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A NOTE ON (m,n)-PARANORMAL OPERATORS

PREETI DHARMARHA AND SONU RAM

ABSTRACT. In this paper, we prove properties of the class of (m, n)-paranormal
operators (a generalization of paranormal operators) on Hilbert space. Equal-
ity of the approximate point spectrum and the joint approximate point spec-
trum, for (m,n)-paranormal operators has been proved under certain given
conditions. Moreover, the point spectrum coincides with the joint point spec-
trum for the class of (m, n)-paranormal operators. We also discuss the SVEP,
normaloid and subnormality for the same class of operators.

1. INTRODUCTION

Throughout this note, B(H) be the C*-algebra of all bounded linear operators
acting on infinite dimensional separable complex Hilbert space H . If T € B(H),
then we shall write N(T') and R(T) for the null space and the range space of T,
respectively. In this paper, C and N denote the set of all complex numbers and
the set of all natural numbers, respectively. The orthogonal complement S+ of a
subset S of Hilbert space is defined by S+ = {x € H : (x,y) =0 for all y € S}.

For T, S in B(H), T®S denotes the tensor product on the product space HQH.
If T € B(#H), then we write o(T'), 0,(T), 0jp(T), 04(T) and 0,4(T) for the spectrum,
the point spectrum, the joint point spectrum, the approximate point spectrum and
the joint approximate point spectrum of T, respectively. An operator T in B(H) is
said to be:

1) positive (denoted T > 0) if (T'z,z) > 0, for all z € H.

2)if T*T — TT* > 0, or equivalently, | Tz|| > ||T*z|| for all z € H[15].

3) paranormal if ||Tx||? < [|T?z||||z||, for all z € H [15, 13].

4) (m,n)-paranormal and (m,n)*-paranormal if || Tz||"*! < m| T z||||z||"* and
|T*z||" Y < m|| T z||||z]|™, respectively for all x in H, where m is a positive
real number and n is a positive integer [10].

5) normaloid, if its spectral radius coincides with its norm, that is, »(T') = ||T||, or
equivalently, [|T"|| = ||T'||™ for every positive integer n.
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2. (m,n)-PARANORMAL OPERATORS

We begin this section with the following theorem for the class of (m, n)-paranormal
operators.

Theorem 2.1. Let T € B(H®H) be a (m,n)-paranormal operator defined by 2 x 2
A C

matriz representation T = [0 B

] . Then A is (m,n)-paranormal.

Proof. By [10, Theorem 2.1}, the following matrix

mrr Al (n+ 1)a™T*T + M na" T = LC%?* ];}
is positive for each a > 0, where
Q = mmiT A AL (n+1)a"A*A+ maTna" I
R=mmT AP — (n+ 1)a"A*C

and

S =m=1(P*P + B B — (n 4+ 1)a™(C*C + B*B) + m=Tna™ I
Here, we have

P=A"C+ A" 'CB + A" 2CB*+ ...+ ACB"™' + CB"

Since T is (m, n)-paranormal, so @) is positive for each a > 0. Hence, A is (m,n)-
paranormal. (I

Now, in the sequel of the above result, we have S is positive for each a > 0.
Thus, we have

ma B B (4 1)a"B* B + mna" I
> (n+1a"C*C — m=i1 P* P,

Therefore, if we take (n 4+ 1)a”C*C > m=iT P*P for each a > 0, then B is also
(m,n)-paranormal. This is our next result.

Proposition 2.2. Let T € B(H @& H) be a (m,n)-paranormal operator defined by
A C
0 B

(n+1)a"C*C > m=1 P*P, for each a > 0.

2 x 2 matrix representation T = { ] . Then B is (m,n)-paranormal provided

Remark 2.3. It is well known that L/x* ﬂ is positive if and only if x > 0, 2 >0

and y = z2wz2 for some contraction w. Now, if we choose @ = 0 in Theorem 2.1,
then we have R = 0, that is,

mwt AN (AC + AV'CB 4+ A" 2CB? + -+« + ACB™ ' + CB")
=(n+1)a"A*C.

Remark 2.4. In Theorem 2.1, if we set C' = 0, then B is always (m, n)-paranormal.

Remark 2.5. If T = [61 g} on H =M @ M~ is (m,n)-paranormal and M be a

closed invariant subspace of H under T, then T is (m,n)-paranormal on M.
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In the following theorem, we show the relationship between (m,n)-paranormal
and (m,n + 1)-paranormal operators for n > 2.

Theorem 2.6. [16, Lemma 1] Let T be a (m,n)-paranormal operator and for all
unit vectors in H, ||[T"x||||Tx|| < |T"z|. Then T is (m,n + 1)-paranormal.

