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PERIODIC MILD SOLUTIONS OF INFINITE DELAY SECOND
ORDER EVOLUTION EQUATIONS WITH IMPULSES

SAID ABBAS, MOUFFAK BENCHOHRA, GASTON M. NGUEREKATA AND YONG ZHOU

ABSTRACT. In this article, we study the existence of periodic mild solutions for
a class of second order evolution equations with not instantaneous impulses.
The techniques used are some fixed point theorems in Banach spaces (Darbo
and Kuratowski fixed point theorems), the Poincaré operator and the measure
of noncompactness.

1. INTRODUCTION

Functional evolution equations have recently been applied in various areas of en-
gineering, mathematics, and other applied sciences. For some fundamental results
in the theory of functional evolution equations we refer the reader to the mono-
graphs [T], 4, 16, 27, 29] B1] and the papers [2, 5] [6] 11} 25]. In [25], the authors
considered a class of evolution equations on unbounded intervals by using the Ti-
chonov’s fixed point theorem. However in the previous papers some restrictions like,
the compactness of the semigroup, the Lipschitz conditions on the nonlinear term
or the boundedness of the obtained mild solutions, are supposed. Functional dif-
ferential equations with non-instantaneous impulsive was studied in [3], (17, 26, 28].

In [211 22| 23], the authors used the Poincaré operator and proved some results
concerning the existence of periodic solutions of infinite delay evolution equations.
In this paper, we discuss the existence of periodic mild solutions of the following
class of second order evolution equations with infinite delay and not instantaneous
impulses

u”’(t) + A u(t) = f(t,u(t),u); iftely; E=0,1,...,
(t) = gk(tvu(tl:))v ift € Jk; k= 1721 AR
(t) =o(t); ifteR_ :=(—00,0],

u(sy)=vr€E; k=0,....,m,...,
where Iy = [O,tl], I = (Sk,tk+1], Ji = (tk,sk], 0=s0<t1 <s1 <ty <--- <
Sm—1 Stmgsmgtm+1:T§sm+1§tm+2§...<+oo, fIIkXEXBg)
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E, k=0,..., g, : Jy xE — E; k=1,2,..., are given functions T —periodic
int, T'> 0, B is an abstract phase space to be specified later, ¢ : R_ — E is
a given function, {A(t)}¢>0 is a T—periodic family of unbounded operators from
E into E that generate an evolution system of operators {U(t, 5)}t s)er, xr, ; for
(t,s) e A:i={(t,s) e Ry xR : 0< s <t <400}, Ry :=10,00), and (E, || -||g) is
a real Banach space.

For any continuous function » and any ¢t € Ry, we denote by u; the element of
B defined by u.(8) = u(t + 6) for § € R_ := (—o0,0]. Here, us(-) represents the
history of the state up to the present time t. We assume that the histories u; belong
to B.

This paper initiates the existence of periodic mild solutions for evolution equa-
tions with infinite delay and not instantaneous impulses. We use the classical Darbo
fixed point theorem, the Poincaré operator and the concept of measure of noncom-
pactness in Banach spaces. This extends the study of deriving periodic solutions
from bounded solutions to infinite delay differential equations in Banach spaces.
The paper is organized as follows. In Section 2 some preliminary results are intro-
duced. The main results is presented in Section 3, while the last section is devoted
to an illustrative example.

2. PRELIMINARIES

Let I := [0,7]; T > 0. By B(E) we denote the Banach space of all bounded
linear operators from E into F, with the norm

¥l = sup ING).

Let L'(I, E) be the Banach space of measurable functions v : I — E which are
Bochner integrable and normed by

T
lullzs = / () dt.

Note that, a measurable function v : I — E is Bochner integrable if and only if
|lu|| is Lebesgue integrable. For properties of the Bochner integral, see for instance,
Yosida [30].

