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COMMON FIXED POINTS OF TWO PAIRS OF SELFMAPS
SATISFYING A GERAGHTY-BERINDE TYPE CONTRACTION
CONDITION IN »-METRIC SPACES

K.BHANU CHANDER AND T.V. PRADEEP KUMAR

ABSTRACT. In this paper, we introduce Geraghty-Berinde type contraction for
two pairs of selfmaps in b-metric spaces and we prove the existence of common
fixed points under the assumptions that these two pairs of maps are weakly
compatible and satisfying a Geraghty-Berinde type contraction condition in
complete b-metric spaces. The same is extended to a sequence of selfmaps.
Also, we prove the same with different hypotheses on two pairs of selfmaps
in which one pair is compatible, reciprocally continuous and the other one is
weakly compatible. Further, we also prove the same with different hypothe-
ses on two pairs in which these selfmaps are satisfy b-(E.A)-property. We
also discuss the importance of L in our contraction condition. Our theorems
extend/generalize some of the results in literature to two pairs of self maps.

1. INTRODUCTION

The development of fixed point theory is based on the generalization of con-
traction conditions in one direction or/and generalization of ambient spaces of the
operator under consideration on the other. Banach contraction principle plays an
important role in solving nonlinear equations and it is one of the most useful result
in fixed point theory. In the direction of generalization of contraction conditions,
in 1973, Geraghty [22] proved a fixed point theorem, generalizing Banach contrac-
tion principle. Several authors proved later various results using Geraghty-type
conditions. In continuation to the extensions of contraction maps, Berinde [13]
introduced ‘weak contractions’ as a generalization of contraction maps. Berinde
renamed ‘weak contractions’ as ‘almost contractions’ in his later work [14]. For
more works on almost contractions and its generalizations, we refer Babu, Sandhya
and Kameswari [10], Abbas, Babu and Alemayehu [2] and the related references
cited in these papers.

The main idea of b-metric was initiated from the works of Bourbaki [17] and
Bakhtin [12]. The concept of b-metric space or metric type space was introduced by
Czerwik [18] as a generalization of metric space. Afterwards, many authors studied
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fixed point theorems for single-valued and multi-valued mappings in b-metric spaces,
for more information we refer [4, 9, 11, 15, 16, 19, 26, 27, 28, 33, 34, 35, 36, 37].

In 2002, Aamari and Moutawakil [1] introduced the notion of property (E.A).
Later, several authors apply this concept to prove the existence of common fixed
points, we refer [3, 5, 6, 7, 29, 30, 31].

Definition 1.1 [18] Let X be a non-empty set.A function d : X x X — [0,00) is
said to be a b-metric if the following conditions are satisfied: for any z,y,z € X

(i) 0 <d(z,y) and d(x,y) = 0 if and only if =y,

(i) d(z,y) = d(y,z),
(iii) there exists s > 1 such that d(z,z) < s[d(z,y) + d(y, 2)].

In this case, the pair (X, d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric
space is not a metric space.

Definition 1.2 [16] Let (X, d) be a b-metric space and let {z,} be a sequence in
X.

(i) A sequence {x,} in X is called b-convergent if there exists z € X such that
d(xy,,z) — 0 as n — oo. In this case, we write nl;n;o Ty = Z.
(ii) A sequence {z,} in X is called b-Cauchy if d(x,, z,,) — 0 as n,m — cc.
(iii) A b-metric space (X,d) is said to be a complete b-metric space if every
b-Cauchy sequence in X is b-convergent in X.
(iv) A set B C X is said to be b-closed if for any sequence {x,,} in B such that {z,} is
b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.

Example 1.3 [23] Let X = NU {co}. We define a mapping d: X x X — [0,00) as

follows:
0 if m =n,
L _ 11 if one of m,n is even and the other is even or oo,
d(m,n) = m o onl i .
’ 5 if one of m,n is odd and the other is odd or oo,
2 otherwise.
Then (X, d) is a b-metric space with coefficient s = 2.
Definition 1.4 [16] Let (X,dx) and (Y, dy) be two b-metric spaces. A function
f: X — Y is a b-continuous at a point z € X, if it is b-sequentially continuous at

x. i.e., whenever {x,} is b-convergent to x, fx, is b-convergent to fx.

Definition 1.5 [24] Let A and B be selfmaps of a metric space (X, d). The pair
(A, B) is said to be a compatible pair on X, if li_>m d(ABzy,, BAz,) = 0 whenever
n o)

{z,} is a sequence in X such that lim Az, = lim Bz, =t, for some ¢t € X.
n—oo n—oo

Definition 1.6 [25] Let X be a nonempty set. Let A, B: X — X be two selfmaps.
If Az = Bz implies that ABx = BAx for z in X, then we say that the pair (A, B)
is weakly compatible.



14 K.BHANU CHANDER AND T.V. PRADEEP KUMAR EJMAA-2021/9(2)

Definition 1.7 [32] Two selfmappings A and B of a metric space (X, d) are called

reciprocally continuous if lim ABx, = Az and lim BAz, = Bz whenever {z,}
n—oo

n— oo
is a sequence in X such that lim Az, = lim Bz, = z for some z € X.
n— oo n— 00

Definition 1.8 [29] Two selfmappings A and B of a b-metric space (X,d) are
said to satisfy b-(E.A)-property if there exists a sequence {x,} in X such that

lim Az, = lim Bz, = z for some z € X.
n—oo n—oo

In 1973, Geraghty [22] introduced a class of functions
6 ={8:[0,00) = [0,1)/ lim B(t,) =1 = lim ¢, =0}.
n—roo n—roo

Theorem 1.9 [22] Let (X, d) be a complete metric space. Let T : X — X be a
selfmap satisfying the following: there exists § € & such that

d(Tw, Ty) < B(d(x,y))d(w,y) for all z,y € X.
Then T has a unique fixed point.

We denote

1 1
B ={a:[0,00) = [0, g)/ lim a(t,) = ;= li_)m tn = 0}.

n—oo

In 2011, Dukic, Kadelburg and Radenovié [20] extended Theorem 1.9 to the case
of b-metric spaces as follows.

Theorem 1.10 [20] Let (X, d) ba a complete b-metric space with coefficient s > 1
and let T': X — X be a selfmap of X. Suppose that there exists a € B such that

d(Tz, Ty) < a(d(z,y))d(z,y) for all x,y € X.

Then T has a unique fixed point in X.

Throughout this paper, we denote

§=15:10.00) = [0, )/ lmsup B(t,) = - = lim 1, =0}

n—oo

and N, the set of all natural numbers.
The following lemma is useful in proving our main results.