Conversely, if T is (m,n + 1)-paranormal and | T" 1 z||* < m|T"z||"*! for all
unit vectors in H, then T is (m,n)-paranormal.

Proof. By using the (m,n)-paranormality of T and given condition, we have
| Ta|" ™ < m|| T || Ta| < m|T" ],
that is,
1Tt < m|| T a]].
Conversely, with T' (m,n + 1)-paranormal and given condition, it follows that

T+ < (|| T ]))™ < m" T ",

that is,
[Tz||* < m|T"z|.
Hence, the result holds. O

It is a natural question to ask whether an operator T is normaloid or not. The
following example provides an operator which is (m,n)-paranormal but not nor-
maloid for m > 1.

Example 2.7. Let H = [2(N,C). Define weighted shift operator T' by T'(ex) =
wrep+1 for all positive integers k, with non zero weights wj and orthonormal basis
ek, where
wy = Uf k = 12if k = 23if k > 3
Equivalently, for z € [?(N, C), we have
T(.Q?l, o, ) = (O7 I, 21‘2, 3.7}3, 33?4, )
By [10, Theorem 2.9], T" is (m, n)-paranormal if and only if

lwe|" ™! < mlwps [l wesa| - Jwegn-1], (2.1)

for n > 2, all positive integers k and all unit vectors. Note that the inequality (2.1)
is satisfied for all m > 1 by weighted sequences. Hence, T is (m,n)-paranormal.
Now, |T|| = sup |wg| and so it is easy to see that ||T'|| = 3. It is well known that
0 <r(T) <|T|. Thus, r(T) < 3.

Now, we claim that r(T") < 3. Suppose if possible, 7(T') = 3. Then there exists
A € C such that |A\| =3 and T — AI is not invertible. Note that

(T — M)(z1,x2,...) = (—Ax1, 1 — A2, 229 — \x3, 323 — Axyg, 34 — AT5, ...)

It is easy to see that T'— A is one one and onto. Hence, T'— AI is invertible, which
is a contradiction. Therefore, A ¢ o(T") and r(T') # 3. Thus, r(T') < 3. Hence, T is

not normaloid.

To the sequel, we sketch the following theorem which shows that a (m,n)-
paranormal operator is normaloid for m < 1.

Theorem 2.8. [16, Proposition 1] If an operator T is (m, n)-paranormal form < 1,
then T is normaloid.
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The proof of the next theorem is similar to that of [11, Theorem 2.3].

Theorem 2.9. Let H be the direct sum of countably many isomorphic copies of
Hilbert spaces H;. If T; is (m,n)-paranormal operator on H; for each i, then the
direct sum of T; is also (m,n)-paranormal.

Lemma 2.10. [10, Theorem 2.9] Let an operator T': 1?(Z,C) — [?(Z,C) be defined
by T(er) = wi_1ex—1 with non zero weights (wy), and the orthonormal basis (ey).
Then T is (m,n)-paranormal if and only if

lwe—1 " < mlwp_a|fwr—s| - [Wp_n]
holds for all integers k, unit vectors and n > 2.

In the following example, we show that the inverse of (m, n)-paranormal operator
need not be (m,n)-paranormal.

Example 2.11. Let # = [?(Z,C) and T be a weighted shift operator on H defined
by Ter = wier4+1 with non zero weights wy, and the orthonormal basis e, for all
integers k, where

1
wkziikaOZifk:MikaZ

Equivalently, T is defined by
1 1
T(...,l‘_l, Lo, T, ) = (, 5.%_17 53}‘0, 2%1741‘2,43337 )

By [10, Theorem 2.9], T" is (m,n)-paranormal if and only if

"t < mlwkg [Jwke]. [kl (2.2)
for unit vectors and n > 2. Thus, (2.2) holds for m > 1. It is straightforward to
see that T is invertible. Also,

— Y2 Y3 Y4
T,y )= (0 2y0, 2y1, =, —, —, ...
( yY—-1,Y0, Y1, ) ( , 240, 2Y1, 27 4a 47 )7

that is,
T ey = ap_1e5-1
with weighted sequence
1 1
ap =2if Kk <0zif k=1-if k> 2
2 4
Now, we claim that 7! is not (m,n)-paranormal. By using Lemma 2.10, 7! is
(m, n)-paranormal if and only if
lak—1[""" < mlag_ao||ar—s| - |ar_nl, (2.3)

for unit vectors, all k and n > 2. If we choose n = 3,k =4 and m = £, then (2.3)
fails to hold. Hence, the claim holds.

The proof of the following theorem is similar to [11, Theorem 2.6].

Theorem 2.12. Let T be an (m,n)-paranormal operator. Then T @ I and I @ T
are also (m,n)-paranormal.