As usual, C := C(I) denotes the Banach space of all continuous functions v : I — E
with the norm

[ufloe = sup [lu(t)]-
tel
Consider the space
C((~00,0],E) = {u : (—00,0] = E : u is continuous and there exist 7, € (—00,0);
k=1,...,m, such that u(r; ) and u(r;}) exist with u(r;, ) = u(rx)},
and the Banach space
PC={u:(—00,T) = E:ulg_ €B, uls, =gr; k=1,....m, ulr,; k=1,...,m
+

is continuous and there exist u(s; ), u(s}), u(t;) and u(t])

with u(s:) = gr(sk,u(sy)) and u(t;) = gk(tkau(tlz))}a
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with the norm

[ull pe = max{{[u]loc, [[#]l5}-

In what follows, let {A(t), t > 0} be a family of closed linear operators on the
Banach space F with domain D(A(t)) that is dense in E and independent of .
The existence of solutions to our problem is related to the existence of an evolution
operator U(t, s) for the homogeneous problem

u’(t) = A(t)u(t); t € Ry. (2)
This concept of evolution operator has been developed by Kozak [19].

Definition 2.1. A family U of bounded operators U(t,s) : E — E; (t,s) € A}, is
called an evolution operator of the equation (@ if the following conditions hold;
(P1) For anyu € E, the map (t,s) — U(t, s)u is continuously differentiable and:
(a) for anyt € Ry :U(t,t) = 0;
(b) forall(t,s) € A and for anyu € E, ZU(t, s)uli=s = u and ZU(L, s)uls=s =
—u.
(P2) For all (t,s) € A if u € D(A(t)), then %U(t,s)u € D(A(t)), the map
(t,8) — U(t, s)u is of class C?, and
2
) Gt (t, )u = AU, )
(b) %L{(t, s)u = U(t, s)A(s)u;
2
) 52Ut s)uli—s = 0.
) For all (t,s) € A if u € D(A(t)), then the map (t,s) — A(t)ZU(t, s)u is
corgtinuous, %U(zﬁ,s)u and %U(t,s)u exist and
(a) 78156259(@“(@ s)u = A(t)%b{(t, S)u;
() —BgatU(t, s)u = A(t)%bl(t, $)A(s)u.

In this paper, we assume that the state space (B, || - ||5) is a seminormed linear
space of functions mapping R_ into F, and satisfying the following fundamental
axioms introduced by Hale and Kato in [15].

(A1): If w € PC and ugy € B, then for every t € I the following conditions
hold:
(i) us € B
. t
(i) lluells < K(2) fo llu(s)llds + M(@)l|¢]s,
(iii) ||u(t)|| < Hllut||, where H > 0 is a constant, K : I — Ry is contin-
uwous; M : Ry — Ry is locally bounded and H, K, M, are independent of
u(-)

(As): For the function u(-) in (A1), u; is a B-valued continuous function on 1.

(As): The space B is complete.
Denote Kp, = sup{K(t) : t € I} and M), = sup{M(t) :t € I}.
Remark 2.2. Aziom (A1) (i) is equivalent to ||¢(0)| < H||¢||g; for every ¢ € B.

From this equivalence; we can see that for all ¢, 1 € B such that ||¢ —¢||g = 0, we
necessarily have ¢(0) = 1(0).
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Lemma 2.3. (Lemma 2.1 in [22]) There exists an integer ko > 1 such that

1 ko—1
- M<1
@) e

where M = sup ||U(t,s)||p(g) is finite, and there exists a function h on R_ such

(t,s)eA
that h(0) = 1, h(—o0) = +oo, h is decreasing on R_, and for d > wq = Klo one
h(s)

has sup

In all what follows, we consider the phase space

R N [
B:={oe O)E): suwp St < 2

where h : R_ — R, is the function given in Lemma We have that the space B
satisfies the condition (A3). Also; B satisfies conditions (A;) and (As) if

sup  sup o(t +9)
tel —ooco<—t h(0)

< 0

The space B endowed with the norm

_ i)l
S P TOR

is a Banach space [9].
Now, we recall the Kuratowski measure of noncompactness.

Definition 2.4. [7, 20] Let X be a Banach space and Qx the bounded subsets of
X. The Kuratowski measure of noncompactness is the map « : Qx — [0, 00] defined
by
a(B) =inf{e > 0: B C U, B; and diam(B;) < €}; here B € Qg,
where
diam(B;) = sup{|lu —v||g : u,v € B;}.

The Kuratowski measure of noncompactness satisfies the following properties:

Lemma 2.5. [7,[18] Let A and B bounded sets.