Lemma 1.11 [3] Let (X, d) be a b-metric space with coefficient s > 1. Suppose
that {x,,} and {y,} are b-convergent to x and y respectively, then we have

1
—d(z,y) <liminf d(zn, yn) < limsup d(zn, yn) < s°d(z,y)
S n—oo n— o0
In particular, if © = y, then we have lim d(x,,y,) = 0. Moreover for each z € X
n—oo
we have

1
;d(m,z) < liminf d(z,,2) < limsupd(z,,z) < sd(z, 2).

n—00 n—00
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In 2019, Faraji, Savi¢ and Radenovié¢ [21] proved the following two theorems.

Theorem 1.12 [21] Let (X, d) be a complete b-metric space with parameter s > 1.
Let T : X — X be a selfmap satisfying: there exists 8 € § such that

d(Tz,Ty) < B(M(z,y))M(z,y) for all x,y € X,

where
1
M(z,y) = max{d(z,y), d(z, Tz), dy, Ty), 5(d(z, Ty) + d(y, Tz))}
Then T has a unique fixed point.

Theorem 1.13 [21] Let (X, d) be a complete b-metric space with parameter s > 1.
Let T, S : X — X be selfmaps on X which satisfy: there exists § € § such that

sd(Tx, Sy) < B(M(z,y)M(z,y) for all 2,y € X,

where M (z,y) = max{d(z,y),d(xz,Tz),d(y, Sy)}. If T or S are continuous, then T'
and S have a unique common fixed point.

In 2019, Babu and Babu [8] proved a common fixed theorem for a pair of almost
Geraghty contraction type maps.

Definition 1.14 [8] Let (X, d) be a b-metric space with coefficient s > 1, and let
f and g be selfmaps of X. If there exist § € § and L > 0 such that

sd(fx,gy) < B(M(z,y))M(z,y) + LN (z,y) for all x,y € X,

where M (z,y) = max{d(z, y), d(z, fz),d(y, gy)}
and N(z,y) = min{d(z, fz),d(z, gy),d(y, fx)}
then the (f, g) is called an almost Geraghty contraction type maps.

Theorem 1.15 [8] Let (X, d) be a complete b-metric space with coefficient s > 1
and let (f,g) be an almost Geraghty contraction type pair of maps. If either f or
g is b-continuous then f and g have a unique common fixed point in X.

Motivated by works of Babu and Babu [8], in Section 2, we introduce Geraghty-
Berinde type contraction for two pairs of selfmaps in b-metric spaces and we prove
the existence of common fixed points under the assumptions that these two pairs
of maps are weakly compatible and satisfying a Geraghty-Berinde type contraction
condition in complete b-metric spaces. The same is extended to a sequence of
selfmaps. Also, we prove the same with different hypotheses on two pairs of selfmaps
in which one pair is compatible, reciprocal continuous and the other one is weakly
compatible. Further, we also prove the same with different hypotheses on two
pairs in which these selfmaps are satisfy b-(E.A)-property. We also discuss the
importance of L in our contraction condition. Our theorems extend some of the
results in literature to two pairs of self maps. We draw some corrollaries from our
results and provide examples in support of our results.
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2. MAIN RESULTS

The following we introduce Geraghty-Berinde type contraction maps in b-metric
spaces.

Definition 2.1 Let (X, d) be a b-metric space with coefficient s > 1 and A, B, S, T :
X — X be selfmaps. If there exist 8 € § and L > 0 such that

sd(Ax, By) < B(M(z,y))M (z,y) + LN (2, y) (1)

for all x,y € X, where M (z,y) = max{d(Sxz,Ty),d(Az, Sx),d(By,Ty)} and
N(z,y) = min{d(Az, Sz),d(Az, Ty),d(By, Sx)}.
Then we call A, B, S and T are Geraghty-Berinde type contraction maps.

Example 2.2 Let X =[0,1] and let d: X x X — [0, 00) defined by
. 0 if x =y,
d(@,y) = { (x+y)? ifox#y.
Then clearly (X,d) is a complete b-metric space with s = 2.
We define A, B, S,T: X — X by A(z) = %2 B(z) = £,
S(z) = M2 T(z) = 2 for all 7 € X.
We define 3 : [0,00) — [0, 1) by B(t) = %_H Then clearly 8 € §
Then we have ) )
sd(Az, By) = Q(HTI + %)2 < W%(l + x2)2 + 5(1+Tz + %)2
Therefore A, B, S and T are Geraghty-Berinde type contraction maps with L = 5.
Here we observe that if we take L = 0 then the inequality (1) fails to hold.
For, we choose x =0,y = 1.
Then sd(Az, By) = 2 and M(z,y)

8
Therefore sd(Ax, By) = % Z B(

‘:o
2
=

i6)16 = B(M(z,y))M(z,y) for all § € §.

[}

Remark 2.3 If we take L = 0 in the inequality (1) then we say that A, B, S and
T are Geraghty contraction type maps.

Let A, B,S and T be mappings from a metric space (X, d) into itself and satis-
fying
A(X) € T(X) and B(X) € S(X) (2)
Now, by (1), for any g € X, there exists z; € X such that yo = Azg = Tx;. In
the same way for this z1, we can choose a point xo € X such that y; = Bz = Sxo
and so on. In general, we can define a sequence {y,} € X such that

Yon = Axop = Txopi1 and yopq1 = Bropy1 = Sxapqo forn=0,1,2,....  (3)

Lemma 2.4 Let (X,d) be a b-metric space with coefficient s > 1. Suppose that
A,B,S and T are Geraghty-Berinde type contraction maps. Then we have the
following:

(i) If A(X) C T(X) and the pair (B, T) is weakly compatible, and if  is a common
fixed point of A and S then z is a common fixed point of A, B, S and T and it is
unique.

(ii) If B(X) C S(X) and the pair (A4, S) is weakly compatible, and if z is a common
fixed point of B and T then z is a common fixed point of A, B, .S and T and it is
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unique.
Proof. First, we assume that (i) holds. Let z be a common fixed point of A and S.
Then Ax = Sz = z.
Since A(X) C T(X), there exists y € X such that Ty = x.
Therefore Ax = Sz =Ty = «x.
We now prove that Az = By.
Suppose that Az # By.
We consider,
sd(Ax, By) < B(M(z,y))M(z,y) + LN (z,y) (4)
where,
M (z,y) = max{d(Sz,Ty),d(Az, Sz),d(By,Ty)} = d(Az, By) and
N(z,y) = min{d(Az, Sx),d(Az, Ty),d(By, Sx)} =
From the inequality (4), we have
sd(Az, By) < B(d(Az, By))d(Az, By) < HARBY,
which is a contradiction.
Therefore Ax = By = Sz =Ty = z.
Since the pair (B, T) is weakly compatible and Ty = By, we have
BTy =TBy. ie., Bx =Tz.
Now, we prove that Bx = x. If Bx # x, then

sd(Bz,x) = sd(z, Bx) = sd(Az, Bx) < (M (x,2))M (z,z) + LN (x,2) (5)

where
M (z,z) = max{d(Sz,Tx),d(Az, Sx),d(Bz,Tr)} = d(z, Bx) and
N(z,z) = min{d(Az, Sz),d(Ax,Tz),d(Bz,Sz)} = 0

From the inequality (5), we have

sd(Bx,z) < (d(Bz,z))d(Bz,z) < “B2)

it is a contradiction.

