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DENUMERABLY MANY SYMMETRIC POSITIVE SOLUTIONS

FOR SYSTEM OF EVEN ORDER SINGULAR BOUNDARY

VALUE PROBLEMS ON TIME SCALES

K. RAJENDRA PRASAD AND MAHAMMAD KHUDDUSH

Abstract. In this paper, we study system of even order two-point singular
boundary value problems with integral boundary conditions on time scales

and establish the existence of denumerably many symmetric positive solu-

tions. The proofs of our main results are based on the Hölder’s inequality and
Krasnoselskii’s fixed point theorem.

1. Introduction

A time scale T is an arbitrary nonempty closed subset of real numbers R with the
subspace topology inherited from the standard topology of R. The theory of time
scales was first introduced by Stefan Hilger in 1988 in his PhD dissertation [12].
The main aim of time scales theory is to unify various definitions and results from
the theories of discrete and continuous dynamical systems, and to extend such
theories to more general classes of dynamical systems. The ime scales theory is
widely applied to different situations, like, in the study of neural networks, insect
population models, heat transfer and epidemic models [1,4,5]. For more details on
time scale calculus we refer to the books by Bohner and Peterson [5, 6].

Recently, researchers shown much interest to establish existence of positive solu-
tions of boundary value problems on time scales, for details [7–10,15,16,18–20,23–
25, 28] and reference therein. However, there are few papers are available for the
existence of symmetric positive solutions of boundary value problems with integral
boundary conditions on time scales. In 2010, Hamal and Yoruk [14] established the
existence of a symmetric positive solution of the following boundary value problem,(

q(t)φ
(
p(t)u∆∇))∆∇(t) = λf

(
t, u(t)

)
, t ∈ (0, 1)T,

u(0) = u(1) =

∫ 1

0

g(s)u(s)∇s,

q(0)φ(p(0)u∆∇(0)) = q(1)φ(p(1)u∆∇(1)) =

∫ 1

0

h(s)q(s)φ(p(s)u∆∇(s))∇s,

(1)
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by using a fixed point index theory. In 2016, Oguz and Topal [21] considered the
following boundary value problem on time scales,

u∆∇(t) + f
(
t, u(t), u∆(t)

)
= 0, t ∈ (a, b)T,

αu(a)− β lim
t→a+

u∆(t) =

∫ b

a

h1(s)u(s)∇s,

αu(b) + β lim
t→b−

u∆(t) =

∫ b

a

h2(s)u(s)∇s,

(2)

and established symmetric positive solutions by using monotone iterative technique.
In the same year, Topal and Denk [29] established sufficient conditions for the
existence of at least one symmetric positive solution to the boundary value problem
on time scales, (

g(t)u∆(t)
)∇

+ λf
(
t, u(t)

)
= 0, t ∈ (a, b)T,

αu(a)− β lim
t→a+

g(t)u∆(t) =

∫ b

a

h1(s)u(s)∇s,

αu(b) + β lim
t→b−

g(t)u∆(t) =

∫ b

a

h2(s)u(s)∇s,

(3)

by using the Krasnoselskii fixed point theorem in cones. Motivated by aforemen-
tioned works, in this article, we establish the existence of denumerably many sym-
metric positive solutions for the system of even order boundary value problems with
mixed derivatives on time scales

(−1)mu
(∆∇)m

1 (t) =ψ1(t)f1

(
u1(t), u2(t)

)
, t ∈ [0, T ]T,

(−1)nu
(∆∇)n

2 (t) =ψ2(t)f2

(
u1(t), u2(t)

)
, t ∈ [0, T ]T,

}
(4)

satisfying integral boundary conditions

u
(∆∇)i

1 (0) =

∫ T

0

ai+1(s)u
(∆∇)i

1 (s)∇s, 0 ≤ i ≤ m− 1,

u
(∆∇)i

1 (T ) =

∫ T

0

ai+1(s)u
(∆∇)i

1 (s)∇s, 0 ≤ i ≤ m− 1,

u
(∆∇)j

2 (0) =

∫ T

0

bj+1(s)u
(∆∇)j

2 (s)∇s, 0 ≤ j ≤ n− 1,

u
(∆∇)j

2 (T ) =

∫ T

0

bj+1(s)u
(∆∇)j

2 (s)∇s, 0 ≤ j ≤ n− 1,


(5)

where n,m ∈ Z+(positive integers), T is a symmetric time scale, T ∈ T, fk ∈
C
(
R×R,R

)
, ψk(t) ∈ Lp∇[0, 1]T(k = 1, 2) for some p ≥ 1 and have denumerably many

singularities in (0, T2 )T and establish existence of denumerably many symmetric
positive solutions by using the Hölder’s inequality and Krasnoselskii’s cone fixed
point theorem in a Banach Space.

The rest of the paper is organized in the following fashion. In Section 2, we
make certain assumptions. In Section 3, we construct the kernel for the homoge-
neous problem corresponding to (4)-(5), estimate bounds for the kernel, and some
lemmas which are needed in establishing our main results are provided. In Section
4, we establish a criteria for the existence of denumerably many symmetric positive
solutions for the boundary value problem (4)-(5) by applying Hölder’s inequality
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and Krasnoselskii’s fixed point theorem in cones. Finally, we provide an example
of a family of functions ψ(t) that satisfy required conditions.

2. Assumptions

For convenience, let J0 := [0, T ]T and we make the following assumptions through-
out the paper:

(H1) f1, f2 : [0,∞)× [0,∞)→ [0,∞) are continuous and symmetric.
(H2) ψ1, ψ2 ∈ Lp∇(J0) for some 1 ≤ p ≤ +∞, are symmetric on J0 and there

exist δ1, δ2 > 0 such that ψ1(t) ≥ δ1, ψ2(t) ≥ δ2 a.e. on J0,
(H3) ai ∈ L1

∇(J0) for all 1 ≤ i ≤ m, are nonnegative, symmetric on J0 and

αi ∈ (0, 1) for all 1 ≤ i ≤ m, where αi =
∫ 1

0
ai(t)∇t for all 1 ≤ i ≤ m.