(a) a(B) =0« B is compact (B is relatively compact), where B denotes the

closure of B.

) nonsingularity : « is equal to zero on every one element-set.

(¢c) If B is a finite set, then a(B) = 0.

(d) a(B) = a(B) = alconvB), where convB is the convex hull of B.

) monotonicity: A C B = a(A) < a(B).

) algebraic semi-additivity : (A + B) < a(A) + a(B), where

A+B={xz+y:z€ A, ye B}

) semi-homogencity: a(AB) = |A|a(B); A € R. where A(B) = {\z : z € B}.
) semi-additivity : a(A|J B) = maz{a(A),a(B)}.

(i) a(ANB) = min{a(A),a(B)}.
)

invariance under translations: a(B + xo) = a(B) for any xg € X.
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In all what follows, by o we denote the Kuratowski measure of noncompactness.

Lemma 2.6. [I4] Let V C C(I, E) be a bounded and equicontinuous set, then

(i) the function t — a(V (t)) is continuous on I, and

a.(V) = stlelllo a(V(t)).

T T
(i) « (/0 u(s)ds :u € V) < /0 a(V(s))ds,

where
V() ={ult) :ueV} tel

Lemma 2.7. [§] IfY is a bounded subset of a Banach space X, then for each € > 0,
there is a sequence {yx}3>, C Y such that

a(Y) < 2a({yr}il.) +e

Lemma 2.8. [24] If {u,}32, C L*(I) is uniformly integrable, then o({ux}2 ;) is
measurable and

a ({ / t uk<s>ds}:°_1> <2 / o {un($) Y ).

For our purpose we will need the following fixed point theorem.

Theorem 2.9. (Darbo’s Fized Point Theorem) [12} [13]] Let X be a Banach space
and C be a bounded, closed, convex and nonempty subset of X. Suppose a continuous
mapping N : C — C is such that for all closed subsets D of C,

(T (D)) < ka(D), 3)
where 0 < k < 1. Then T has a fized point in C.

Remark 2.10. Mappings satisfying the Darbo-condition @ have subsequently been
called k-set contractions.

Definition 2.11. Let X be a Banach space and o be a mesure of noncompactness.
An operator P : X — X is said to be condensing if P is continuous and takes
bounded sets into bounded sets, and a(P(B)) < a(B) for every bounded set B of X
with a(B) > 0.

Theorem 2.12. (Sadovskii’s fized point theorem) [22]] Let X be a Banach space,
a be a mesure of noncompactness, and P : X — X be a condensing operator. If
P(H) C H for a convez, closed, and bounded set H of X then P has a fized point
in H.
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3. EXISTENCE OF PERIODIC MILD SOLUTIONS
Definition 3.1. By a periodic mild solution of problem we mean a measurable
and T-periodic function u that satisfies
—%U(t,0)¢(0) + U(t,0)10 + /Ot U(t,s) f(s,u(s),us)ds.; ift € Iy,
f%U(t, k) 9k (8K, u(sy ) + U(L, sk)k
u(t) = +/t Ul(t,s) f(s,u(s),us)ds.; iftely; k=1,...,m,
Sk

gr(t,u(ty)); ift € Jys k=1,...,m,
o(t); ifteR_.

The following hypotheses will be used in the sequel.

(H1) The functions f and gi are continuous in their variables, and they map
bounded sets into bounded sets,

(Hz2) The function t — f(t,u,v) is measurable on I, k = 0,...,m, for each
u,v € E x B, and the functions u — f(t,u,v) and v — f(¢t, u,v) are
continuous on E x B for a.e. t € I;; k=0,...,m,

(Hg) For a constant T' > 0, f(t+ T, u,v) = f(t,u,v), AG+T) = A(t); t €
Ii; k=0,...,m, (u,v) € Ex B,and g, (t + T, z2) = gi(t,2) t € J; k =
1,....m,z € E,

(H4) There exist continuous functions p : I, — Ry, ¢ : Jp — Ry, such that

Ilf (t,u,v)| < p(t), forae. t€ly; k=0,...,m, and each u,v € E X B,
and
llgr(t, 2)| < q(t), for a.e.t € J, and each z € E, k=0,...,m,
(Hs) For each bounded sets B(t) C E, and B; C B; t € R, such that
B(t) ={u(t):ue CI)}, and By = {us : uy € B},
we have

a(f(t,B(t),B;)) < p(t)a(B); fora.e. tely; k=0,...,m,

and
a(gr(t, B)) < q(t)a(B); for ae.t€ Jg; k=1,...,m.
Set
0 . X
My = sup |[=-U(t,s) , p*=supp(t), and q¢" = sup q(t).
(t,s)eA || OS B(E) tely, teJy

Now, we shall prove the following theorem concerning the existence of periodic
mild solutions of problem .

