + d(F(yv x)a G(’U, ’LL)) < (kl + kQ)[d(fxa gu) + d(fyv g'U)]

)
+(kst+ka)ld(f, F(2,y))+d(fy, F(y, 2))]
+(ks+ke)[d(gu, G(u, v))+d(gv, G(v, u))]
+s(kr+ks)[d(fx

[d(fz, G(u,v))+d(fy,G(v, u))]
+s(ko+kio)[d(gu, F(z,y))+d(gv, F(y,x))].
Therefore proof follows from Theorem 2.5. (]

3. EXAMPLES AND COROLLARIES

The following is an example in support of Theorem 2.4.
Example 3.1. Let X = [0,00) and let d: X x X — R* defined by

0 ifx =y,
4 if z,y €10,1
d 1’7 — R Y ) )
(@,y) 5+T+y if z,y € [1,00),
10 otherwise.
Then clearly (X,d) is a complete b-metric space with coefficient s = 435 (> 1).

We define F;G: X x X — X and f,g: X — X by

2 if z,y €1[0,1) zy ifz,yel0,1)
F(x,y)—{ %Lyz if z,y € [1,00) G(z,9) { ﬁ if x,y € [1,00)

0 otherwise 0 otherwise

26-2) itz e 0,1 [ z(2—2) ifzel0,1)

f(x){ 1te ifze{l,ozy) andg(:r){ 20 —1 ifze[l,o0).
Clearly F(X x X) C g(X) and G(X x X) C f(X). The pairs (F, f) and (G, g) are
w-compatible.
Without loss of generality, we assume that £ >y > u > v.
Case (i). z,y,u,v € [0,1).
In this case,
d(F(x,y), G(u,v)) = 25, d(F(y,2), G(v,u)) = Z,d(fz, gu) = 4,d(fy, gv) = 4
d(fz, F(z,y)) = Z,d(fy, F(y,z)) = %g dlgu. Gl v)) = 4.d(gr. G(v.w) = 4
d(fxaG(u7’U)> =4 d(f?/v ( )) d(gu, F(z, y)) = ?&d(gvaF(%x)) = E and

max{d(fx,QU)+d(fy gv),d(fx ( V) +d(fy, F(y,2)), dgu, Glu,v)+d(gv, Glv,v)),
oy df.Glu. v))+ fu.Glow) douP () tderF o)y

Zmax{& 2.8, (39)(8), (20190)(Z)} =8
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Now we consider

sHd(F(x,y), G(u,v)) + d(F(y,z),G(v,u))] = (5535)*[3F + 3T]
kmax{d(fx gu) +d(fy, gv),
d(fz, F(z,y)) +d(fy, F(y,2)),

d(gu, G(u,v)) + d(gv, G(v,u)),
d(f.G(uw) +d(fy,G(v.u))

2s ?
d(gu,F(z,y))+d(gv,F(y,z)) }
252 .

Case (ii). z,y,u,v € (1,00).

In this case, d(F ( ), G(u,v)) = %,d( (y x) G(v,u)) = %,d(fx gu) = 5+m,
d(fy, gv) =5+ g5, d(fz, F(x,y)) =5+ 545, d(fy, Fly,2)) =5+ 45,

d(gu, G(u,v)) = %vd(gv G(v,u)) = if,d(fz,G(u,v)) = 25, d(fy, G(v,w)) = 3,
d(gu, F(z, y))—5+m,d(gv,F( ))—5—|—$and

max{d(fz, gu)+d(fy, gv),d(fz, F(z,y))+d(fy, F(y, )),d(gu, G(u,v))+d(gv, G(v, u)),
dlf2,Glum) 4 y.Glom)] dlguF@s)tdlaoFu) )

= max{10 + m+y»10+ma2577(?;§8)( ) Grmane) (10 + 555} = 10+ 2.

Now we consider
s'd(F(z,y), G(u,v)) +d(F(y,z),G(v,u))] = (%) (% + 3]
< (5)10+ )

< kmax{d(fx QU) +d(fy, gv),
d(fz, F(z,y)) + d(fy, F(y,x)),

d(gu, G(u,v)) + d(gv, G(v,u)),
d(f2,G(u) +d(fy,G(v,u))

2s ’
d(gu, F(z,y))+d(gv,F(y,z)) }
252 .

Case (iii). z,y € (1,00),u,v € [0,1).