Hence, Bx = x.

Therefore Az = Bx = Sz =Tx = x.

Therefore, x is a common fixed point of A, B, S and T.

If 2/ is also a common fixed point of A, B, S and T with x # z’, then

sd(z,2") = sd(Az, Bz') < B(M(z,2"))M (z,2") + LN (z,2") (6)

where

M(z,2") = max{d(Sz,Tx'),d(Ax, Sx),d(Bx’, Tx")} =
N(z,z') = min{d(Az, Sx),d(Az, Tx"),d(Bz’', Sz)} =0
From the inequality (6),we have

sd(, ') < Bld(x, 2'))d(x, 2') < 55,

S
which is a contradlctlon. Therefore, z = .
Hence, x is the unique common fixed point of A, B, S and T.

The proof of (i) is similar to (i) and hence is omltted

d(xz,x") and

Lemma 2.5 Let A, B,S and T be selfmaps of a b-metric space (X, d) and satisfy
(2) and are Geraghty-Berinde type contraction maps. Then for any xo € X, the
sequence {y,} defined by (3) is b-Cauchy in X.

Proof. Let 2o € X and let {y,} be a sequence defined by (3).

Assume that y,, = yn+1 for some n.

Case (1): n even.
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We write n = 2m,m € N.
Now we consider

$A(Yn+1,Yn+2) = SA(Y2m+1, Y2m+2)

(
d(y2m+27 Y2m+1 )
Sd(A$2m+2, B$2m+1)

I
V2l

IA

B(M (z2m+2, Tam+1)) M (Zam42, Tam+1) + LN (Z2m42, Tam1)

(7)

where

M(zom+2, Tam+1) = max{d(Stami2, TTam+1), d(ATom 12, STom+2), d(BTomi1, TTam+1)}
= max{d(Yn+1,Yn), d(Yn+2: Yn+1), A(Yn+1,Yn)}
= d(Yn+1,Ynt2) and N(z2m2, Tam+1) =0

From the inequality (7), we have

$A(Ynt1, Ynr2) < BAWYns1, Yns2))A(Ynt1, Ynsa) < LELEE2) <y, 4y o),
Therefore, (s — 1)d(Yn+1,Yn+2) < 0 which implies that yp+2 = Ynt1 = Yn-

In general, we have y,, 1 =y, for k=0,1,2,... .

Case (it): n odd.

We write n = 2m + 1 for some m € N.

We now consider

$d(Yn+1, Yn+2) = d(Y2m+2, Yam+3)
= d(A$2m+2, B$2m+3)
< B(M(22m+2, Tam+3)) M (T2m+2, Tam43) + LN (Tam2, Tam+3)

(8)

where

M (22m+42, Tam43) = max{d(STam42, TTom+3), d(AT2m42, STomi2), d(Bromi3, Trom3)}
= max{d(Y2m+1, Y2m+2); A(Y2m+2, Y2m+1); A(Y2m+3, Yam+2) }
= max{d(Yn, Yn-+1) AYn+1,Yn) A(Yn+2, Yn+1)}
= d(Yn+1,Yn+2) and

N(Zom+2, Tam+3) = min{d(Azom42, STom42), d(ATom+2, TTom+3), d(BTom+t3, STomy2)}

= min{d(y2m+2, y2m+1)a d(y2m+27 y2m+2)7 d(y2m+3; y2m+1)}
=0

From the inequality (8), We have

A(Yn+1,Yn
8d(Yn+1, Yn+2) < B(A(Ynt1, Yn+2))d(Yn+1, Yn+2) < w,

which is a contradiction if ¥,4+1 # Ynt2

Therefore yn 12 = Yni1 = Yn.

In general, we have y, 1 =y, for k=1,2,3,... .

From Case (i) and Case (ii), we have y,1r =y, for k =0,1,2,... .
Therefore, {yn1r} is a constant sequence and hence {y,} is b- Cauchy.
Now we assume that y,, # yn+1, for all n € N.

If n is odd, then n = 2m + 1 for some m € N.
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We now consider
Sd<yn+17 yn+2> = Sd(92m+27 y2m+3)
= Sd(A$2m+2, B$2m+3)

< B(M(22my2; Tam+3)) M (T2m12, T2m+3) + LN (Tam12, T2m43)

9)
where
M (zoma2, Tom+3) = max{d(Sxom+2, TTom+3), d(AT2m12, STami2), d(Bxom+3, TTom+3)}
= max{d(Y2m+1, Y2m+2)> A(Y2m+2; Y2m+1), AY2m+3, Y2m+2) }
= max{d(Y2m+1,Y2m+2), A(Y2m+2, Y2m+3) }
= max{d(yn-i-h yn) (yn+1a yn+2)} and

N(Z2m+2, Tam+3) = min{d(Azom42, STom42), d(ATom+2, TTom+3), d(BTam+3, STom+2)}

= min{d(y2m+2, Y2m+1)> A(Y2m+2; Y2m+2), A(Y2m+3, Y2m+1) }
=0

From the inequality (9), we have

5d(Yn+1, Yn+2) < B(max{d(Yn, Ynt1), dYnt1, Ynt2)}) max{d(yn, Ynt1), d(Ynt1, Ynt2)}

If max{d(Yn, Yn+1), d(Yn+1,Yn+2) = Ad(Yn+1,Yn+2) then we get

sd(Ynt1, Ynt2) < BAWYnt1sYnt2))d(Yn i1, Ynpo) < Tmiitniz)

it is a contradiction.