(H4) bj ∈ L1
∇(J0) for all 1 ≤ j ≤ n, are nonnegative, symmetric on J0 and

βj ∈ (0, 1) for all 1 ≤ j ≤ n, where βj =
∫ 1

0
bj(t)∇t for all 1 ≤ j ≤ n.

3. kernel and It’s Bounds

In this section, we construct the kernel for the homogeneous problem corresponding
to (4)-(5) and estimate bounds for the kernel.

Lemma 3.1. Suppose that αj ∈ (0, 1) for all 1 ≤ j ≤ m. Then for any q(t) ∈ C(J0),
boundary value problem,

− u∆∇
1 (t) = q(t), t ∈ J0, (6)

u1(0) = u1(T ) =

∫ T

0

aj(x)u1(x)∇x, for 1 ≤ j ≤ m, (7)

has a unique solution

u1(t) =

∫ T

0

Kj(t, s)q(s)∇s, for 1 ≤ j ≤ m, (8)

where

Kj(t, s) = G(t, s) +
1

1− αj

∫ T

0

G(x, s)aj(x)∇x, for 1 ≤ j ≤ m, (9)

and

G(t, s) =


t

T
(T − s), t ≤ s,

s

T
(T − t), s ≤ t.

(10)

Proof. Suppose that u1 is a solution of the problem (6), thereafter integrating twice,
we get

u1(t) = −
∫ t

0

∫ s

0

q(r)∇r∆s+ C0t+ C1

= −
∫ t

0

(t− s)q(s)∇s+ C0t+ C1,

where C0 = lim
t→0+

u∆
1 (t) and C1 = u1(0). Using the boundary conditions (7) we

have

C0 =
1

T

∫ T

0

(T − s)q(s)∇s
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and

C1 =

∫ T

0

aj(x)u1(x)∇x

=

∫ T

0

aj(x)

[
−
∫ x

0

(x− s)q(s)∇s+ C0x+ C1

]
∇x

=

∫ T

0

aj(x)

[
−
∫ x

0

(x− s)q(s)∇s+
x

T

∫ T

0

(T − s)q(s)∇s
]
∇x+ C1αj

=

∫ T

0

aj(x)

[ ∫ x

0

s

T
(T − x)q(s)∇s+

∫ T

x

x

T
(T − s)q(s)∇s

]
∇x+ C1αj

=

∫ T

0

aj(x)

[ ∫ 1

0

G(x, s)q(s)∇s
]
∇x+ C1αj

=

∫ T

0

[ ∫ T

0

G(x, s)aj(x)∇x
]
q(s)∇s+ C1αj

=
1

1− αj

∫ T

0

[ ∫ T

0

G(x, s)aj(x)∇x
]
q(s)∇s.

Thus, we have

u(t) = −
∫ t

0

(t− s)q(s)∇s+

∫ T

0

t

T
(T − s)q(s)∇s

+
1

1− αj

∫ T

0

[ ∫ T

0

G(x, s)aj(x)∇x
]
q(s)∇s

=

∫ t

0

s

T
(T − t)q(s)∇s+

∫ T

t

t

T
(T − s)q(s)∇s

+
1

1− αj

∫ T

0

[ ∫ T

0

G(x, s)aj(x)∇x
]
q(s)∇s

=

∫ T

0

G(t, s)q(s)∇s+
1

1− αj

∫ T

0

[ ∫ T

0

G(x, s)aj(x)∇x
]
q(s)∇s

=

∫ T

0

[
G(t, s) +

1

1− αj

∫ T

0

G(x, s)aj(x)∇x
]
q(s)∇s

=

∫ T

0

Kj(t, s)q(s)∇s,

where Kj(t, s) is given in (9). This completes the proof. �

Lemma 3.2. Assume that (H3) holds and let τ ∈
(
0, T2

)
T and α∗j (τ) =

∫ T−τ
τ

aj(t)∇t.
Then G(t, s) and Kj(t, s) for 1 ≤ j ≤ m, have the following properties:

(i) G(t, s) > 0 and Kj(t, s) > 0 for all t, s ∈ J0,

(ii) G(t, s) ≤ G(s, s), Kj(t, s) ≤ Kj(s, s) ≤ 1
1−αjG(s, s) for all t, s ∈ J0,

(iii) G(T − t, T − s) = G(t, s), Kj(T − t, T − s) = Kj(t, s) for all t, s ∈ J0,

(iv) G(t, s) ≥ τ
TG(s, s) for all t ∈ [τ, T − τ ]T and s ∈ J0
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(v) Kj(t, s) ≥ ρj(τ)G(s, s) where ρj(τ) =
τ

T

(
1 +

α∗j (τ)

1− αj

)
, (1 ≤ j ≤ m) for

all t ∈ [τ, T − τ ]T and s ∈ J0.

Proof. Inequalities (i), (ii) and (iii) are obvious. To prove the inequality (iv) and
(v), let t ∈ [τ, T − τ ]T. Then, for 0 < t < s < T,

G(t, s)

G(s, s)
=
t

s
≥ τ

T
,

and for 0 < s < t < T,
G(t, s)

G(s, s)
=
T − t
T − s

≥ τ

T
.

Next, for 1 ≤ j ≤ m,

Kj(t, s) =G(t, s) +
1

1− αj

∫ T

0

G(x, s)aj(x)∇x

≥ τ

T
G(s, s) +

1

1− αj

∫ T−τ

τ

G(x, s)aj(x)∇x

≥ τ

T
G(s, s) +

1

1− αj

∫ T−τ

τ

τ

T
G(s, s)aj(x)∇x

≥ τ

T
G(s, s) +

α∗j (τ)

1− αj
τ

T
G(s, s)

= ρj(τ)G(s, s).

This completes the proof. �

Lemma 3.3. Assume that the condition (H3) is satisfied and Kj(t, s) for 1 ≤ j ≤
m, is given in (9). Let G1(t, s) = K1(t, s) and recursively define

Gj(t, s) =

∫ T

0

Gj−1(t, r)Kj(r, s)∇r, for 2 ≤ j ≤ m. (11)

Then Gn(t, s) is the kernel for the homogeneous boundary value problem

(−1)mu(∆∇)m(t) = 0, t ∈ J0,

u(∆∇)i(0) = u(∆∇)i(T ) =

∫ T

0

ai+1(s)u(∆∇)i(s)∇s, 0 ≤ i ≤ m− 1.