Theorem 3.2. Assume that the hypotheses (Hy) — (Hs) hold. If ¢ := 4MTp* < 1,
then the problem has at least one T-periodic mild solution defined on R.
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Proof. The proof will be given in two parts. Consider the problem

u'(t) + A@)u(t) = f(t,u(t),ur); iftely; k=0,...,m,
u(t) = gr(t,u(ty)); ifte Jiy k=1,...,m,

u(t) = ¢(t); ift € R_:=(—00,0],

u'(sg) =tg; k=0,...,m

Part 1. Existence of mild solutions.

We prove that problem (4]) has a mild solution v € PC, with |Ju|]|pc < R where
R = max{(|¢]ls, ", Moll¢(0)[| + Ml[¢poll + Mp*, Mog® + M|k || + Mp* + Mp*}.
Consider the operator N : PC — PC defined by:

—2U(t,0)$(0) + U(t,0 wo—i-/ U(t,s) f(s,u(s),us)ds.; ift € Iy,
—*U(t sk)gk(sk,u(sy ) + Ut se)br
+/ U(t,s) f(s,u(s),us)ds.; iftely; k=1,...,m,

gk(t u( )), ifte Ji; k=1,. m,
o(t); ifteR_.

(5)
Clearly, the fixed points of the operator N are mild solutions of problem .
For any u € PC and each t € I, we have

[(Nu)(@)]

IA

t
Mol|p(O) [} + Mlebo]| + M/O 1£ (s, u(s), us)llds

Mol|p(0)[| + Mlebol| + Mp*
R.

IAIA

Next, for any u € PC and each t € I; k=1,...,m, we have

[(Nu) @)

IN

t
Mog* + Ml + M / 17(5, u(s), us) |ds
Sk

< Mog" + M|y + Mp*
< R

Also, for any w € PC and each t € Ji; k=1,...,m, we have
[(Nu)(®)ll < ¢ < R,
and for any u € PC and each t € R_, we have

[(Nu)(@®)]| = [[¢lls < R.

This proves that N transforms the ball Br := {w € PC : ||w||pc < R} into itself.
We shall show that the operator N : B — Bp satisfies all the assumptions of
Theorem The proof will be given in two steps.

Step 1. N : Bg — Bpg is continuous.
Let {up, }nen be a sequence such that w,, — u in Bg.



186 S. ABBAS, M. BENCHOHRA, G.M. NGUEREKATA AND Y. ZHOU EJMAA-2021/9(1)

Foreacht € R_UJg; k=1,...,m, we have
|(Nun)(t) = (Nu)(B)] =0 = 0 as n— os,

and for each t € I; kK =0,...,m, we have

|(Nu)(®) - (Nu)(t)]] < M / £ (5, un(5), usn) — F(s,u(s)us)llds. — (6)

Since u,, — wasn — oo and f is continuous, then by the Lebesgue dominated
convergence theorem, equation @ implies

I(Nup)(t) — (Nu)(®)|| =0 asn — oo.

Hence
IN(un) — N(uw)|lpc =0 asn— oo.
Step 2. For each closed subset D of C(I), a(N(D)) < La(D).