Therefore max{d(yna yn+1)7 d(yn-i-h yn+2) = d(yny y7L+1)~
From the inequality (9), we get that

5d(Yn+1,Yn+2) < B(A(Yn> Yn+1))d(Yn, Yn+1) (10)

which implies that d(yn+1, Yn+2) < d(Yn, Yn+1)-
Similarly, we can prove that d(yn+1, Yn+2) < d(Yn, Ynt+1) Whenever n is even.
Therefore, {d(yn,yn+1)} is @ monotone decreasing sequence which bounded below
by 0
So, there exists r > 0 such that lim d(yn,yn+1) =7

n— o0

If r > 0, then from (10), we have

$A(Ynt1,Ynt2) < B(d(Yn: Yn+1))-
On letting limit superior as n — oo, we get

sr < lim sup B(d(yn, yn+1))7"
n—oo
implies that l < 1 < limsup B(d(Yn, Ynt1))

n—oo

which implies that hm sup B(d(YnyYnt1)) =

m\H INA
® =

Since § € §, we have hm A(Yn, Yn+1) = 0,

which is a contradlctlon

Therefore r = 0.

We now prove that {y,} is b-Cauchy.

It is sufficient to show that {y2,} is b-Cauchy in X.

Otherwise, there is an € > 0 and there exists sequences {2my}, {2nx}
with 2ng > 2my > k such that

d(mekay2nk) Z € and d(y2mk7y2nk72) < €. (11)
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From the inequality (1), (11) and by b-triangular inequality, we have

€< d(y2mkay2nk)
< sld(yany Yon,—1) + d(Y2n, -1, Yom, )]
= Sd(ank ) yanfl) + Sd(Amek ) Bx2nk71)

< sd(Yany s Yone—1) + BM (22, Tan,—1)) M (Z2m, s Tan,—1) + LN (T2, T2ny—1)
(12)

where

M(z2my 41, Ton,, ) = max{d(Szon, , TTom,+1), d(AZ2p, , STon, ), d(BTom,+1, TTom,+1)}
= max{d(Y2n,—1, Y2my.)> AY2ny > Y2nx—1) A(Y2mp+1, Y2m,, ) } and
N(Z2my s Tan,—1) = min{d(Azapn, , Stan, ), d(AT2n,, TT2m,41), A(BT2m, 41, ST2n,) }-

On taking limit superior as k — oo on M (z2m,,, Tan,—1) and N(Tom, , Ton,—1),we
get

lim sup M (2om,,, Ton, —1) = limsup d(Y2m,, , Y2n, —1)
k—o00 k—o00
and limsup N (Zam,, Tan,—1) =0
k—o0
From the b-triangular inequality, we have

d(mek ) ank—l) S S[d(mek ) ?Jan—Q) + d(ank—Qa Z/2nk—1)]-
On letting limit superior as k — oo and using (11) in the above inequality, we get
hm sup d(yka ) y2nk—l) S SE.

k—o0
On taking limit superior as k — oo in (12), we get

e < limsup[sd(Yan,, Yone—1) + BM (T2my s Tang—1)) M (T2my s Tang—1) + LN (Tamy s Tong—1)]

k—o0

= limsup B(M (x2m,,, Ton, —1)) Uimsup M (2om, , Tan, —1) + LUmsup N(xom, , on, —1)]

k— o0 k—s o0 k— o0
= ]‘lm Sup ﬁ(M("I"ka Y x2nk71)) llm Sup M(mek Y yZTkal)'
k—o0 k—o0

Therefore € < limsup S(M (2m, , Tan,—1))s€e implies that

k—o0
% < li]gn sup S(M (zam, , Tan,—1)) < % which implies that
—00
limsup (M (z2m,, T2n,-1)) = =

k—o0
Since 8 € §, we have
lim M (zom,, Tan,—1) = 0. i.e, lim d(yam,,Y2n,—1) = 0.
k—oc0 k—o0
From the inequality (11) and by using b-triangular inequality, we get
€< d(mek7y2nk) < S[d(mek,ank—l) + d(yan—la y2nk)}'
By taking limit superior as k — oo, we get
0 < e < limsup d(y2m,, Y2n,) < 0.

k—o0
Therefore klim d(Y2my s Y2n,) = 0,
—o0

it is a contradiction.
Therefore, {y,} is a b-Cauchy sequence in X.

The following is the main result of this paper.
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Theorem 2.6 Let A,B,S and T be selfmaps on a complete b-metric space (X, d)

and satisfy (2) and the maps are Geraghty-Berinde type contraction maps . If the

pairs (A, S) and (B,T) are weakly compatible and one of the range sets S(X),T(X), A(X) and B(X)
is closed, then for any xo € X, the sequence {y,} defined by (3) is b-Cauchy

i X and nh_)néo Yn = 2z(say), z € X and z is the unique common fixed point of

A 'B,S and T.

Proof. By Lemma 2.5, the sequence {y,} is b-Cauchy in X.

Since X is b-complete, there exists z € X such that nlgr;O Y = 2.

Then

hm Yo = hm Axo, = hm Txopy1 = z and
hm Yon+1 = hm B$2n+1 = lim S$2n+2 = Zz.
n—oo n— 00 n— oo

We now consider the following four cases.

Case (1). S(X) is closed.

In this case z € S(X) and there exists t € X such that z = St.
Now we prove that At = z.

Suppose that At # z.

We now consider

sd(At, Brani1) < B(M(t, x2nt1)) M (t, 22n41) + LN (t, @2n41) (14)

where M (t, zap41) = max{d(St, Txan+1), d(At, St),d(Bxani1, TTont1)}
and N(t, I2n+1) = IIllIl{d(At, St), d(At, T$2n+1), d(BI2n+1, St)}
On letting limitsuperior as n — oo , using Lemma 1.11 and (13), we get

limsup M (¢, zon+1) = d(At, z) and limsup N (¢, z2p,41) = 0. (15)

n—oo n—roo

Since, 1(sd(At, z)) < hmmf(sd(At Bxony1)) < limsup(sd(At, Bxopt1)) < s(sd(At, Bxant1))

On letting limit superior as n — oo in (14) and usmg (15), we get
H(sd(At,2)) < linsupld(At, Bz 1)

< hm sup B(M (t, xon+1)) hm sup M(t,xon+1) + Llimsup N (¢, Tapn41)-
n—oo
Therefore d(At, z) § lim sup B(M(t,$2n+1)) (At, z)

n— oo

which implies that l <1<limsupB(M(t,xon+1)) <

n—roo

® =

implies that hm 1 SUp B(M(t, xons1)) = +.

Since § € §, We have hm M(t,xon+1) =0,

which is a contradlctlon

Hence At = z.

Therefore, At = z = St.

Since the pair (4, S) is weakly compatible and At = St, we have ASt = SAt.
ie, Az = Sz.

Now, we prove that Az = z.