Lemma 3.4. Assume that the condition (H3) is satisfied. Define

k(τ) =

∫ T−τ

τ

G(s, s)∇s, kj =

∫ T

0

Kj(s, s)∇s,

L =

m−1∏
j=1

kj , M(τ) =

m−1∏
j=1

ρj(τ)[k(τ)]j ,

for 1 ≤ j ≤ m. Then the kernel Gm(t, s) satisfies the following inequalities:

(i) 0 ≤ Gm(t, s) ≤ LKm(s, s), for all t, s ∈ J0 and
(ii) Gm(t, s) ≥ ρm(τ)M(τ)G(s, s), for t ∈ [τ, T − τ ]T and s ∈ J0.

Proof. We can easily establish the result by induction on m. �
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Lemma 3.5. The kernel Gj(t, s) for 1 ≤ j ≤ m, satisfies the following condition

Gj(t, s) = Gj(T − t, T − s)∀ t, s ∈ J0. (12)

Proof. The proof is by induction. For j = 1, the equation (12) is obvious and
assume that the equation (11) is true for fixed j ≥ 2. Then from (11) and using
transformation x = T − r, we have

Gj+1(t, s) =

∫ T

0

Gj(t, r)Kj+1(r, s)∇r

=

∫ T

0

Gj(T − t, T − r)Kj+1(T − r, T − s)∇r

=

∫ T

0

Gj(T − t, x)Kj+1(x, T − s)∇x

= Gj+1(T − t, T − s).

This completes the proof. �

We can also formulate results similar to the Lemmas 3.2–3.7 for the problem,

− u∆∇
2 (t) = p(t), t ∈ J0, (13)

u2(0) =

∫ T

0

bj(s)u2(s)∇s, 1 ≤ j ≤ n,

u2(T ) =

∫ T

0

bj(s)u2(s)∇s, 1 ≤ j ≤ n

 (14)

as follows.

Lemma 3.6. Let (H3), (H4) hold. Then for any p(t) ∈ C(J0), the boundary value
problem (13)-(14) has a unique solution

u2(t) =

∫ T

0

Hj(t, s)p(s)∇s, for 1 ≤ j ≤ n, (15)

where

Hj(t, s) = G(t, s) +
1

1− βj

∫ T

0

G(r, s)bj(r)∇r, (16)

for 1 ≤ j ≤ n,

Lemma 3.7. Assume that (H3) holds and let τ ∈
(
0, T2

)
T and β∗j (τ) =

∫ T−τ
τ

bj(t)∇t.
Then Hj(t, s) for 1 ≤ j ≤ n, have the following properties:

(i) Hj(t, s) > 0 for all t, s ∈ J0,

(ii) Hj(t, s) ≤ Hj(s, s) ≤ 1
1−βjG(s, s) for all t, s ∈ J0,

(iii) Hj(T − t, T − s) = Hj(t, s) for all t, s ∈ J0,

(iv) Hj(t, s) ≥ %j(τ)G(s, s) where %j(τ) =
τ

T

(
1 +

β∗j (τ)

1− βj

)
, (1 ≤ j ≤ n) for

all t ∈ [τ, T − τ ]T and s ∈ J0.
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Lemma 3.8. Assume that the condition (H3) is satisfied and Hj(t, s) for 1 ≤ j ≤ n,
is given in (9). Let J1(t, s) = H1(t, s) and recursively define

Jj(t, s) =

∫ T

0

Jj−1(t, r)Hj(r, s)∇r, for 2 ≤ j ≤ n. (17)

Then Jn(t, s) is the kernel for the homogeneous boundary value problem

(−1)nu(∆∇)n(t) = 0, t ∈ J0,

u(∆∇)i(0) = u(∆∇)i(T ) =

∫ 1

0

ai+1(s)u(∆∇)i(s)∇s, 0 ≤ i ≤ n− 1.

Lemma 3.9. Assume that the condition (H3) is satisfied. Define

κ(τ) =

∫ T−τ

τ

G(s, s)∇s, κj =

∫ T

0

Hj(s, s)∇s,

J =

n−1∏
j=1

κj , N(τ) =

n−1∏
j=1

%j(τ)[κ(τ)]j ,

for 1 ≤ j ≤ n. Then the kernel Jn(t, s) satisfies the following inequalities:

(i) 0 ≤ Jn(t, s) ≤ JHn(s, s), for all t, s ∈ J0 and
(ii) Jn(t, s) ≥ %n(τ)N(τ)G(s, s), for t ∈ [τ, T − τ ]T and s ∈ J0.

Lemma 3.10. The kernel Jj(t, s) for 1 ≤ j ≤ n, satisfies the following condition

Jj(t, s) = Jj(T − t, T − s) ∀ t, s ∈ J0. (18)

4. Existence of denumerably Many Positive Solutions

In this section, we establish the existence of denumerably many symmetric positive
solutions to the system (4)-(5) by applying Hölder’s inequality and Krasnoselskii’s
fixed point theorem in cones.

Theorem 4.1. (Krasnoselskii fixed point theorem, [11]). Let B be a Banach space
and let P ⊂ B be a cone in B. Assume that Ω1,Ω2 are open with 0 ∈ Ω1, Ω̄1 ⊂ Ω2,
and let T : P ∩ (Ω̄2\Ω1)→ P be a completely continuous operator such that either

(i) ‖Tu‖ ≤ ‖u‖, u ∈ P ∩ ∂Ω1, and ‖Tu‖ ≥ ‖u‖, u ∈ P ∩ ∂Ω2, or
(ii) ‖Tu‖ ≥ ‖u‖, u ∈ P ∩ ∂Ω1, and ‖Tu‖ ≤ ‖u‖, u ∈ P ∩ ∂Ω2.

Then T has a fixed point in P ∩ (Ω̄2\Ω1).

