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COMPLETE HOMOGENEOUS SYMMETRIC FUNCTIONS OF
THIRD AND SECOND-ORDER LINEAR RECURRENCE
SEQUENCES

NABIHA SABA, ALI BOUSSAYOUD AND ABDELHAMID ABDERREZZAK

ABSTRACT. In this paper, we introduce an operator in order to derive a new
symmetric functions of third and second-order linear recurrence sequences.

1. Introduction and preliminaries

In [20], the Gaussian generalized Tribonacci numbers {GV,.}, 5 = {GV, (GVo, GV1,GV2)},5¢

is defined by

GV, =GV,_1+GV,_a+GV,_3, n>3
GVOZCO-i-i(CQ—Cl —60)7 GV =c1 +icy, GVo =co +icy

Special cases of Gaussian generalized Tribonacci numbers GV,, are Gaussian Tri-
bonacci numbers GV,, (0, 1, 1+ ¢) = GT,, and Gaussian Tribonacci-Lucas numbers
GV, (3—14, 14 3i, 3+1) = GK,,. We formally define them as follows:

Gaussian Tribonacci numbers is defined by

GTn = GTnfl + GTR,Q + GTnfg, n 2 3,

with initial conditions GTy = 0, G171 = 1, GT5 = 1 + i and Gaussian Tribonacci-
Lucas numbers is defined by

GK,=GK, 1 +GK, 2+ GKn—Sa n >3,

with initial conditions GKg =3 —i, GK1 =1+ 3iand GK; =3+ .

The authors in [10] defined and studied the trivariate Fibonacci and Lucas poly-
nomials H, (z,y,t) and K, (z,y,t). They gave Binet’s formulas, explicit formulas
and some properties of these trivariate polynomials.

Definition 1 For any integer n > 3, the trivariate Fibonacci polynomials,
denoted by (H,, (x,y,t))n>s is defined recursively by

Hﬂ ('raya t) = 'an—l (1',24715) + yHn—Q (I, y7t) + tHTl—3 (I, y7t) 5
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with the initials
HO (x7yat) = 07 Hl (xayat) =1and H2 ((L’,y,t) =T

Definition 2 For any integer n > 3, the trivariate Lucas polynomials, denoted
by (K, (2, y,t))n>3 is defined recursively by

Kn ($, y7t) = xKn—l (Z,y,t) + yKn—Q (’I},y,t) + tKn—B ($7y7t) )
with the initials
Ko (z,y,t) =3, K1 (z,y,t) =z and Ky (z,y,t) = 22 + 2y.

The Binet’s formulas of trivariate Fibonacci and Lucas polynomials are

an+1 ﬁnJrl ,yn+1

@=Ba- " B-aB-2 G-a(-p

H, (z,y,t) =

and
K, (z,y,t) =" + 8" + 7",

respectively, where «, 8 and ~ are the roots of the characteristic equation 2% —

2
2zt —yz—1t=0.

In [9], Kocer consider the bivariate Vieta-Fibonacci and bivariate Vieta-Lucas
polynomials which are defined by the following recurrence relations, for n > 2

Vi (z,y) = 2V (2,y) — yVip—o (z,y) with Vp (2,y) =0, Vi (2,y) =1,
and
Up (2,y) = 201 (2, y) — YOp—2 (z,y) with vy (z,y) =2, v (z,y) = «.

In 2018, Catarino introduced the k-Pell and k-Pell Lucas polynomials which are
defined recursively by

Py nt2 () = 2Py pt1 (x) + kPyp (x) with Py (2) =0, Py (z) =1,
and

Qrnt2 () = 22Qp i1 (2) + kQpp (z) with Qi () =2, Qi1 (x) = 2,

respectively, for more information see the paper [17].
In [15], N. Karaaslan and T. Yagmur defined the (p,g)-modified Pell numbers
by

MPygn =2pMPy gn—1+qMPpgn—2, n>2,

with M P, ,0=1and MP, ;1 =p.
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We define some Gaussian numbers (see [8, 13, 14]).