Suppose Az # z

we now consider

sd(Az, Brani1) < B(M (2, 22n11))M (2, x2ny1) + LN (2, 22n11) (16)
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where
M (z,x2n41) = max{d(Sz, Txan+1),d(Az,Sz),d(Bxani1, Txont1)} and
N(z,2an+1) = min{d(Az, Sz),d(Az, Txan+1), d(Bxani1,52)}
(17)
On taking limitsuperior as n — oo , using the inequality (17) and Lemma 1.11, we
get
limsup M (z, zan+1) < sd(Az,z) and limsup N(z,z2,41) =0 (18)

n—oo n—0o0
On letting limitsuperior as n — oo in (16) and using (18), we get
1(sd(Az, z)) < limsup(d(Az, Brapi1))
n—oo
< limsup B(M(z, x2p+1)) limsup M (z, xo,+1) + Llimsup N(z, x2p41)
— 00

n—oo n—oo

implies that d(Az, z) < limsup S(M (z, x2n+1))sd(Az, z)
n—oo

which implies that % < limsup B(M(z, x2n+1)) < %

n—oo

Therefore lim sup 8(M (2, x2n41)) =

n— 00
Since 8 € §, we have nh_)n;o M(z,x9n4+1) =0,
it is a contradiction.
Hence, Az = z.
Therefore Az = Sz = z.
Hence, z is a common fixed point of A and S.
By Lemma 2.4, we get that z is a unique common fixed point of A, B, S and T
Case (ii). T(X) is closed.
In this case z € T(X) and there exists u € X such that z = Tu.
Now we claim that Bu = z. Suppose that Bu # z.
We now consider

sd(Azan+2, Bu) < B(M(z2n+2,u)) M (T2n12,u) + LN (T2n42,u) (19)
where
{ M (z2p42,u) = max{d(Sxoni2, Tu), d(Axopt2, STanta),d(Bu, Tu)} and
N(x2p42,u) = min{d(Axan42, STont2), d(Ax2py2, Tu), d(Bu, St2n42)}
(20)
On letting limit superior as n — oo in (20) , using the inequality (13), we get
lim sup M (2242, u) = d(z, Bu) and limsup N(22,42,u) = 0. (21)
n—oo n—oo
On letting limit superior as n — oo in (19) , using the inequality (21) and Lemma

1.11, we get
L(sd(z, Bu)) < limsup(sd( Az 12, Bu))

n—roo

< limsup B(M (zap42,u)) limsup M (22,42, u)+L1lim sup N(xo,42,u)
n—r00 n—00 n—00
= lim sup B(M(x2n+23 u))d(z, Bu)

n—oo

which implies that
1 <1 <limsup B(M(z2542,u)) < L implies that limsup 8(M (z2,42,u)) = 1
n—oo n—oo
Since 8 € §, we get lim M (xg,40,u) =0,
n—oo
which is a contradiction.
Hence Bu = z.
Therefore, Bu = z = Tu.
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Since the pair (B, T) is weakly compatible and Bu = T'u, we have BTu = T Bu.
i.e., Bz =T-x.

We now prove that Bz = z. Suppose that Bz # z.

We now consider

sd(Axzopyo, Bz) < B(M(zont2,2)) M (2142, 2) + LN (z2142, 2) (22)

where
M (zan42,2) = max{d(Szani2,Tz), d(Axant2, STanie),d(Bz,Tz)} and
{ N(zont2,2) = min{d(Azant2, Branta), d(Axania,Tz),d(Bz, Stani2)}
On taking limit superior as n — oo in (23) , using the Lemma 1.11 and the inequality
(13), we get

limsup M (22,42, 2) < sd(z, Bz) and limsup N(x2,42,2) =0 (24)

n— oo n— oo

(23)

On letting limit superior as n — oo in (22) , using the inequality (13) and Lemma
1.11, we get
1(sd(z, Bz)) < limsup(sd(Azan2, B2))

n—oo

< limsup B(M (22n+2, 2)) limsup M (22542, 2)+L lim sup N (225,42, 2)
n—00 n—o0o n—00
< limsup B(M (zopt2, 2))zd(z, Bz),

n— oo

which implies that

L <limsup (M (w2n+2,2)) < + implies that limsup B(M (z2n42,2)) = +
n—oo n—oo

Since § € §, we get nlLHOIO(M(CﬂQnJ,_Q, z)) =0,

which is a contradiction.

Hence, Bz = z =Txz.

Therefore, z is a common fixed point of B and T.

By Lemma 2.4, we get that z is the unique common fixed point of A, B, S and T.

Case (iii). A(X) is closed.

Since z € A(X) C T(X), there exists p € X such that z = Tp.

Now we show that Bp = z.

If Bp # z, then we consider

sd(Axz, 42, Bp) < B(M(22n42,p)) M (22n12,p) + LN (22142, D) (25)
where

M(x2n+23p) = max{d(stnJrQa Tp)a d(Ax2n+2; Sx2n+2)7 d(Bpa Tp)} and
N(2ont2,2) = min{d(Az2nt2, STany2), d(Az2n 42, Tp), d(Bp, Stani2)}.

On taking limit superior as n — oo in (26) , using the Lemma 1.11 and the inequality
(13), we get

(26)

lim sup M (z2p,+2,p) = d(z, Bp) and limsup N (z25,42,p) = 0. (27)
n—o0 n—0o00
On letting limit superior as n — oo in (25) , using the inequality (27) and Lemma
1.11, we get
1(sd(z, Bp)) < limsup(sd(Azzn 42, Bp))
n—oo

< limsup B(M (22542, p)) limsup M (2242, p)+Llimsup N (2542, p)
—00

n—oo n—oo

= lim sup B(M($2n+2,p))d(2, Bp)v

n—oo

which implies that
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1 <1 <limsup B(M(22,42,p)) < % implies that limsup S(M (z2,42,p)) = .
n— 00 n—oo
Since § € §, we get lim (M (x2,42,p)) =0,
n—oo
which is a contradiction.
Hence Bp =z =Tp.
Now, by Case (ii), the conclusion of the theorem follows.
Case (). B(X) is closed.
Since z € B(X) C S(X), there exists r € X such that z = Sr.
Now we show that Ar = z.