Theorem 4.2. (Hölder’s inequality, [2, 22]) Let f ∈ Lp∇(I) with p > 1, g ∈ Lq∇(I)
with q > 1, and 1

p + 1
q = 1. Then fg ∈ L1

∇(I) and ‖fg‖L1
∇
≤ ‖f‖Lp∇‖g‖Lq∇ , where

‖f‖Lp∇ :=


[∫

I

|f |p(s)∇s
] 1
p

, p ∈ R,

inf
{
K ∈ R / |f | ≤ K ∇− a.e., on I

}
, p =∞,

and I = [a, b]T. Moreover, if f ∈ L1
∇(I) and g ∈ L∞∇ (I). Then fg ∈ L1

∇(I) and
‖fg‖L1

∇
≤ ‖f‖L1

∇
‖g‖L∞∇ .
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Let C denote the Banach space Cld(J0,R) with norm ‖u‖ = max
t∈J0
|u(t)|. Then

B = C × C is a Banach space with norm ‖(u1, u2)‖B = ‖u1‖+ ‖u2‖.
For τ ∈ (0, T2 )T, define the cone Pτ ⊂ B by

Pτ =
{

(u1, u2) ∈ B : u1(t) ≥ 0, u2(t) ≥ 0 are symmetric and

min
t∈[τ, T−τ ]T

(
u1(t) + u2(t)

)
≥ Mτ

η
‖
(
u1(t), u2(t)

)
‖B
}
,

where Mτ = min
{
ρm(τ)M(τ), %n(τ)N(τ)} and η = max

{ L

1− αm
,

J

1− βn
}
.

For any (u1, u2) ∈ Pτ , define an operator F : Pτ → B by

F(u1, u2)(t) =
(
Fm(u1, u2),Fn(u1, u2)

)
,

where

Fm(u1, u2) =

∫ T

0

Gm(t, s)ω1(s)f1(u1, u2)∇s

and

Fn(u1, u2) =

∫ T

0

Jn(t, s)ω2(s)f2(u1, u2)∇s.

Lemma 4.3. Assume that (H1)-(H4) hold. Then F(Pτ ) ⊂ Pτ and F : Pτ → Pτ
is completely continuous for each τ ∈ (0, T2 )T.

Proof. Fix τ ∈ (0, T2 )T. First note that (u1, u2) ∈ Pτ implies that Fm(u1, u2)(t) ≥ 0
and Fn(u1, u2)(t) ≥ 0 for all t ∈ J0. On the other hand, by Lemma 3.5 and Lemma
3.9 we obtain

Fm(u1, u2)(t) + Fn(u1, u2)(t)

=

∫ T

0

Gm(t, s)ψ1(s)f1(u1, u2)∇s+

∫ T

0

Jn(t, s)ψ2(s)f2(u1, u2)∇s

≤ L

∫ T

0

Km(s, s)ψ1(s)f1(u1, u2)∇s+ J

∫ T

0

Hn(s, s)ψ2(s)f2(u1, u2)∇s

≤ L

1− αm

∫ T

0

G(s, s)ψ1(s)f1(u1, u2)∇s+
J

1− βn

∫ T

0

G(s, s)ψ2(s)f2(u1, u2)∇s

≤ η
(∫ T

0

G(s, s)ψ1(s)f1(u1, u2)∇s+

∫ T

0

G(s, s)ψ2(s)f2(u1, u2)∇s
)
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and

min
t∈[τ, T−τ ]T

(
Fm(u1, u2)(t) + Fn(u1, u2)(t)

)
= min
t∈[τ, T−τ ]T

(∫ T

0

Gm(t, s)ψ1(s)f1(u1, u2)∇s+

∫ T

0

Jn(t, s)ψ2(s)f2(u1, u2)∇s
)

= ρm(τ)M(τ)

∫ T

0

G(s, s)ψ1(s)f1(u1, u2)∇s+ %n(τ)N(τ)

∫ T

0

G(s, s)ψ2(s)f2(u1, u2)∇s

= Mτ

(∫ T

0

G(s, s)ψ1(s)f1(u1, u2)∇s+

∫ T

0

G(s, s)ψ2(s)f2(u1, u2)∇s
)

≥ Mτ

η
‖
(
Fm(u1, u2),Fn(u1, u2)

)
‖B

≥ Mτ

η
‖F
(
u1, u2

)
‖B.

So, F(u1, u2) ∈ Pτ and then F(Pτ ) ⊂ Pτ . Next, by standard methods and the
Arzela-Ascoli theorem, one can easily prove that the operator F is completely
continuous. The proof is complete. �

We consider three possible cases for ψ1, ψ2 ∈ Lp∇(J0) : p > 1, p = 1, p = ∞.
When p > 1 we have the following theorem.

Theorem 4.4. Assume that (H1) − (H4) hold, let {τk}∞k=1 be such that tk+1 <
τk < tk, k = 1, 2, 3, · · · . Let {Sk}∞k=1 and {rk}∞k=1 be such that

Sk+1 <
Mτk

η
rk < Rrk < Sk, k ∈ N,

where

R = max

{
1

δ1ρm(τ1)M(τ1)
∫ 1−τ1
τ1

G(s, s)∇s
,

1

δ2%n(τ1)N(τ1)
∫ 1−τ1
τ1

G(s, s)∇s
, 1

}
.

Assume that f satisfies

(A1) f1(u1, u2) ≤ M1Sk
2 and f2(u1, u2) ≤ M

′
1Sk
2 for all t ∈ J0, 0 ≤ u1 + u2 ≤ Sk,

where

M1 <
1− αm

L‖G‖Lq∇‖ψ1‖Lp∇
and M

′

1 <
1− βn

J‖G‖Lq∇‖ψ2‖Lp∇
(A2) f1(u1, u2) ≥ Rrk or f2(u1, u2) ≥ Rrk for all t ∈ [τk, T − τk]T,

Mτk

η rk ≤ u1 + u2 ≤ rk.

Then the system (4)-(5) has denumerably many symmetric positive solutions {(u[k]
1 , u

[k]
2 )}∞k=1.

Furthermore, rk ≤ ‖(u[k]
1 , u

[k]
2 )‖ ≤ Sk for each k ∈ N.