In this case,

d(F(z,y),G(u,v)) = %,d( (y,2),G(v,u) = %ad(fx,QU) =2 d(fy,gv) = T,
(fm F(LU y)) 5+ z+y7 (fy7 ( {B)) - 5+ ery’ (gu G(u U)) 47
d(gv, G(v,u)) = 4,d(fz,G(u,v)) = 35, d(fy, G(v,u) = 3, d(gu, F(x,y)) = T,

d(gv, F(y,x)) = % and

wax{d(f2. gu)+a( fy. gv). d( fr, F(x. ) +d( fy. F(y. 2)). d(gu, G(u,))+d(gv, G(v. ),

a(fz,G(u, U))+d(fy G(v, u)) d(gu, F(ﬂf7y))2+d(gv F(y, x))}

— max{ 2,10+ 28, (240)(2), (220822} 10+ 2
Now we consider

= (48[ + %)
< (3)(10+ ;%)
<

s d(F(x,y),G(u,v)) + d(F(y, z),G(v,u))]
kmax{d(fx QU) +d(fy, gv),

d(fz, F(z,y)) + d(fy, F(y,x)),
d(gu, G(u,v)) + d(gv, G(v,u)),
d(fz,G(u,v)+d(fy,G(v,u))

2s ?
d(gu’F(ryy))+d(9v,F(y,r))}
2s? :

Case (iv). z =y = 1,u,v € [0,1).

In this case,

d(F(z,y), G(u,v)) = 35, d(F(y, ), G(v,u)) = 37, d(fz, gu) = %,d(fy, v
d(fz. F(z.y)) = 0,d(fy. F(y,x)) = 0, d(gu, G(u,v)) = 4, v, u)
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d(fd.T,G(u,U)) = %gvd(fy,G(U,U)) = 1O,d(gu F(l‘ y)) = 10’d(g1; F(y’ )) — %(7)

max{d(fx, gu)+d(fy, gv), d(fz, F(z,y))+d(fy, F(y, z)), d(gu, G(u, v))+d(gv, G(v, u)),

d(fz,G(u, v))+d(fy G(v, U)) d(gu, F (=, y))+d(9v F(y, fﬂ))}

2s2
= max{ Z,0,8, (28)(2), (320080) (%)) =’

Now we consider

s*d(F(x,y), G(u,v)) + d(F(y, z), G(v,u))]

(581135 +

kmax{d(fz, gu) + d(fy, gv),
d(fz, F(x,y)) + d(fy, F(y,2)),
d(gu, G(u, v)) + d(gv, G(v,u)),

d(fasﬁG(u,v)Hd(fy G(v, ))
d(gu,F(z, y))+d(9v F(y, z))}

From all the above cases, F, G, f and g satisfy all the hypotheses of Theorem 2.4
with k = £ and (1,1) is a unique common coupled fixed point of ), G, f and g. The
following is an example in support of Theorem 2.5.

Example 3.2. Let X = [0,00) and let d : X x X — R™ defined by

0 ifx =y,
B 4 if x,y € (0,1),
d(z,y) = 5+T+y if x,y € [1,00),
10 otherwise.

Then clearly (X,d) is a complete b-metric space with coefficient s = 435 (> 1).
We define F;G: X x X — X and f,g: X — X by

2 ifz,ye(0,1) xzy ifx,ye (0,1
F(z,y) = % if v,y €[l,00) G(z,y) = ﬁiiyz if 2,y € [1,00)
0 otherwise 0 otherwise

z(l—2z) ifzel0,1) x if z €10,1)
F@ =9 3222 ifzefloo) M9@)= { 22 -1 ifxe[l,00).
Clearly FI(X x X) C g(X) and G(X x X) C f(X). The pairs (F, f) and (G, g) are
w-compatible.
Without loss of generahty7 we assume that x >y > u > v.
We choose k1 = ko = 11 Jks = 5,k4 = ks = 1461081.
Then clearly k1 + ko + k3 + 2sks4 + 2sks < 1.
Case (i). z,y,u,v € [0,1).
In this case,
d(F(2.). Glu,v)) = 2 d(F(y. )
d(fz, F(z,y)) = 15, d(fy, F(y, ))
) =

G( u)) = 2L, d(fx, gu) = 4,d(fy, gv) =4
=z d(gu G(u,v)) =4,d(gv,G(v,u)) =4,
d(fz,G(u,v)) = 4,d(fy, G(v,u) d(gu, F(z,y)) = %7d(9UaF(y7 x)) = %
Now we consider

stld(F(z,y), G(u,v)) + d(F(y, z), G(v,u))]

= \480 10]

< (7)) @)+(F) B+ ®)+ (k) (®)
+ (1461081) %)

< k1ld(fz, gu) + d(fy, gv)]
+ kaold(fz, F(z,y)) +d(fy, F(y,z))]
+ k3ld(gu, G(u,v)) + d(gv, G(v,u))]
+ kald(fz, G(u,v)) +d(fy, G(v,u))]
+ ks[d(gu, F(z,y)) + d(gv, F(y,z))]
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Case (ii). z,y,u,v € (1,00).