Gaussian numbers Linear recurrence sequences

Initial conditions

G’I’o =—-14+3
Gaussian Perrin numbers Grn,=Gry_os+ Grp_3, n>3 Gri =3
GTQ =21
GPy =1
Gaussian Padovan numbers GP,=GP, 2+ GP,_3, n>3 GPL=1+1
GP,=1+1
GRy=1—1
Gaussian Pell Padovan numbers GR, =2GR,,_ o+ GR,,_3, n>3 GRi=1+1
GRy =1+
. GP,,0=1
Gaussian (p, g)-Pell numbers GPygn =2pGPy gn-1+ 9GPy g2, n>2 { GPWL _
p,q,1 —

Gaussian (p, ¢)-Pell Lucas numbers | GQp q.n = 20GQp gn-1 + ¢GQp.gn—2, 1 > 2

{

GQPJLO =2—2ip
GQp,q1 = 2p+ 2iq

Gaussian (p, ¢)-Fibonacci numbers | GF, ¢ = pGFp qn-1+ ¢GFpgn_2, n>2

GFp,q,O =1
GFP#ZJ =1

Gaussian (p, ¢)-Lucas numbers GLpgn =0GLpgn-1+qGLpgn_2,n>2

{

Gprq’Q =2 — Zp
GL, 41 =D+ 2iqg

Table 1. Gaussian numbers.
In this part we define some Gaussian polynomials.
Definition 3 [7] For n € N, the generalized Gaussian Jacobsthal polynomials
{GJkn ()}, ey is defined recurrently by

GJin+1 (x) = Gy (x) + kaGJk,n_l (z), forn > 1,
with initial conditions Gy (z) = %, GJy1 (z) = 1.

Definition 4 [7] For n € N, the generalized Gaussian Jacobsthal Lucas poly-
nomials {Gjxn ()}, is defined recursively by

Gjgn+1 (x) = Gjgn (x) + 2k$ij,n—1 (z), forn>1,

with initial conditions Gy, (z) =2 — £, Gk (z) = 1 + 2i.
Definition 5 For n € N, the Gaussian Padovan polynomials, denoted by
{GP, (2)},cy is defined recurrently by

GP, (z) = 2GPy_s () + GP,_3(x), n>3

Definition 6 For n € N, the Gaussian Pell Padovan polynomials, denoted by
{GR, ()}, cy is defined recursively by

GR, (x) =22GR,,—2 (x) + GRp_3(x), n >3
{ GR()(JJ) = 1—i, GR1 (33) ZGRQ(JJ) =141

Next, we recall some properties of the symmetric functions that we will need in
the sequel.

Definition 7 Let k and n be two positive integers and {p1, pa, ..., pn } are set of
given variables the k-th complete homogeneous symmetric function hy (p1, p2, .., Pn)
is defined by

>

i1+io+...+in=k

i (P1, D2y oy Pn) = pipR.plr (0<k<n),
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with il7i2, ...,Z'n Z 0.
Remark 1 Set hg (p1,p2,...,pn) = 1, by usual convention. For k < 0, we set

hk (p17p27 7pn) =0.
Definition 8 [1] Let A and P be any two alphabets. We define S, (A — P) b,

the following form:

HpeP
- (A—P)z 1
Maea(l —az) Z Sn (1)

with the condition S, (A — P) =0 for n < 0.
Equation (1) can be rewritten in the following form

ZS A-P)z (Zs >>< <§Sn(—P)zn>, (2)

where

3

Sp(A—P)= Sn—j(—=P)S;(A).

Remark 2 Taking A = {0} in (1) gives

> Su(=P)z" =[] (1-p2).
n=0

pEP

Definition 9 [2] Given a function g on R”, the divided difference operator is
defined as follows
9(p1, - s PisPit1s Pn) — 9(P1s 0 Pi—1,Pit1, PisPit2 " Pn)
bi = Pi+1
Definition 10 Let n be a positive integer and P = {p1,p2} be set of given
variables, then, the n-th symmetric function S, (p1 + p2) is defined by

810ipi+1 (g) =

Sn(P) = Su(p1 +p2) = M
P1— P2
with
So(P) = So(p1+p2) =1
S1(P) = Si(p1+p2) = p1+p2,
Sa(P) = Sa(pr+p2) = pi + pip2 + 13,

Definition 11 [3] Given an alphabet P = {p1, p2}, the symmetrizing operator
6k is defined by

p1p2

Pig (p1) — P59 (p2)

6’;11,29(]91) o o , for all k € Ny. (3)
If g (p1) = p1, the operator (3) gives us
k+1 k1
p p
5 .9(p1) = L2 =G (p ).