If Ar # z, then we consider
sd(Ar, Bxopi1) < B(M(r, 22n+1)) M (1, 2an41) + LN (r, 22n41) (28)

where
M (r,xon41) = max{d(Sr, Txan+1), d(Bxant1, TTonyt1), d(Ar, Sr)}
and N(r, zon+1) = min{d(Ar, Sr),d(Ar, Txon11), d(Bxopy1,Sr)}
On letting limit superior as n — oo , using the Lemma 1.11 and the inequality (13),
we get
lim sup M (r, £ap41) = d(Ar, z) and limsup N(r, 22,41) = 0. (29)
n—oo n—oo
On taking limit superior as n — oo in (28) , using the Lemma 1.11 and inequality
(29) , we get
1(sd(Ar,z)) < limsup(sd(Ar, Bz, 1))

n—oo
< limsup B(M (r, 22541)) limsup M (r, x2n41) + L limsup N (r, 22541)
n—00 n—00 n—r00
= lim sup B(M (r, xan+1))d(Ar, z),
n—oo

n— oo

Therefore % <1< limsup B(M(r,z2n41)) < 1
which implies that limsup B(M (7, z2n11)) = L.
n—oo

Since f € §, we get lim (M (r,z2,41)) =0,
n—oo

it is a contradiction.
Therefore Ar = z = Sr.
Therefore by Case (i), the conclusion of the theorem follows.

Theorem 2.7 Let A, B,S and T be selfmaps on a b-metric space (X,d) and sat-
isfy the inequality (2) and are Geraghty-Berinde type contraction maps.If the pairs
(A, S) and (B, T) are weakly compatible and either one of the set (S(X),d), (T(X),d),
(A(X),d) (or) (B(X),d) is complete, then for any xo € X, the sequence {y,} de-
fined by (3) is b- Cauchy in X and nh_)ng() Yn = z(say), z € X and z is the unique
common fixed point of A, B,S and T.

Proof. By Lemma 2.5, the sequence {y,} is b-Cauchy in X.

Since S(X) is complete, there exists z € S(X) such that nl;rrgo Yn = 2.

Thus,
lim yo, = lim Azg, = lim Txg,11 = zand lim yo,11 = lim Bzo,11 = lim Szo,i0 = 2.
n— oo n— 00 n— o0 n—oo n— o0 n— o0

(30)

Since z € S(X), there exists v € X such that z = Su.
We now prove that Au = z. Suppose that Au # z. We now consider

sd(Au, Bxon11) < B(M(u, xon+1)) M (u, xop+1) + LN (4, T2n41) (31)
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where M (u, xo,+1) = max{d(Su, Txon+1),d(Au, Su),d(Bxoyt1, TTont1)}

and N (u, zon+1) = min{d(Au, Su), d(Au, Txo,+1), d(Bxopy1, Su)}

On letting limit superior as n — oo , using Lemma 1.11 and the inequalityv(30),
we get

lim sup M (u, zon+1) = d(Au, z) and limsup N(u, zap4+1) = 0. (32)
n—oo n—oo
Since, 1(sd(Au, z)) < liminf(sd(Au, Bran41)) < limsup(sd(Au, Bxan11)) < s(s(d(Au, 2))).
n—00 n—00

On letting limit superior as n — oo in (31) and using Lemma 1.11 and the inequal-
ity (32), we get
1(sd(Au, 2)) < limsup(sd(Au, Bran41))

n—00

< limsup (M (u, 2p41)) lim sup M (u, @2n41)+L1imsup N (u, T2n+1)

n—oo n—roo n—oo
= limsup B(M (u, z2p+1))d(Au, 2).
n— oo
Therefore, 1 <1 < limsup B(M (u, 22,,41)) < 1 which implies that limsup 8(M (u, xon41)) =
n—0o0 n—0o0

1
§ince 8 € §, we have nl;rréo M (u,xop+1) =0,

which is a contradiction.

Hence, Au = z = Swu. Since the pair (A, S) is weakly compatible and Au = Su, we
have

ASu = SAu. ie., Az=Sz.

Now we prove that Az = z. If Az # z, then

sd(Az, Bxont1) < B(M(z,x2n+1))M (2, X2n+1) + LN (2, Z2p41) (33)

where M (2, x2n41) = max{d(Sz, Trant+1),d(Az, Sz),d(Bxant1, TT2n+1)}
and N(z,x2n+1) = min{d(Az, Sz),d(Az, Txan11), d(Bxant1, S2)}
On leting limit superior as n — oo , using the inequality (30) and Lemma 1.11, we
get

limsup M (z, x2n41) < sd(Az, z) and limsup N(z,22,41) = 0. (34)

n—oo n—oo

On taking limit superior as n — oo in (33) and using (34) and by Lemma 1.11, we
get

1(sd(Az,z)) < limsup(sd(Az, Brany1))
n—oo
< limsup B(M (2, T2n41)) limsup M (2, 22 11)+Llimsup N(z, 22n41)
n—o0 n—ro0 n—00
< limsup B(M (z, xan+1))sd(Az, 2).
n—oo
Therefore, 1 < limsup B(M(z, x2n41)) < 1
n—oo
which implies that limsup (M (z, x2n41)) = *.
n—oQ

Since f € §, we have lim M(z,z2,4+1) =0, it is a contradiction. Hence, Az = z.
n— o0

Therefore Az = Sz = z. Hence, z is a common fixed point of A and S.
By Lemma 2.4, we get that z is a unique common fixed point of A, B,S and T.

In a similar way, it is easy to see that z is the unique common fixed point of
A, B, S and T whenever T'(X) or A(X) or B(X) is complete.
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Theorem 2.8 Let A, B, S and T be selfmaps on a complete b-metric space (X, d)
and satisfy (2) and they are Geraghty-Berinde type contraction maps. Further,
assume that either
(i) the pair (A,S) is reciprocally continuous and compatible,and (B,T) is a
pair of weakly compatible maps
(ii) the pair (B,T) is reciprocally continuous and compatible,and (4, S) is a
pair of weakly compatible maps.
Then A, B, S and T have a unique common fixed point in X.
Proof. By Lemma 2.5, for each g € X, the sequence {y,} defined by (3)
is b-Cauchy in X.

Since X is b-complete, then there exists z € X such that lim y, = z.
n—oo

Consequently, the subsequences {y2,} and {y2,+1} are also converges to z € X, we
have

lim yo, = lim Azg, = lim Txo,11 = zand lim yo,11 = lim Bzo,41 = lim Szo,i0 = 2.
n—oo n— o0 n— o0 n—oo n— oo n—o0

(35)
First, we assume that () holds.
Since (A, S) is reciprocally continuous, it follows that
li_>m ASxop40 = Az and li_>m SAxopio = Sz.
Since (A4, S) is compatible, we have
11_>H1 d(ASx2n+2, SAx2n+2) =0
i.e, lim sup d(AS:ZZQn+27 SAIQHJ’_Q) = hIIl)lIlf d(ASIQn+2, SAI2n+2) =0
n—oo n o0
By Lemma 1.11, we have
S%d(Az, Sz) < lirginf d(ASxoyt2, SATo,412)
< limsup d(ASTan i1, SATo, 2) < s2d(Az, Sz)
n—oo
which implies that zd(Az, Sz) = 0 which gives that Az = Sz.
Since A(X) C T(X), there exists u € X such that Az = Tu.
Therefore, Az = Sz = Tu.
Now, we prove that Az = Bu. Suppose that Az # Bu.
We now consider
sd(Az, Bu) < B(M(z,u))M(z,u) + LN (z, u) (36)

where M(z,u) = max{d(Sz,Tu),d(Az,Sz),d(Bu,Tu)} = d(Az, Bu) and
N(z,u) = min{d(Az, Sz),d(Az,Tu),d(Bu,Sz)} =0

Therefore from the inequality (36),we get

sd(Az, Bu) < 8(d(Az, Bu))d(Az, Bu) < d(Az, Bu),

which is a contradiction.