In this case, d(F(z,y), G(u,v)) = 2I ( ( a:),G(v,u)) =21 d(fx,gu) =5+ -+ I+y,
d(fyvgv):5+@+yv (fl’ F( y)) $+ya (fya ( Y, ))75+T+ya

d(gu, G(u,v)) = ?S,d(gv G(v,u)) = 5, d(fz,G(u,v)) = 35, d(fy, G(v,u)) = T,
d(gu, F(z,y)) =5+ —=,d(gv, F(y, ))_54_7

z+y’ z+y’
Now we consider
s*d(F(x,y),G(u,v)) + d(F(y, z), G(v,u))] = (358)*[3T + ]
< ()10 + )

+ (ga187) (10 + %er)

< kild(fz, gu) + d(fy, gv)]
+ ko[d(fz, F(z,y)) + d(fy, F(y,2))]
+ Ek3ld(gu, G(u,v)) + d(gv, G(v,u))]
+ kald(fz, G(u,v)) + d(fy, G(v,u))]

Case (iii). z,y € (1,00),u,v € [0,1).

In this case,

d(F(z,y),G(u,v))
d(fx, F(z,y))

5+ oy d(fy, F )) =5+ 4 dlgu, G(u,v)) = 4,
d(gv, G(v,u)) = 4,d(fz,G(u,v)) = 3L, d(fy, G(v,u)) = 35, d(gu, F(z,y)) = 5,
d(gv, Fy,z)) = 2*
Now we consider
sd(F(z,y), G(u,v)) + d(F(y,x),G(v,u))]

5 d(F(9,2), G(v,w) = 5§, d(f2, gu) = §5, d(fy,gv) = 5.
(y,

Case (iv). z =y =1,u,v €[0,1).
In this case,

d( ( ) (uvv)) = %ad( ( x)aG(U7u)) = %ad(fxvgu) ?gad(fy gv ) %(7)7
d(fz, F(JS y)) =0,d(fy, F(y,z)) = 0,d(gu, G(u,v)) = 4 d(gv G(v,u)) =4,
N(fw G(u, v))d: 2 d(fy, Clo,w) = 2, d(gu, F(x,y)) = 2. d(gv, F(y.x)) = 2
s*d(F(z,y), G(u,v)) + d(F(y,z), G(v,u))] = (155)* (% + T
< (50) (B)+(3)(8)+(qasr) (3D + (s )
< ki[d(fz, gu) + d(fy, gv)]
+ ks[d(gu, G(u,v)) + d(gv, G( 7U))]
+ kald(fz, G(u,v)) + d(fy, G(v,u))]
+ ks[d(gu, F(z,y)) + d(gv, F(y, z))]

From all the above cases, F, G, f and ¢ satisfy all the hypotheses of Theorem 2.5
and (1,1) is a unique common coupled fixed point of F, G, f and g.
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Corollary 3.3. Let (X,d) be a b-metric space with coefficient s > 1. Let
FG: XxX — X,9g: X — X be three mappings. Suppose that there exists
with &k € [0, 1) such that
std(F(z,y), G(u,v)) + d(F(y, ), G(v,u))] < kM (z,y,u,v) for all z,y,u,v € X,
where
M(z,y,u,v) = max{d(gz, gu) + d(gy, gv), d(gz, F(z,y)) + d(gy, F(y,v)),

d(gu, G(u,v)) + d(gv, G(v,u)), d(gﬂch(uw))+Gl(gy,G(v7U))7

2s
d(gu, F(z,y))+d(gv,F(y,z)) }
252 .

Also, suppose the following hypotheses:
(i) F(X x X) Cg(X) and G(X x X) C g(X),
(i) g(X) is a complete subspace of X,
(#i7) (F,g) and (G, g) are w-compatible.
Then F,G and g have a unique common coupled fixed point in X x X.

Proof. Follows by choosing f = ¢ in Theorem 2.4. O

Corollary 3.4. Let (X,d) be a b-metric space with coefficient s > 1. Let F, G :
XxX = X, flg: X — X be four mappings. Suppose that there exists with
k €[0,1) such that
std(F(@,y), G(u,v)) + d(F(y,z), G(v,u))] < kld(fz, gu) + d(fy, gv)]
for all x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X x X) C g(X) and G(X x X) C f(X),

(7i) either f(X) or g(X) is a complete subspace of X,

(#97) (F, f) and (G, g) are w-compatible.
Then F,G, f and g have a unique common coupled fixed point in X x X.
Corollary 3.5. Let (X,d) be a b-metric space with coefficient s > 1. Let F,G :
X x X — X,g: X — X be three mappings. Suppose that there exists with
k € [0,2) such that

S

std(F(@,y), G(u,v)) + d(F(y, =), G(v,u))] < kld(gu, F(z,y)) + d(gv, F(y, 7))]
for all z,y,u,v € X. Also, suppose the following hypotheses:
(1) F(X x X)Cg(X)and G(X x X) C g(X),
(7i) g(X) is a complete subspace of X,
(791) (F,g) and (G, g) are w-compatible.
Then F,G and g have a unique common coupled fixed point in X x X.
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