P1 — P2
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2. Theorem and proof

The following theorem is one of the key tools of the proof of our main results. It
has been proved in [4]. For the completeness of the paper we state its proof here.
Theorem 1 Given two alphabets P = {p1,p2} and A = {aq, a2, a3}, we have

n_ So(—A) — p1p2Sa(—A)z? — p1p2S3(—A)S1(P)2*
(£ com) (S )
with S()(—A) =1, SQ<—A> = ayaz + ajas + azas, Sg(—A) = —a1a20a3.
Proof. Let Y S,(A)z"and ) S,(—A)z" be two sequences such that >~ S, (A4)z" =
n=0 n=0

n=0

ne0Sn (A)8p,pe (1112

) (4)

1 Ononehand, since g(p;) = Y. S,(A)pyz" and g(p2) = > S, (A)phz",
E Sn(_A)Zn n=0 n=0

n=0

we have

5P1p2g(p1) = 6P1P2 (ZSH(A)])?Z“>

n=0

p1 ZO Sn(A)ptz" —pa Y Sp(A)phz"

— n=0
P1 — D2
e’} n+l _  n+4l
= Yos. (P
ne0 P1—p2

oo

= Z STL(A)8PIP2 (p?+1)zn,
n=0

which is the right-hand side of (4). On the other part, since
1

Zo Sp(=A)ptzn

g(p1) =

i

we have
p1 p2

=
Sn(=A)pyz" ZO Sn(—A)pyz"
n=

=)

n=0

5P1P2g(p1) = DL — Do

D1 20 Sn(=A)pyz" —pa Y Sp(—A)pyz"

n=0

8

1= (£ sl ) ( £ .- )

n=0

io: S ( A)Plpgﬁnzp? n
n(—A) B2 =2l

n=0 P1—p2

(£ sut-ampen) (£ s.-amg=n)

n=0

So(—A) — p1p2Sa(—A)2? — p1p2S3(—A)Sy (P) 23.
(£ st (£ sut-2m27)
n=0

n=0
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This completes the proof.

3. Applications on third-order linear recurrence sequences

In this part, we now derive the generating functions of Gaussian generalized Tri-
bonacci numbers, Gaussian Padovan numbers and Gaussian Perrin numbers, Gauss-
ian Pell Padovan numbers, trivariate Fibonacci polynomials and trivariate Lucas
polynomials, Gaussian Padovan polynomials and Gaussian Pell Padovan polynomi-
als. The technique used is based on the theory of the so called symmetric functions.

e For the case A = {a1,az2,a3} and P = {1,0} in theorem 1 we deduce the
following lemma.

Lemma 1 Given an alphabet A = {a1, az,as}, we have

- n_ 1
;Sﬂ (A4)=" = (1—a12) (1 —az2) (1 —asz)’ (5)

Based on the relationship (5) we have

z

D 1 (A) 2" = (6)

(1—a12) (1 —az2) (1 —asz)’

and

2’2

T;)Sn_2 (4)=" = (1—a12) (1 —azz2) (1 —asz)’ @

with (1 — a12) (1 — az2) (1 — azz) = 1 — (ay + as + a3)z + (a1a2 + ayaz + asaz)z? —
a1a2a323.

3.1. Construction of generating functions of some well-known numbers.
This part consists of three cases.
a1+ as+az3 =1
Case 1. The substitution of { ajas + a1a3 + azas = —1 in (5), (6) and (7),

aj1a2a3 = 1
we obtain
- n 1
> S (A)z = (8)
n=0
> Snet (A) 2" = (9)
1—2z—22—2%
n=0
n— e 1
ngos 2( )Z 1— 2 _ 22 _ 53 (0)
respectively.

Multiplying the equation (8) by (GV;) and adding it to the equation obtained
by (9) multiplying by (GV; — GVp) and adding it to the equation obtained by (10)
multiplying by (GVa — GVi — GVj), then we obtain the following proposition.