Therefore, Az = Bu = Sz = Tu.

Since the pair (4, S) is weakly compatible and Az = Sz, we have ASz = SAz.
ie, AAz = SAz.

Now we prove that AAz = Az.

If AAz # Az, then

We consider

sd(AAz, Az) = sd(AAz, Bu) < B(M(Az,u))M(Az,u) + LN(Az,u) (37)

where M (Az,u) = max{d(SAz,Tu),d(AAz,SAz),d(Bu,Tu)} = d(AAz, Az) and
N(Az,u) = min{d(AAz, SAz),d(AAz,Tu),d(Bu,SAz)} =0
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Therefore from the inequality (37), we get

sd(AAz, Az) < B(d(AAz, Az))d(AAz, Az) < d(AAz, Az),
it is a contradiction.

This implies that AAz = Az = SAz.

Therefore Az is a common fixed point of A and S.

Since (B, T) is weakly compatible and Bu = T,

we have BTu = TBu. i.e ,BAz =TAz.

We now prove that BAz = Az.

Suppose that BAz # Az.

Now, we consider

sd(Az, BAz) < B(M(z, Az))M (z,Az) + LN (z, Az) (38)

where M (z, Az) = max{d(Sz,TAz),d(Az,Sz),d(BAz,TAz)} = d(Az, BAz)
and N(z,Az) = min{d(Az, Sz),d(Az, BAz),d(BAz,Sz)} = 0.

From the inequality (38), we have

sd(Az, BAz) < 8(d(Az, BAz))d(Az, BAz) < d(Az, BAz),

which is a contradiction.

Therefore BAz =TAz = Az = AAz = SAz.

Hence Az is a common fixed point of A, B, S and T.

We now show that Az = z. Suppose that Az # z.

We now consider

sd(Az, Brani1) < B(M (2, 22n11))M (2, xany1) + LN (2, 22n11) (39)

where M (z, x2n+1) = max{d(Sz,Txan+1),d(Az, Sz),d(Bxant1, Trony1)} and
N(z,x2n+1) = min{d(Az, Sz),d(Az, Trapn+1), d(Brani1,5%)}.

On letting limit superior as n — oo , we get

limsup M(z, an41) < sd(Az, z) and limsup N(z,22,41) = 0.

n— 00 n—o00
On taking limit superior as n — oo in (39), using the Lemma 1.11 and the inequal-

ity (35), we get
s(1d(Az,z)) < s(limsup d(Az, Bxay41))

n—o0

< limsup B(M (z,x2n41)) limsup M (z, Tan11)+Llimsup N(z, 22, 11)
n—oo n—oo n—oo

< limsup B(M(z, ant1))sd(Az, 2)
n—roo

which implies that
% < limsup B(M(z,z2p+1)) < % implies that limsup (M (z, Zap41)) = %

n—oo n—oo

Since 8 € §, we have lim M(z,z2,4+1) =0,

n— oo
which is a contradiction.

Therefore Az = 2.
Therefore z is a common fixed point of A, B,S and T.

In a similar way, under the assumption (ii), we obtain the existence of common
fixed point of A, B, S and T'.

Uniqueness of common fixed point follows from the inequality.

Theorem 2.9 Let (X, d) be a b-metric space with coefficient s > 1. Assumr that
A B,S, T : X — X are Geraghty-Berinde type contraction maps and satisfy (2).
Suppose that one of the pairs (A4,.5) and (B, T) satisfies the b-(E.A)-property and
that one of the subspace A(X), B(X), S(X) and T'(X) is b-closed in X. Then the
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pairs (A, S) and (B,T) have a point of coincidence in X. Moreover, if the pairs
(A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.
Proof. We first assume that the pair (A4, .5) satisfies the b-(E.A)-property. So there
exists a sequence {x,} in X such that

lim Ax, = nll)rréo Sz, =q for some ¢ € X (40)

n—oo

Since A(X) C T(X), there exists a sequence {y,} in X such that Az, = Ty,, and
hence
lim Ty, = q. (41)
n—roo

Now we show that lim By, = ¢g. Suppose that lim By, # q.
n—oo n—oo
From the inequality (1), we have
sd(d(Azy, Byn) < B(M(2n,yn)) M (20, yn) + LN (T, Yn) (42)

where M(z,,,yn) = max{d(Sx,, Ty,), d(Az,, Sxy), d(Byn, Ty,)} and
N(zp, yn) = min{d(Az,, Sx,), d(Axy, Tyn), d(Byn, Sxn)}.
We have 1d(q, By,) < lin_1>inf M (2p,yn) <limsup M (2,,yn) < sd(q, Byn)
n—00 n—00
and lim sup N(z,, y,) = 0.
n—oo
By taking limit superior as n — oo in (42), and using (40) and (41), we obtain
n—oo

n—oo n—oo

which implies that
s1d(q, Byn) < slimsup d(Azy, By,) < limsup(3(M (2, yn))sd(q, Byn).

n—oo n— oo

Therefore + < limsup(8(M (2, yn)) <
n—oo

1
s
which implies that limsup(8(M (z,,,yn)) = 1.
n—oo
Since 8 € §, we have lim M(z,,y,) =0,
n—oo
it is a contradiction.

lim By, =q. (43)
n— oo

Case (i). Assume that T'(X) is a b-closed in X.

In this case ¢ € T(X), we can choose r € X such that Tr = gq.
We now prove that Br = ¢. Suppose that d(Br,q) > 0.