Proof. Consider the sequences {Ω1,k}∞k=1 and {Ω2,k}∞k=1 of open subsets of B de-
fined by

Ω1,k = {(u1, u2) ∈ B : ‖(u1, u2)‖B < Sk},

Ω2,k = {(u1, u2) ∈ B : ‖(u1, u2)‖B < rk}.
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Let {τk}∞k=1 be as in the hypothesis and note that t∗ < tk+1 < τk < tk <
T
2 , for all

k ∈ N. For each k ∈ N, define the cone Pτk by

Pτk =
{

(u1, u2) ∈ B : u1(t) ≥ 0, u2(t) ≥ 0 are symmetric and

min
t∈[τk, 1−τk]T

(
u1(t) + u2(t)

)
≥ Mτk

η
‖
(
u1(t), u2(t)

)
‖B
}
.

Let (u1, u2) ∈ Pτk ∩ ∂Ω1,k. Then,

u1(s) + u2(s) ≤ Sk = ‖(u1, u2)‖B

for all s ∈ J0. By (A1),

‖Fm(u1, u2)‖ = max
t∈J0

∫ T

0

Gm(t, s)ψ1(s)f1

(
u1(s), u2(s)

)
∇s

≤ L

∫ T

0

Km(s, s)ψ1(s)f1(u1, u2)∇s

≤ L

1− αm

∫ T

0

G(s, s)ψ1(s)f1(u1, u2)∇s

≤ L

1− αm
‖G‖Lq∇‖ψ1‖Lp∇

M1Sk
2

≤ Sk
2

=
‖(u1, u2)‖B

2
.

Thus we have ‖Fm(u1, u2)‖ ≤ ‖(u1, u2)‖B
2

. Similarly we can see that

‖Fn(u1, u2)‖ ≤ ‖(u1, u2)‖B
2

.

Therefore, for (u1, u2) ∈ Pτk ∩ ∂Ω1,k, and t ∈ J0 we get

‖F(u1, u2)‖B = ‖
(
Fm(u1, u2),Fn(u1, u2)

)
‖B

= ‖Fm(u1, u2)‖+ ‖Fn(u1, u2)‖
≤ ‖(u1, u2)‖B.

(19)

Let t ∈ [τk, 1− τk]T. Then, for (u1, u2) ∈ Pτk ∩ ∂Ω2,k,

rk = ‖(u1, u2)‖ ≥ u1(t) + u2(t)

≥ min
t∈[τk, 1−τk]T

(
u1(t) + u2(t)

)
≥ Mτk

η
‖(u1, u2)‖

≥ Mτk

η
rk.
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By (A2),

‖F(u1, u2)‖ = ‖Fm(u1, u2)‖+ ‖Fn(u1, u2)‖ ≥ ‖Fm(u1, u2)‖

= max
t∈J0

∫ T

0

Gm(t, s)ψ1(s)f1

(
u1(s), u2(s)

)
∇s

≥ max
t∈J0

∫ T−τk

τk

Gm(t, s)ψ1(s)f1

(
u1(s), u2(s)

)
∇s

≥ max
t∈J0

∫ T−τk

τk

Gm(t, s)ψ1(s)∇sRrk

≥ Rrkδ1 max
t∈[τ1, 1−τ1]T

∫ T−τ1

τ1

Gm(t, s)∇s

≥ Rrkδ1ρm(τ1)M(τ1)

∫ 1−τ1

τ1

G(s, s)∇s

≥ rk = ‖(u1, u2)‖B.

Thus, if (u1, u2) ∈ Pτk ∩ ∂Ω2,k, then

‖F(u1, u2)‖ ≥ ‖(u1, u2)‖B. (20)

It is obvious that 0 ∈ Ω2,k ⊂ Ω̄2,k ⊂ Ω1,k. By (19),(20), it follows from Theorem

4.1 that the operator F has a fixed point (u
[k]
1 , u

[k]
2 ) ∈ Pτk ∩

(
Ω̄1,k\Ω2,k

)
such that

rk ≤ ‖(u[k]
1 , u

[k]
2 )‖ ≤ Sk. Since k ∈ N was arbitrary, the proof is complete. �

Now we deal with the case p = 1.

Theorem 4.5. Assume that (H1) − (H4) hold, let {τk}∞k=1 be such that tk+1 <
τk < tk, k = 1, 2, 3, · · · . Let {Sk}∞k=1 and {rk}∞k=1 be such that

Sk+1 <
Mτk

η
rk < Rrk < Sk, k ∈ N,

where R is defined in Theorem 4.4. Also assume that f satisfies

(B1) f1(u1, u2) ≤ M2Sk
2 and f2(u1, u2) ≤ M

′
2Sk
2 for all t ∈ J0, 0 ≤ u1 + u2 ≤ Sk,

where

M2 < min

{
1− αm

L‖G‖L∞∇ ‖ψ1‖L1
∇

, R

}
,

M
′

2 < min

{
1− βn

J‖G‖L∞∇ ‖ψ2‖L1
∇

, R

}
and (A2). Then the boundary value problem (4)–(5) has denumerably many sym-

metric positive solutions {(u[k]
1 , u

[k]
2 )}∞k=1. Furthermore, for each k ∈ N, rk ≤

‖(u[k]
1 , u

[k]
2 )‖ ≤ Sk.

Proof. For a fixed k, let Ω1,k be as in the proof of Theorem 4.4 and let (u1, u2) be
an element of Pτk ∩ ∂Ω1,k. Then

u1(s) + u2(s) ≤ Sk = ‖(u1, u2)‖B,
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for all s ∈ J. By (B1) and Theorem 4.4,

‖F(u1, u2)‖ = ‖Fm(u1, u2)‖+ ‖Fn(u1, u2)‖

≤ max
t∈J0

∫ T

0

Gm(t, s)ψ1(s)f1

(
u1(s), u2(s)

)
∇s

+ max
t∈J0

∫ T

0

Jn(t, s)ψ2(s)f2

(
u1(s), u2(s)

)
∇s

≤ L

1− αm
‖G‖L∞∇ ‖ψ1‖L1

∇

M2Sk
2

+
J

1− βn
‖G‖L∞∇ ‖ψ2‖L1

∇

M
′

2Sk
2

≤ Sk.