Proposition 1 For n € N, the generating function of Gaussian generalized
Tribonacci numbers is given by

i GV — GVo + (GVy — GVy)z + (GVa — GV — GVO)Z{
n=0

11
1—z—22-23 (11)

We can state the following corollary.
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Corollary 1 The following identity holds true:
GV, = GVuS,, (A) + (GV1 — GV)Sp—1 (A) + (GVo — GV} — GVy)Sp—2 (A) .
e Put GVy) =0, GV; = 1 and GV, = 1 + ¢ in the relationship (11), we can
state the following corollary.
Corollary 2 Forn € N, the generating function of Gaussian Tribonacci numbers
is given by
z+i2?

e Put GVy) =3 —1i, GV}, = 1+ 3i and GV, = 3 + i in the relationship (11),
we can state the following corollary.

Corollary 3 For n € N, the generating function of Gaussian Tribonacci-Lucas
numbers is given by

> —i—(2—4i)z— (1+1)22
5 GRpon = 212 @)z (142 (13)
= 1—z—22-23

with GK,, = (3 — i) Sy (A) — (2 — 4i) Sp_1(A) — (1 +1) Sp_a(A).
a1 +as+a3 =0
Case 2. The substitution { ajaz + ajas + azaz = —1 in (5), (6) and (7), we

aj1a2as3 = 1
obtain
>, 1
mW(A) 2" = —————— 14
nz::osl( )Z 1_22_237 ( )
= z
1A= 1
>S5 ()" = T (15)
> 2 (A)2" = yR (16)
n=0
respectively.

Multiplying the equation (16) by (i) and adding it to the equation obtained by
(15) multiplying by (1 + ¢) and adding it to the equation (14), then we have the
following proposition.

Proposition 2 For n € N, the generating function of Gaussian Padovan num-
bers is given by

Nt o 14+ (1414) 2 +i2?
;GP,,Z =0 (17)
We have the following corollary.

Corollary 4 The following identity holds true:

GP, = Sn(A) + (1 + Z) Sn—l(A) +iSn—2 (A) .

Multiplying the equation (14) by (—1+ 3¢) and adding it to the equation ob-
tained by (15) multiplying by (3) and adding it to the equation obtained by (16)
multiplying by (1 — ¢), then we obtain

oo

n —14+3i+32+(1—1i)22

ST (=14 30) Su(A) +38u_1(A) + (1 — i) Sp_a (A)) 2

1—22—23
n=0

)
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and we have the following proposition.
Proposition 3 For n € N, the generating function of Gaussian Perrin numbers
is given by

>, o 14304324 (1—14)22
nZ:;JGrnz = 2. ) (18)

with Grp, = (=1 + 3i) Sp(A) +3Sp-1(A) + (1 — i) Sp—2 (A).
ay +az +az = 0
Case 3. The setting of ¢ aia2 + ajas +azaz = —2 in (5), (6) and (7), we

ajagasz = 1
obtain
- 1
n(A) 2" = —————| 1
3250 ()" = s (19)
isn_l (A= — = (20)
— 1—222— 23’
o 22
Spn—2(A) 2" = —————, 21
nz_% 2(4)2 1—222—23 (21)
respectively.

Multiplying the equation (19) by (1 — ¢) and adding it to the equation obtained
by (20) multiplying by (1 +4) and adding it to the equation obtained by (21)
multiplying by (—1 + 3i), then we deduce the following proposition and corollary.

Proposition 4 For n € N, the generating function of Gaussian Pell-Padovan
numbers is given by

> o L= (T44) 2+ (=14 3i)22
;Gan = T : (22)

Corollary 5 The following identity holds true:
GR,=(1-14)S,(A) + (1 +4)Sn—1(A) + (=1 +30)S,—2 (A) .