From Lemmas and for any D C Bgr and any € > 0, there exists a sequence
{ur}p2, C D, such that for all t € I;; k=0,...,m, we have

(D)) = ({50000 + U0

+ /0 U(t,s) f(s,u(s),us)ds; ueD})

< 2a ({/0 U(t,s)f(s,uk(s),uks)ds}k_l> +e

< 4/ o ([0t 9) L) U (5, i (5), 1pa) L) ds + €
0

< 4M/ (0 (5, u(5), ) ) ds + €

< 4M/ o (s ()12 ) ds + €

< aMpt / ({un(s)}32.0) ds + &,

< 4AMTp*a.(D) + ¢,

and, forallt € Iy; k=1,...,m, we get

a((ND)(t))

o ({- 20t s0antsn a0 + Ut s

n /t U(t, ) f(s,u(s), us)ds; u € D}>

Sk

< 2 ({/Ot U(t,s)f(s,uk(s),uks)ds}:o_l> +e

< 4AMTp*a.(D) +e.
Since € > 0 is arbitrary, then

a.(ND) < La.(D).
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As a consequence of these two steps together with Theorem [2.9] we can conclude
that N has a fixed point in u € Br which is a mild solution of problem .

Part 2. Periodic mild solutions.
A standard approach in deriving T'—periodic solutions is to define the Poincaré
operator P : B — B given by P(¢) = ur(¢) such that

(P9)(s) = ur(s,¢) = u(T +5,0); s € R,

which maps an initial function (or value) ¢ along the unique mild solution u(¢) to
our problem by T— units (i.e., T units along the unique solution (-, ¢) deter-
mined by the initial function ¢).

We show that P is a condensing operator with respect to Kuratowski’s measure of
non-compactness in the phase space B, then the given conditions such that the fixed
point theorem (Theorem can be applied to get fixed points for the Poincaré
operator, which give rise to periodic solutions. We do this in two steps.

Step 1. The fized points of P give rise to periodic mild solutions of .
Let ¢ € B be such that p(¢) = ¢. Then for the solution u(-) = u(-, ¢) with ug(-, ¢) =
¢, we can define v(t) = u(t + T'). Now, for ¢t > 0, we can use the known properties
of U(t,s), and the fact that A(t), f and g are T-periodic functions in ¢, to obtain
that v is also a solution with vy (-, @) = ur(é) = u(-, ¢). Indeed; we can obtain that

1o}

0

w

U(t,o)¢(o)+U(t,o)¢o+/tU(t,s) F(s,0(s),v5)ds: i t € I,
0
U 5)gk(sms ulsi ) + ULl s

v(t) = +/ U(t,s) f(s,v(s),vs)ds; ift € Iy; k=1,...,m,

Sk
ge(t,v(ty)); ifte Jy k=1,...,m,
o(t); ifteR_.

Then the uniqueness of {U(t,5)}(,s)ea implies that v(t) = u(t), so that u(t) =
u(t +T) is a T-periodic solution.

Step 2. P is condensing.
Now, we prove that the operator P : B — B is condensing. Let D C B be bounded
with a.(D) > 0. From Theorem 4.1 in [22], we get

au(P(D)) < (1>k0_1 May(D) < au(D).

Thus from Theorem [2.12] P has a fixed point which gives rise to a periodic mild
solution of our problem .
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4. AN EXAMPLE

Consider the following functional evolution problem

0%z 0%z ) )

w(t,x) = a(t,x)ﬁ(t,x) +Q(t, z(t,x), ze(-,x)); zel0,m], tely; k=0,
z(t, x) = gi(t,z); zel0,7], t €y k=1,
z(t,0) = z(t,m) = 0; te Ry,

2(0,z) = ®(x); x € [0, 7],

z(t,x) = ¢(t, x); teR_, z€l0,7],

(7)
where a(t,z) : Ry x [0,7] = R is a continuous function and is uniformly Hélder
continuous in ¢, @ : Ry xRx B =R, &:[0,7] > Rand ¢: R_ x [0,7] — R are
continuous functions such that ®(x) = ¢(0,x); = € [0, 7].

Consider E = L?([0, 7], R) and define A(t) by A(t)w = a(t, z)w"” with domain
D(A) ={w € E : w,w" are absolutely continuous,w” € E, w(0) = w(r) = 0}.
Then A(t) generates an evolution system U(t, s) (see [10]).

For z € [0, 7], we have

8
=
8
SN~—"
I
©
—
,ﬂ
8
8
m
=)
A,
-
m
&

Thus, under the above definitions of f, up and A(-), the system can be rep-
resented by the functional evolution problem . Furthermore, more appropriate
conditions on @ ensure the hypotheses (H;) — (Hs). Consequently, Theorem
implies that the evolution problem has at least one periodic mild solution.
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