Thus,

‖F (u1, u2)‖ ≤ ‖(u1, u2)‖B,
for (u1, u2) ∈ Pτk ∩ ∂Ω1,k. Now define Ω2,k = {(u1, u2) ∈ B : ‖(u1, u2)‖B < rk}.
Let (u1, u2) ∈ Pτk ∩ ∂Ω2,k and let s ∈ [τk, 1− τk]T. Then, the argument leading to
(20) carries over to the present case and completes the proof. �

Finally we consider the case of p =∞.

Theorem 4.6. Assume that (H1)− (H4) hold. Let {Sk}∞k=1 and {rk}∞k=1 be such
that

Sk+1 <
Mτ

η
rk < Crk < Sk, k ∈ N,

where C is defined in Theorem 4.4. Also assume that f satisfies
(E1) f1(u1, u2) ≤ M3Sk and f1(u1, u2) ≤ M

′

3Sk for all t ∈ J, 0 ≤ u1 + u2 ≤ Sk,
where

M3 < min

{
1− αm

L‖G‖L1
∇
‖ψ1‖L∞∇

, R

}
, M

′

3 < min

{
1− βn

J‖G‖L1
∇
‖ψ2‖L∞∇

, R

}
and (A2). Then the boundary value problem (4)–(5) has denumerably many sym-

metric positive solutions {(u[k]
1 , u

[k]
2 )}∞k=1. Furthermore, for each k ∈ N,

rk ≤ ‖(u[k]
1 , u

[k]
2 )‖ ≤ Sk.

Proof. By (E1),

‖F(u1, u2)‖ = ‖Fm(u1, u2)‖+ ‖Fn(u1, u2)‖

≤ max
t∈J0

∫ T

0

Gm(t, s)ψ1(s)f1

(
u1(s), u2(s)

)
∇s

+ max
t∈J0

∫ T

0

Jn(t, s)ψ2(s)f2

(
u1(s), u2(s)

)
∇s

≤ L

1− αm
‖G‖L1

∇
‖ψ1‖L∞∇

M3Sk
2

+
J

1− βn
‖G‖L1

∇
‖ψ2‖L∞∇

M
′

3Sk
2

≤ Sk.

This shows that if (u1, u2) ∈ Pτk ∩ ∂Ω1,k, where

Ω1,k = {(u1, u2) ∈ B : ‖(u1, u2)‖ < Sk}.

Then,

‖F(u1, u2)‖ ≤ ‖(u1, u2)‖.
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Define Ω2,k = {(u1, u2) ∈ B : ‖(u1, u2)‖ < rk} and let (u1, u2) ∈ Pτk ∩ ∂Ω2,k.
Then, the argument employed in the proof of Theorem 4.4 applies directly to yield
‖F(u1, u2)‖ ≥ ‖(u1, u2)‖. By the Theorem 4.1, completes the proof. �

5. Example

In this section, we provide an example of a family of functions ψ(t) that satisfy
conditions (H2) corresponding to the cases p = 1 and p = 2.

Let T = [0, 1
10 ]∪{ 1

9 ,
1
8 ,

1
7 ,

1
6}∪ [ 1

5 ,
4
5 ]∪{ 8

9 ,
7
8 ,

6
7 ,

5
6}∪ [ 9

10 , 1] be bounded symmetric
time scale and consider the family of functions ψ(t, y) : [0, 1]T → (0,+∞] given by

ψ(t, y) =



1

|t− 1
2 |y

for t ∈
[
0,

1

5

]
∪
[4

5
, 1
]
,

∞∑
i=1

χ[zi, zi−1]∣∣|t− 1
2 |+ ti − 1

2

∣∣y for t ∈
[1

5
,

4

5

]
,

where

t0 =
3

8
, ti = t0 −

i−1∑
k=0

1

(k + 2)4
, i = 1, 2, 3, · · · ,

and

z0 = 1, zi =
ti + ti+1

2
, i = 1, 2, 3, · · · .

At first, it can be seen that

ψ(t, y) ≥ ψ(1, y) =
1

|1− 1
2 |y

= 2y,

t1 =
5

16
<

1

2
and ti − ti+1 =

1

(i+ 2)4
, i = 1, 2, 3, · · · ,

and note that

∞∑
i=1

1

l4
=
π4

90
. So,

t∗ = lim
i→∞

ti =
3

8
−
∞∑
k=0

1

(k + 2)4
=

3

8
−
(
π4

90
− 1

)
=

11

8
− π4

90
>

1

5
.



164 K. R. PRASAD AND MAHAMMAD KHUDDUSH EJMAA-2021/9(1)

We claim that if y = 1
2 , then ψ(t, y) ∈ L1

∇[0, 1]. Note that
∑∞
i=1

1
i2 = π2

6 , we have∫ 1

0

ψ(t, y)∇t =

∫ 1
10

0

ψ(t, y)∇t+

∫ 4
5

1
5

ψ(t, y)∇t+

∫ 1

9
10

ψ(t, y)∇t

+

[(
1

9
− 1

10

)
ψ

(
1

9
, y

)
+

(
1

8
− 1

9

)
ψ

(
1

8
, y

)
+

(
1

7
− 1

8

)
ψ

(
1

7
, y

)
+

(
1

6
− 1

7

)
ψ

(
1

6
, y

)
+

(
1

5
− 1

6

)
ψ

(
1

5
, y

)
+

(
8

9
− 4

5

)
ψ

(
8

9
, y

)
+

(
7

8
− 8

9

)
ψ

(
7

8
, y

)
+

(
6

7
− 7

8

)
ψ

(
6

7
, y

)
+

(
5

6
− 6

7

)
ψ

(
5

6
, y

)
+

(
9

10
− 5

6

)
ψ

(
9

10
, y

)]
=

∫ 1
10

0

1

|t− 1
2 |y
∇t+

∫ 4
5

1
5

∞∑
i=1

χ[zi, zi−1]∣∣|t− 1
2 |+ tl − 1

2

∣∣y∇t+

∫ 1

9
10

1

|t− 1
2 |y
∇t+ 0.220567

=

∞∑
i=1

∫ zi−1

zi

1∣∣|t− 1
2 |+ ti − 1

2

∣∣y∇t+

∫ 1
10

0

1

( 1
2 − t)y

∇t

+

∫ 1

9
10

1

(t− 1
2 )y
∇t+ 0.220567

=

∞∑
i=1

[ ∫ ti

zi

1

(ti − t)y
∇t+

∫ zi−1

ti

1

(t− ti)y
∇t
]