3.2. Construction of generating functions of some well-known polynomi-
als. This part consists of three cases.
a1 +az2+a3=x
Case 1. The Setting of ¢ ajas + ajas + azas = —y in (5), (6) and (7), we
aj1a2a3 = t
obtain

isn (4) 2" = ! (23)

1l —xz—y22 —t2¥

= z
Sn_1(A) 2" = , 24
ng() 1(4)2 1— 2z —yz? —tz3 (24)

2

> 82 (A) 2" z (25)

Tl —az g2 123

n=0

respectively, and we have the following corollary.
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Corollary 6 For n € N, the generating function of trivariate Fibonacci poly-
nomials is given by

z

Z H, (z,y,t)z" = = with Hy, (z,y,t) = Sp—1(A). (26)
n=0

xz —yz2 —t23’

Multiplying the equation (23) by (3) and adding it to the equation obtained by
(24) multiplying by (—2z) and adding it to the equation obtained by (25) multi-
plying by (—y), then we deduce the following proposition and corollary.

Proposition 5 For n € N, the generating function of trivariate Lucas polyno-
mials is given by
3 —2xz —yz?

K, (z,y,t) 2" = . 27
(@,y,1)2 1— 2z —yz2 —tz° (27)

NE

n=0

Corollary 7 The following identity holds true:
K, ((E, Y, t) = 3Sn(A) - 2$Sn,1(A) - ySn72 (A) .
e Writing 22 instead of z, x instead of y and taking t = 1 in (26) and (27),
we have the following corollaries.

Corollary 8 For n € N, the generating function of Tribonacci polynomials is
given by

(oo} . o )
;Tn (2) 2" = T, With Ty, () = Sn1(A).

Corollary 9 For n € N, the generating function of Tribonacci Lucas polyno-
mials is given by

e 3_9 2, 2
n=0

1— 222 —x22 — 23’

e Based on the relationships (26) and (27) and with = y = t = 1, we obtain
the following corollaries.

Corollary 10 For n € N, the generating function of Tribonacci numbers is
given by

[e’e] . 2 .
;Tnz = m, with Tn = Snfl(A)

Corollary 11 [12] For n € N, the generating function of Tribonacci Lucas
numbers is given by

= n 3—2z—22 .
a1+ as+a3=0
Case 2. The substitution of { ajas + aias + azaz = —x in (5), (6) and (7),
ajas0a3 — 1
we obtain

o0 . 1
HZ::OSn (A) 2" = 1223 (28)

with K, () = 38, (A)—222S,_1(A)—2Sp_s (A) .



EJMAA-2021/9(1) COMPLETE HOMOGENEOUS SYMMETRIC FUNCTIONS 235

ad z

(A= — S 2
nz:;)s 1( )Z 1 — 122 _ 23 (9)
o) ) 22
HEZO:SW*Q ( )Z - 1— ng _ 237 (30)

respectively.

Multiplying the equation (30) by (1 — 2 + ) and adding it to the equation ob-
tained by (29) multiplying by (1 + ¢) and adding it to the equation (28), then we
obtain

D (Sn(A) + (1 41) Sn1(A) + (1= 2 +14) Spa (A)) 2" = 1+(1 +1i)_zx4z-2(1_—23x +1i)z
n=0

and we have the following proposition.
Proposition 6 For n € N, the generating function of Gaussian Padovan poly-
nomials is given by

oo

T+ (1+7 1— ) 22
ZGP»,L(LL')ZHZ +( +7’)Z+( l’+’L)Z
n=0

1—x22—23

; (31)

with GP, () = Sp(A) + (1 +14) Sp—1(A) + (1 —x +14) Sp—2 (A).
a1 +as+a3=0
Case 3. Taking ¢ aia2 + ajas + azas = —2z in (5), (6) and (7), we obtain

aj1ao2a3 = 1
S A= L (32)
= " 1—2p22 — 237
o0 N Py
QS A = (%)
;Sn,z (4)=" = 1—2x22 — 23’ (34)

respectively.

Multiplying the equation (32) by (1 — i) and adding it to the equation obtained
by (33) multiplying by (1 +¢) and adding it to the equation obtained by (34)
multiplying by (1 — 2z + i (1 + 2z)), then we have the following proposition and
corollary.

Proposition 7 For n € N, the generating function of Gaussian Pell-Padovan
polynomials GR,, (z) is given by

> o =it (L) z+ (1 —22+i(1+2x))22
n=0

Corollary 12 The following identity holds true:

GRy () = (1 — i) Sp(A) + (1 +14) Su1(A) + (1 — 22+ (1 + 22)) Sp_s (A) .