The following example shows that the tensor product of two (m, n)-paranormal
operators need not be (m,n)-paranormal.
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Example 2.13. For each positive integer k, assume that Hy = R x R. Let H be
a Hilbert space such that H = @2, Hx. Now, we choose A and B to be positive

operators on Hj, such that A = {(2) (2)} and B* = ﬁ :1))] We simply assign the

operator T on H as:

T(x1,2,...) = (0, Az1, Az, ..., ATy, By i1, Bopio,...).
Thus, the adjoint of T is given by

T*(x1, 22, ...) = (Azs, Axs, ..., ATpt1, BTnia, BXnyis,...).
For z = (...,0,0,,,0,0,...) in H, by [10, Theorem 2.1], an operator T is (23,2)-
paranormal if and only if

2AB*A — 3a%A? + 44°T > 0,

for each a > 0. Now,

4a® — 1242 + 32 8

44 o 242 37 _
2AB*A —3a“A* +4a°1 = 3 a3 — 1242 + 24

is positive for each a > 0. Thus, T is (2% ,2)-paranormal. Similarly, by [10, Theorem
2.1], the operator T ® T is (2%,2)—paranormal if and only if

2(AB*A® AB*A) — 3a*(A? ® A%) + 4a*(I®I) > 0,
for each a > 0. For a = 10, the operator
2(AB*A® AB*A) — 3a*(A? ® A%) + 4a*(I ® I)
—288 128 128 32
128 —416 32 96

128 32 —416 96
32 96 96  —512

is not positive. Hence, our claim holds.
. . . k . . . .
Embry [12] has proved that an operator T'is subnormal if and only if 3 77, (T, T ;)
is non-negative for all finite collection of vectors xg, x1, - ,xk. In the following
theorem, by using this characterization, we prove that a (m,n) paranormal is sub-
normal under certain conditions.

Theorem 2.14. If an operator T is (m,n) paranormal and partial isometry with

m <1 and |T"||*> < —L—, then T is subnormal.
mnt+l

Proof. As T is (m,n)-paranormal, so by [10, Theorem 2.1], we have
m L (n+ 1)a"T*T + M a1 >0,
for each a > 0. Also, it follows that
T*T (71T T4 — (0 + 1)a"T*T + matna™  )T*T > 0 (2.4)

for each @ > 0. Since T is a partial isometry, TT*T = T by [14, Corollary 3,
Problem 98]. Now, take a = 1 in (2.4). Then we have

i el (n+1) - m%ﬂn)T*T >0,
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that is,
2
T*T S mn+l . 1’!*n"t‘lz'vn-‘rl7
(n+1) — nmn+1
equivalently,
2
mntt
ITz* < — 7" |
(n+1) — nm»+1
< mT [T 2
< m | 17| T |
< ||Tz[*.
Therefore, we have
T*T = max T+ for all n. (2.5)

Further, let xg, 1,...,z; be a finite collection of vectors, then by using (2.5) we
get
k
m* Z (T2, T ;) = m*({xo,w0) + (T*Txo, x1) + (T* Ty, 20) )
4,j=0

k

+ E mimi <mi+-7‘T*l+jT’+Jmi,mj>
4,j=0

i+770,1

= m4( (o, m0) + (T Txg, 1) + (T*Ta:l,x()})
k

i,j=0
i+77#0,1

Since T*T is a projection by [14, Problem 98], we have
2
m* Y AT, T ) = m* ({0, xo) + (T*Two, T*Tay) + (T* Ty, T*T) )
i,j=0
k —2 . . . .
+ Z mimi <(T*T)Zﬂaci7 (T*T)’+ij>
i2j=0,
43701
= m*((zo,z0) + (T*Txo, T*Tx1) + (T*Tx1,T*Tx0) )

+ Z m® <(T*T)2$i, (T*T)2(pj> 4+

i+j=2
+ Z m2(f2‘,’z—:i’)<(T*T)2k—1xi7(T*T)Qk—lxj>
i+j=2k—1
+ 37 ) (1), (T7T)ay)
i+j=2k

As m <1, we obtain the following relation

m3 > ... 2m2(%) zm(%:i ) > mt.
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By using the above relation we obtain

k k
m?* Z (T2, T ;) > m! Z (T*T) ™y, (T*T) ;).
i,j=0 i,j=0
Since T*T is self adjoint, T*T is subnormal and so we have
k
> AT, T ;) > 0.
4,j=0
Hence, the result holds. (Il

In the sequel, we give the following example to show that there also exists a
(m,n)-paranormal operator, which is not subnormal.

Example 2.15. Let T be an operator defined by T : R? — R? as a 2x2 matrix
T = [(1) ﬂ . By [10, Theorem 2.1], T is (22,2) paranormal if and only if 27373 —
3a?T*T + 4431 > 0, for each a > 0.

It is easy to see that the matrix
6a” + 4a® 12 — 6a?