+
2

1− y

[(
1

2

)1−y

−
(

2

5

)1−y ]
+ 0.220567

=

∞∑
i=1

[ ∫ tl

ti+ti+1
2

1

(ti − t)Theta
∇t+

∫ ti−1+ti
2

ti

1

(t− ti)Theta
∇t
]

+ 0.298605 + 0.220567

=
1

1− y

∞∑
i=1

[(
ti − ti+1

2

)1−y

+

(
ti−1 − ti

2

)1−y

+ 0.519172

=
1

21−y(1− y)

∞∑
i=1

[
1

(i+ 2)4(1−y)
+

1

(i+ 1)4(1−y)

]
+ 0.519172

=
√

2

∞∑
i=1

[
1

(i+ 1)2
+

1

(i+ 1)2

]
+ 0.519172

=
√

2

(
π2

3
− 9

4

)
+ 0.519172.

This shows that ψ(t, y) ∈ L1
∇[0, 1].
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Next, we claim that if y = 1
4 , then ψ(t, y) ∈ L2

∇[0, 1]. In this case, we need the
Cauchy product,

∞∑
i=1

ai ·
∞∑
i=1

bi =

∞∑
i=1

ci, (21)

where

ci =

l∑
k=1

akbi−k+1. (22)

Note that

∫ 1

0

ψ2(t, y)∇t =

∫ 1
5

0

ψ2(t, y)∇t+

∫ 4
5

1
5

[ ∞∑
i=1

χ[zi, zi−1]∣∣|t− 1
2 |+ ti − 1

2

∣∣2z
]2

∇t+

∫ 1

4
5

ψ2(t, y)∇t,

(23)
we use (21) and (22) and the fact that, if A ∩ B = ∅, then χ[A] · χ[B] = 0 to simplify
the integrand,

[ ∞∑
i=1

χ[zi, zi−1]

|t− ti|y

]2

=

∞∑
i=1

i∑
k=1

χ[zk, zi−1]

|t− tk|y
χ[zi−k+1, zi−k]

|t− ti−k+1|y

=

∞∑
i=1

χ[zi, zi−1]

|t− ti|2y
a.e.,

and so (23) may be written as

∫ 1

0

ψ2(t, y)∇t =

∞∑
i=1

∫ 4
5

1
5

χ[zl, zl−1]∣∣|t− 1
2 |+ tl − 1

2

∣∣2y∇t+

∫ 1
10

0

ψ2(t, y)∇t+

∫ 1

9
10

ψ2(t, y)∇t

+

[(
1

9
− 1

10

)
ψ2

(
1

9
, y

)
+

(
1

8
− 1

9

)
ψ2

(
1

8
, y

)
+

(
1

7
− 1

8

)
ψ2

(
1

7
, y

)
+

(
1

6
− 1

7

)
ψ2

(
1

6
, y

)
+

(
1

5
− 1

6

)
ψ2

(
1

5
, y

)
+

(
8

9
− 4

5

)
ψ2

(
8

9
, y

)
+

(
7

8
− 8

9

)
ψ2

(
7

8
, y

)
+

(
6

7
− 7

8

)
ψ2

(
6

7
, y

)
+

(
5

6
− 6

7

)
ψ2

(
5

6
, y

)
+

(
9

10
− 5

6

)
ψ2

(
9

10
, y

)]
=

∫ 4
5

1
5

∞∑
i=1

χ[zi, zi−1]∣∣|t− 1
2 |+ ti − 1

2

∣∣2y∇t+

∫ 1
10

0

1

|t− 1
2 |2y
∇t

+

∫ 1

9
10

1

|t− 1
2 |2y
∇t+ 0.2432747 with y =

1

4
.
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Then∫ 1

0

ψ2(t, y)∇t =

∞∑
i=1

∫ zi−1

zi

1∣∣|t− 1
2 |+ ti − 1

2

∣∣2y∇t+

∫ 1
10

0

1

( 1
2 − t)2y

∇t

+

∫ 1

1
10

1

(t− 1
2 )2y
∇t+ 0.2432747

=

∞∑
i=1

[ ∫ ti

zi

1

(ti − t)2y
∇t+

∫ zi−1

ti

1

(t− ti)2y
∇t
]

+
2

1− 2y

[(
1

2

)1−2y

−
(

2

5

)1−2y ]
+ 0.2432747

=

∞∑
i=1

[ ∫ ti

ti+ti+1
2

1

(ti − t)2y
∇t+

∫ ti−1+ti
2

ti

1

(t− ti)2y
∇t
]

+ 0.2986050

+ 0.2432747

=
1

1− 2y

∞∑
i=1

[(
ti − ti+1

2

)1−2y

+

(
ti−1 − ti

2

)1−2y]
+ 0.5418797

=
1

21−2y(1− 2y)

∞∑
i=1

[
1

(i+ 2)4(1−2y)
+

1

(i+ 1)4(1−2y)

]
+ 0.5418797

=
√

2

∞∑
i=1

[
1

(i+ 1)2
+

1

(i+ 1)2

]
+ 0.5418797

=
√

2

(
π2

3
− 9

4

)
+ 0.5418797,

which implies ψ(t, y) ∈ L2
∇[0, 1].

Acknowledgement

The authors thank the referee for his valuable suggestions. One of the authors
(Mahammad Khuddush) is thankful to UGC, Government of India, New Delhi for
awarding SRF under MANF; No. F1-17.1/2016-17/MANF-2015-17-AND-54483.

References

[1] R. P. Agarwal, M. Bohner and W.-T. Li, Nonoscillation and Oscillation: Theory for Func-
tional Differential Equations, vol. 267 of Monographs and Textbooks in Pure and Applied

Mathematics, Marcel Dekker, NewYork, NY, USA. (2004)

[2] G. A. Anastassiou. Intelligent mathematics: computational analysis. Vol. 5. Heidelberg:
Springer, 2011.

[3] M. Bohner and H. Luo. Singular second-order multipoint dynamic boundary value problems
with mixed derivatives. Adv. Diff. Eqns., 2006(2006), No. 1, 1-15.