)
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4. Applications on second-order linear recurrence sequences

In this part, we now derive the generating functions of Gaussian (p, ¢) numbers,
(p, g)-modified Pell numbers and bivariate Vieta polynomials, Gaussian generalized
polynomials, k-Pell polynomials and k-Pell Lucas polynomials.

e For the case A = {a1,—a2,0} and P = {1,0} in theorem 1 we deduce the
following lemma.

Lemma 2 Given an alphabet A = {a1, —as}, we have

oo
1
S, — "= . 36
nz:% n (a1 +[a2]) 2 1— (a1 —ag2) z — ajasz? (36)
Based on the relationship (36) we have
isn_l (a1 + [~as)) 2" = : . (37)
o 1— (a1 —az2) z — ajas2?

4.1. Construction of generating functions for Gaussian (p,q)-numbers
and (p, q)-modified Pell numbers. This part consists of two cases.

Case 1. The substitution of { @2 =P gy (36) and (37), we obtain

a1y =
isn (a1 + [—a2]) 2" = S — (38)
— 1 —pz—qz?’
DTG (39)
1 —pz—qz?’

n=0
respectively.
Multiplying the equation (38) by (¢) and adding it to the equation obtained by
(39) multiplying by (1 — pi), then we obtain the following proposition.
Proposition 8 For n € N, the generating function of Gaussian (p, ¢)-Fibonacci
numbers GF), 4 is given by

= i+ (1—pi)z
GF, = T PE 40
7;) pg;n? 1—pz—qz2 (40)

with GF, 4., = 1Sy (a1 + [—ag]) + (1 — pi) Sp—1(a1 + [—az]).
Multiplying the equation (38) by (2 — pi) and adding it to the equation obtained
by (39) multiplying by (z (p2 + Qq) — p), then we have the following proposition.
Proposition 9 For n € N, the generating function of Gaussian (p, q)-Lucas
numbers GL, 4, is given by

> n_(27pi)+(i(p2+2q)fp)z
;0 GLpgn2" = [— : (41)

with GLy g, = (2 — pi) Sn(a1 + [—az2]) + (i (p* + 2¢) — p) Su—1(a1 + [—az)).
e Based on the relationships (40) and (41) and with p = ¢ = 1, we obtain the
following corollaries.
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Corollary 13 [18] For n € N, the generating function of Gaussian Fibonacci
numbers GF,, is given by

S GEm = % with GF,, = iS, (a1 + [—as]) + (1 — i) Sp_1 (a1 + [—as)).
n=0

Corollary 14 [18] For n € N, the generating function of Gaussian Lucas
numbers GL,, is given by

S, = BTN E oL, = 2 i) S+ [—as]) +Bi — 1) Sy a1+ —as)).
n=0

1—2—22

Case 2. Assuming that { a1 —az =2p in (36) and (37), we get

aijaz =g
isn (ar + [~aa]) " = —— (42)
= 1—2pz—qz
o
;sn_l (a1 + [~as)) 2" = %, (43)

respectively.
Multiplying the equation (42) by (i) and adding it to the equation obtained by
(43) multiplying by (1 — 2pi), then we have the following proposition and corollary.
Proposition 10 For n € N, the generating function of Gaussian (p, g)-Pell
numbers GP, ;4 , is given by

oo . .
1-2

S GBy g = Mipﬂj (44)

= 1—2pz —qz

Corollary 15 The following identity holds true:

GP, g n =1Sn(a1 + [—az2]) + (1 — 2pi) Sp—1(a1 + [—a2]).

Multiplying the equation (42) by (2 — 2pi) and adding it to the equation obtained
by (43) multiplying by (z (4p2 + 2q) — Zp), then we obtain the following proposition.