*33 2% 3r
AT = 37T T +4a”l =10 602 75— 1542 + 44

is positive for each a > 0. Hence, T is (2%,2) is paranormal.
We next move to show that 7" is not subnormal. Consider
1

Z <Ti+j£i,Ti+jxj> = <J}Q,$0> + <TZ‘0,TJJ1> + <T$1,TZ‘0>

i,j=0
+<T21‘1,T2.’I}1>.
EAA !
Choose zg = [xg} = [1}, T = Lﬂ/ll = % . Then
- —55
S (T, ) =
16

,§=0
is not positive. Hence, T' is not subnormal.

3. SPECTRAL PROPERTIES

In this section we prove some spectral properties on (m, n)—paranormal operators.
The spectrum set of an operator T' € B(H), denoted by o(T'), is the set of complex
number A such that T'— I is not invertible. A complex number A is said to be in the
point spectrum o, (T") of T if there is a nonzero & € #H such that (I'—A)z = 0. If in
addition, (T* — )z = 0, then \ is said to be in the joint point spectrum o;,(7T") of T.
Analogously, a complex number A is said to be in the approximate point spectrum
04(T) of T if there is a sequence (x,,) of unit vectors in H such that (T'— \)x,, — 0.
If in addition, (T — X)z,, — 0, then X is said to be in the joint approximate point
spectrum o (T") of T. In general, 0,(T) # 0p(T), 0a(T) # 0ja(T).

Some researchers showed that, for some classes of nonnormal operators T , the
nonzero points of its point spectrum and joint point spectrum are identical, the
nonzero points of its approximate point spectrum and joint approximate point

spectrum are identical [8, 9, 19, 20, 21]. The reader can refer to the recent papers
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[1, 2, 3,4, 5,6, 7, 17, 18, 22, 23] for the spectrum and fine spectrum of certain
linear operators represented by a triangle matrix over some sequence spaces.
The proof of the following theorem is similar to [11, Theorem 3.1].

Theorem 3.1. If T € B(H) is a (m,n)-paranormal and hyponormal operator, then
0a(T) = 0jo(T) for unit vectors.

If an operator T' is (m, n)-paranormal but not hyponormal, then the above result
does not holds. We prove it in the following example.

Example 3.2. Let T : I?(N,C) — [?(N, C) be weighted shift operator defined by
T(er) = wgep—1, that is,

T($1,SL’2, ) = (1‘2,$37 )

with weighted sequence (wy) such that wy = 1 for all positive integers k and adjoint
of T is given by

T*(Jfl, o, ) = (O,J}l,l‘g, )

By [10, Theorem 2.9], T' is (m,n)-paranormal for unit vectors and m > 1. Since it
is easy to check that || Tz| # ||T*z| for some z in H, T is not hyponormal. Next,
we move to prove that o,(T) # 0j4(T). Now, we choose 0 = X € 0(T), a unit
vector = (1,0,0,...) and a sequence {z,}52; = {x,x,...}. Then

(T = A)xn|| = || Tzn|| =0 as n — o0

but [[(T' — A)*z,|| = [|T"2,|| = 1/(0,1,0,0,---)|| - 0 as n — oo.
This shows that 0 ¢ o;,(T).

Definition 3.3. An operator 7' is said to have single valued extension property
(abbreviated as SVEP) at ~yy € C, if for every open neighborhood G of vy, the only
analytic function f: G — H which satisfies the equation (T' — ~I)f(y) = 0 for all
v € G is the function f = 0.

An operator T has SVEP if T has SVEP at every v € C.

We can prove the following theorem in a similar fashion as that of [11, Theorem
3.4].

Theorem 3.4. Let T € B(H) be a (m,n)-paranormal and hyponormal operator.
Then T has SVEP.

The proof of following proposition is similar to [11, Proposition 3.5].

Proposition 3.5. Let T € B(H) be a (m,n)-paranormal and hyponormal operator.
Then N(T — XI) C N(T* — XI) for unit vectors and for all A € C.

The proof of the following theorem is similar to Theorem 3.1.
Theorem 3.6. If T is a (m,n)-paranormal and hyponormal operator, then
op(T) = 05p(T)
for all unit vectors.

Proposition 3.7. If T is a (m,n)-paranormal operator form < 1 and {xy} is a se-
quence of unit vectors in H, which satisfies klim Tzl = ||T||, then klim | Ty || =
— 00 — 00

7]
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Proof. As T is (m,n)-paranormal, so we have the inequality

T < m|| T ]|

For m <1, we have

Tz ™ < m|| T |
< ATy
= 7|
Equivalently,
T | < T+ | < T
As klim ITxk|| = |IT||, therefore by using squeeze principal, we have
— 00
lim |77 g || = |7+
k—oo
]
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