[4] M. Bohner, T. S. Hassan, and T. Li, Fite–Hille–Wintner-type oscillation criteria for second-

order half-linear dynamic equations with deviating arguments, Indag. Math. (N.S.), 29(2018),
548–560.

[5] M. Bohner, and A. Peterson. Dynamic equations on time scales: An introduction with appli-

cations. Spr. Sci. Buss. Med., (2012).
[6] M. Bohner and A. Peterson, Advances in Dynamic Equations on Time Scales, Birkhauser,

Boston. (2003).



EJMAA-2021/9(1) DENUMERABLY MANY SYMMETRIC POSITIVE SOLUTIONS 167

[7] F. T. Fen, and I. Y. Karaca. Existence of Positive Solutions for Nonlinear Second-Order

Impulsive Boundary Value Problems on Time Scales. Med. J. Math.,13(2016), No. 1, 191-

204.
[8] C. S. Goodrich. Existence of a positive solution to a nonlocal semipositone boundary value

problem on a time scale. Comment. Math. Univ. Carol., 54(2013), No. 4, 509-525.

[9] C. S. Goodrich. On a first-order semipositone boundary value problem on a time scale. Appl.
Anal. Disc. Math., (2014), 269-287.

[10] J. R. Graef, A. Ouahab. Some existence results for impulsive dynamic equations on time

scales with integral boundary conditions. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math.
Anal., 13B(2006), suppl., 11-24.

[11] D. Guo, V. Lakshmikantham. Nonlinear problems in abstract cones. Academic press, New

York, (1988).
[12] S. Hilger. Analysis on measure chains–a unified approach to continuous and discrete calculus.

Results Math., 18(1-2),(1990):18–56.
[13] G. S. Guseinov. Integration on time scales. J. Math. Anal. App., 285(2003), No. 1, 107–127.

[14] N. A. Hamal, F. Yoruk. Symmetric positive solutions of fourth order integral BVP for an in-

creasing homeomorphism and homomorphism with sign-changing nonlinearity on time scales.
Comput. Math. Appl., 59(2010), No. 11, 3603-3611.

[15] M. Hu and L. Wang. Triple positive solutions for an impulsive dynamic equation with integral

boundary condition on time scales. Inter. J. App. Math. Stat., 31(2013), No. 1, 67-78.
[16] I. Y. Karaca, F. Tokmak. Existence of positive solutions for third-order boundary value

problems with integral boundary conditions on time scales. J. Ineq. App., 2013(2013), No.

1, 1-12.
[17] T. Li, N. Pintus, and G. Viglialoro, Properties of solutions to porous medium problems with

different sources and boundary conditions, Z. Angew. Math. Phys., 70 (2019), Art. 86, 1–18.

[18] Y. Li and L. Sun. Infinite many positive solutions for nonlinear first-order BVPs with integral
boundary conditions on time scales. Top. Meth. Nonl. Anal., 41(2013), No. 2, 305-321.

[19] Y. Li and L. Wang. Multiple positive solutions of nonlinear third-order boundary value prob-
lems with integral boundary conditions on time scales. Adv. Diff. Eqns., 2015(2015), No.

1.

[20] Y. Li and T. Zhang. Multiple Positive Solutions for Second-Order p-Laplacian Dynamic
Equations with Integral Boundary Conditions. Boun. Val. Prob., 2011(2010), N0. 19.

[21] A. D. Oguz and F. S. Topal. Symmetric positive solutions for second order boundary value

problems with integral boundary conditions on time scales. J. Appl. Anal and Comp., 6(2016),
No. 2, 531–542.

[22] U. M. Ozkan, M. Z. Sarikaya and H. Yildirim. Extensions of certain integral inequalities on

time scales. Appl. Math. Let., 21(2008), No. 10, 993–1000.
[23] K. R. Prasad and Mahammad Khuddush. Countably infinitely many positive solutions for

even order boundary value problems with Sturm-Liouville type integral boundary condi-

tions on time scales. International Journal of Analysis and Applications. 15(2017), 198–210.
10.28924/2291-8639-15-2017-198.

[24] K. R. Prasad and Mahammad Khuddush. Symmetric positive solutions for even order
BVPs with integral boundary conditions on time scales. JIMVI. 8(2018), 2303–4866.

10.7251/JIMVI1801053P.

[25] K. R. Prasad and Mahammad Khuddush. Existence of countably many symmetric positive
solutions for system of even order time scale boundary value problems in Banach spaces.

Creat. Math. Inform., 28(2019), No. 2, 163–182.
[26] B. P. Rynne. L2 spaces and boundary value problems on time-scales. J. Math. Anal. App.,

328(2007), No. 2, 1217-1236.

[27] N. Sreedhar, V. V. R. R. B. Raju and Y. Narasimhulu. Existence of positive solutions for

higher order boundary value problems with integral boundary conditions on time scales. J.
Nonlinear Funct. Anal., 2017(2017), Article ID 5, 1-13.

[28] P . Thiramanus, and T. Jessada. Positive solutions of m-point integral boundary value
problems for second-order p-Laplacian dynamic equations on time scales. Adv. Diff. Eqns.,
2013(2013), No. 1, 1-18.

[29] S. G. Topal and A. Denk. Existence of symmetric positive solutions for a semipositone problem

on time scales. Hacet. J. Math. Stat., 45(2016), No. 1, 23–31.



168 K. R. PRASAD AND MAHAMMAD KHUDDUSH EJMAA-2021/9(1)

[30] P. Wang, Y. Wang, C. Jiang, and T. Li, Convergence of solutions for functional integro-

differential equations with nonlinear boundary conditions, Adv. Difference Equ., 2019(2019),

Art. 521, 1–16.

K. Rajendra Prasad
Department of Applied Mathematics, College of Science and Technology, Andhra Uni-

versity, Visakhapatanam, India-530003

Email address: rajendra92@rediffmail.com

Mahammad Khuddush

Department of Applied Mathematics, College of Science and Technology, Andhra Uni-
versity, Visakhapatanam, India-530003

Email address: khuddush89@gmail.com


	1. Introduction
	2. Assumptions
	3. kernel and It's Bounds
	4. Existence of denumerably Many Positive Solutions
	5. Example
	Acknowledgement
	References