Proposition 11 For n € N, the generating function of Gaussian (p, q)-Pell
Lucas numbers GQp 4, is given by

(2 —2pi) + (z (4p2 + 2q) - 2p) z
1—2pz — g22

> GQpgnz" = , (45)
n=0
with GQpgn = (2 = 2pi) Sn(a1 + [—az2]) + (i (4p* + 2q) — 2p) Sn—1(a1 + [—az)).
Multiplying the equation (43) by (—p) and adding it to the equation (42), then
we have the following proposition and corollary.
Proposition 12 For n € N, the generating function of (p,¢)-modified Pell
numbers M P, , , is given by

i MP, " = — A P% (46)
— P49, 1 _ 2pz _ qu

Corollary 16 The following identity holds true:
MPy gn = Sn(ar + [—az]) — pSn—1(ar + [—az]).
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e Based on the relationships (44), (45) and (46) and with p = ¢ = 1, we
obtain the following corollaries.

Corollary 17 [18] For n € N, the generating function of Gaussian Pell numbers
GP, is given by

00 . 1— 9
Z GP, 2" = H, with GP,, = iSn(a1+[—a2])+(1 — Zi) Sn_l(a1+[—a2]).
n=0

Corollary 18 [18] For n € N, the generating function of Gaussian Pell Lucas
numbers GQ,, is given by

= n (2—20)+(6i—2)2
GQnZ = )

1—2z—22

with GQpn = (2 — 2i) Sy (a1 + [—az]) + (60 — 2) Sh—1(a1 + [—a2)).
Corollary 19 [19] For n € N, the generating function of modified Pell numbers
qn is given by

o0
1—
T;ann = ﬁ, with ¢, = Sn(al + [—CLQ]) - Sn—l(al + [—az])~

4.2. Construction of generating functions of bivariate Vieta-Fibonacci
and Lucas polynomials. This part consists of three cases.

Case 1. The substitution of { Zia_z 12 _:yx in (36) and (37), we obtain
> 1
T;)Sn (a1 + [—a2]) 2" = pp—— (47)
o
%sn_l (a1 + [—as)) 2" = m (48)

respectively, and we have the following corollary.
Corollary 20 For n € N, the generating function of bivariate Vieta-Fibonacci
polynomials V,, (z,y) is given by
o0

> Valay) "

n=0

Z .
=T MtV @y) =S (et al). o (49)

Multiplying the equation (47) by (2) and adding it to the equation obtained by
(48) multiplying by (—z), then we have the following proposition.

Proposition 13 For n € N, the generating function of bivariate Vieta-Lucas
polynomials v, (z,y) is given by

iv () 2" = — 2T (50)
—~ n ?y _1_§CZ+y22’

with v, (z,y) = 2S,(a1 + [—az2]) — ©Sn—1(a1 + [—azg]).

e Based on the relationships (49) and (50) and with y = 1, we obtain the
following corollaries.
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Corollary 21 For n € N the generating function of Vieta-Fibonacci polyno-
mials V,, (z) is given by

S n 4 .
;Vn ()" = 1— a2+ 22 with V,, (z) = Sp—1 (a1 + [~az]) .

Corollary 22 For n € N; the generating function of Vieta-Lucas polynomials
vy, () is given by

n;)vn (z) 2" = % with v, (x) = 25, (a1 + [—a2]) — zSn_1 (a1 + [—ag)]).

a; — ay = 2x

Case 2. Assuming that { in (36) and (37), we obtain

a1y = k
iSn (a1 + [—asg]) 2" = _ (51)
~ 1— 2wz — k22’
S St (ay 4 [ag)) 2" = (52)
v 1—2z2 — k22’

respectively, and we have the following corollary.
Corollary 23 Forn € N, the generating function of k-Pell polynomials Py, ,, () is
given by

oo . 5 .
TLEZ:OP]{;JL (CU) z = m, with Pk_’n (.r) = Snfl (al + [—CLQ]) . (53)

Multiplying the equation (51) by (2) and adding it to the equation obtained by
(52) multiplying by (—2x), then we have the following proposition and corollary.
Proposition 14 For n € N, the generating function of k-Pell Lucas polynomials
Qk.n (z) is given by
= 2 —2zxz
n "N 54
;Qk’ (z) 2 1—2xz — k2?2 (54)
Corollary 24 The following identity holds true:
Qi,n (¥) = 25, (a1 + [~az2]) — 228,-1(a1 + [—az2)).
e Based on the relationships (53) and (54) and with = 1, we obtain the
following corollaries.
Corollary 25 For n € N, the generating function of k-Pell numbers Py ,, is
given by

Z Pk}nz" = # With Pk,n = On—1 (a1 + [—GQD .
n=0

11— 22— k2%’
Corollary 26 For n € N, the generating function of k-Pell Lucas numbers Q
is given by
i Qk nz" = i With Qk n — QSn (a1 + [*ag]) — QSn_l (a1 + [*az]) .
for S 1—2z— k22’ " ) )
e Put k£ =1 in the relationships (53) and (54), we obtain the following corol-
laries.
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Corollary 27 For n € N, the generating function of Pell polynomials P, ()

given by
—ag]) .

c , with P, (2) = Sp_1 (a1 + |

P(z)" = ———
Z ()2 1—2zz— 22

n=0
Corollary 28 For n € N, the generating function of Pell Lucas polynomials
Q. () is given by
2 —2xz .
, with Q,, (z) = 2S5, (a1 +[—az]) —2xS, -1 (a1 +[—az2)).

nz:;)Qn(x)z - 1—2xz — 22

1-a=1 in (36) and (37), we obtain

Case 3. By taking { Z @ = 2k
1ag =
1
(55)

D S (ot [maa) 2" = g,

n=0
(56)

o0
z
D Sumt (@ + [—ag]) 2" = T,

respectively. '
Multiplying the equation (55) by (%) and adding it to the equation obtained by
), then we have the following proposition.

(56) multiplying by (1 — ),
Proposition 15 For n € N, the generating function of generalized Gaussian

Jacobsthal polynomials GJy ., () is given by
(57)

- w i+ (2-0)z
Z Glin (2) 2" = 2 — 2z — 2k+lg2’

+ (1= 3) Sn-1(a1 + [—az)).
2) and adding it to the equation obtained
) then we obtain the following proposition.

i

with GJy ,, (x) = iS (a1 + [—
Multiplying the equation (55) b (2

by (56) multiplying by ( (2$ + )
Proposition 16 For n € N, the generating function of generalized Gaussian

Jacobsthal Lucas polynomials Gjy, ,, (z) is given by
A—it(i(dx+1)—2)z

> Gi (a) 2 = A O S
with Gjgn (2) = (2 = §) Sular + [~as]) + (i (22 + 3) — 1) Sp—1(a1 + [~az]).
e Based on the relationships (57) and (58) and with x = 1, we obtain the

(58)

)

following corollaries.
Corollary 29 For n € N, the generating function of generalized Gaussian

Jacobsthal numbers G'Jj, , is given by
(9 ,
s ( l) i with GJ}C’n = ;Sn(a1+[—a2])+(

o0
n __
2 Chon?" = 55—y
n=0
Corollary 30 For n € N, the generating function of generalized Gaussian

2

Jacobsthal Lucas numbers Gjy, ., is given by
+(5i—2)z

= 4
Z ij,nzn - 2 _ 9, _ 2k’+122 )

1- Z) Sn—1(a1+[—a2]).
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with Gjgn = (2 — §) Snlar + [—az]) + (3 — 1) Sp_1(ar + [—az)).
e Put k = 1 in the relationships (57) and (58), we obtain the following corol-
laries.

Corollary 31 [18] For n € N, the generating function of Gaussian Jacobsthal
polynomials GJ,, (z) is given by

2922 — 422’

iGJn(z)z”— i+(2—1i)z
n=0

with GJ,, (I) = %Sn(al + [*CLQ]) + (1 — %) Sn_l(lll + [*ag]).
Corollary 32 [18] For n € N, the generating function of Gaussian Jacobsthal
Lucas polynomials Gj, (x) is given by

o 4—i+(i(dz+1)—2) 2
G (x) 2" =
T;) gn (@) 2 2 — 2z — 4uz?

with Gjp, (z) = (2= %) Snlar + [—a2)) + (i (22 4+ %) — 1) Sp—1(ay + [—a2]).

5. Conclusion

In this paper, we have derived theorem 1 by making use of symmetrizing operator
given by definition 11. By making use of theorem 1, we have obtained propositions
and corollaries which is led to generating function for a class of new family of
complete functions.

In our forthcoming investigation, we plan to establish further results and prop-
erties associated with some generalized forms of the above mentioned families of
new class of generating functions of binary products of some special numbers and
polynomials.
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