From the inequality (1), we have

sd(d(Azxan12, Br) < B(M(z2n42,7))M(z2n42,7) + LN (x2p42,7) (44)

where M (zgy,42,7) = max{d(Sxont2,TT), d(Ax2,12, SToni2),d(Br,Tr)} and
N(l’2n+2, ’I") = min{d(Ax2n+2, S(EQnJrQ), d(A$2n+2, ,I”I")7 d(BT’, S$2n+2)}.
We have that 1d(q, Br) < lirginf M (2an42,7) < limsup M(zop42,7) < sd(q, Br)
n—00 n— o0
and lim sup N (za,42,7) = 0.
n— oo

On letting limit superior as n — oo in the inequality (44), using (40), (41), (43)
and Lemma 1.11, we have

S%d(qa B’I’) < lim sup d(AIQn—O—Qa BT) < lim sup 6(M(x2n+23 T))d(q7 BT)
n—oo n—oo
which implies that % < 1 < limsup (M (z2n+42,7)) < T implies that
n—oo
lim sup B(M (zap42,7)) = %

n—oo
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Since 8 € §, we have nl;n;o M(zopi2,7) =0,

it is a contradiction.

Therefore Br = q. Hence Br = T'r = ¢, so that ¢ is a coincidence point of B and T'.
Since B(X) C S(X), we have ¢ € S(X), there exists z € X such that Sz = ¢ = Br.
Now we show that Az = q. Suppose Az # gq.

From the inequality (1), we have

sd(Az,q) = sd(Az,Br) < B(M(z,r))M(z,7) + LN (z,7) (45)

where M (z,r) = max{d(Sz,Tr),d(Az,Sz),d(Br,Tr)} = d(Az,q) and
N(z,r) = min{d(Az, Sz),d(Az,Tr),d(Br,Sz)} = 0.
From the inequality (45), we have

sd(Az,q) < B(d(Az,q))d(Az,q) < L2420 < d(Az,q),

it is a contradiction.

Therefore Az = Sz = ¢ so that z is a coincidence point of A and S.

Since the pairs (A, S) and (B,T) are weakly compatible, we have Aq = Sq and
Bq=1Tq.

Therefore ¢ is also a coincidence point of the pairs (A4, S) and (B, T).

We now show that ¢ is a common fixed point of A, B, S and T'.

Suppose Aq # q.
From the inequality (1), we have

sd(Aq,q) = sd(Aq, Br) < B(M(q,r))M(q,7) + LN(q,7) (46)

where M (q,r) = max{d(Sq,Tr),d(Aq, Sq),d(Br,Tr)} = d(Aq, q) and
N(g,r) = min{d(Aq, Sq),d(Aq,Tr),d(Br,Sq)} = 0.
From the inequality (46), we have
sd(Aq,q) < B(d(Aq,q))d(Aq,q) < 4420 < d(Aq, q),
it is a contradiction.
Hence Aq = q. Therefore Aq = Sq = ¢ so that ¢ is a common fixed point of
Aand S.
By Lemma 2.4, we get that g is a unique common fixed point of A, B, S and T.
Case (ii). Suppose A(X) is b-closed.
In this case, we have ¢ € A(X) and since A(X) C T(X), we choose r € X such
that ¢ = T'r.
The proof follows as in Case (i).
Case (iii). Suppose S(X) is b-closed.
We follow the argument similar as Case (i) and we get conclusion.
Case (iv). Suppose B(X) is b-closed.
As in Case (ii), we get the conclusion.
For the case of (B,T) satisfies the b-(E.A)-property, we follow the argument
similar to the case (A, S) satisfies the b-(E.A)-property.

3. EXAMPLES AND COROLLARIES

In this section, we draw some corollaries from the main results of Section 2 and
provide examples in support of our results.

The importance of the class of Geraghty-Berinde type contraction maps is that
this class properly includes the class of Geraghty contraction type maps.so that the



30

K.BHANU CHANDER AND T.V. PRADEEP KUMAR EJMAA-2021/9(2)

class of Geraghty-Berinde type contraction maps is larger than the class of Ger-
aghty contraction type maps, which illustrated in Example 3.1, Example 3.2 and
Example 3.3.

The following is an example in support of Theorem 2.6.

Example 3.1 Let X = [0,00) and let d: X x X — [0,00) defined by

Then clearly (X,d) is a complete b-metric space with coefficient s = 51

4 if z,y € (0,1),
d(l‘,y)— %—Fﬁ lfx,:UE[ 700)7
12 otherwise.

25

We define A, B, S, T : X — X by
5 .
A(x) = 1if z € 0,00), B(x) = { NI 0,1)

S(x) =

-1 ifze(l, o)
z ifzel0,1) _ ) % ifze(0,1)
{1? if 2 € [1,00) andT(m)_{ 22 ifz € [l,00).

We define 8 : [0,00) — [0, 1) by B(t) = 25¢~". Then 8 € F.

Clearly A(X) CT(X) and B(X) C S(X ) Also clear that A(X) is closed.

The pairs (A, S) and (B,T) are weakly compatible.

We now verify the inequality (1). For this purpose we consider the following cases.

Case (i).

Case (ii).

Case (iii).

Let z,y € [0, 1)

d(Az,By) = 2 + m, d(Azx, Sx) = d(By,Ty) 32

d(Ax,Ty) = 152 d(By,Sx) = &

M (z,y) = max{d(Az, By),d(Az, Sz),d(By, Ty)} = 5 + m and

N(z,y) = min{d(Az, Sx),d(Az,Ty),d(By, Sx)} = 32

We now consider

sd(Az, By) = (3 + 755) < 3te” 3T (5 + o) + L(%
x

Tty )
< B(M(z,y))M(x.y) + LNz, ).

x,y € [1,00).

d(Az,By) = $ + m,d(Am,Sx) 2+ m,d(By,Ty) =5+
d(Az, Ty) = 9 + Tﬂ/’ d(By, Sz) = 9 + Ter’

M(z,y) = rnax{d(Ax By),d(Az, S:c), (By,Ty)} = 3 + m and
N(z,y) = min{d(Ax, Sz),d(Az, Ty),d(By, Sx)} = 3 + xT—y

We now consider

sd(Az, By) = B(3+ ;1) < Be G o) (3 + L) + L(§ + 24)

< B(M(z,y))M(z,y) + LN (z,y).
z€0,1),y € [1 oo)

d Aw,By) 2 —|— I—er, d(Az, Sx) = %,d(By,Ty) 9 n Tﬂ/’

(

M(z,y) = niax{d(Az By),d(A:z:7 Sz),d(By,Ty)} = % + xT—y and
N(z,y) = min{d(Az, Sx),d(Az,Ty),d(By, Sx)} = 1—52
We now consider
sd(Az, By) = 33(3 + 555) < 3”50 (§ + ) + L)
< B(M(z,y))M(z,y) + LN (z,y).
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Case (iv). z € [1,00),y € [0, 1)
d(Az, By) = § + w1y d(Az, Sl’) 5+ 5150 d(By, Ty) = 2,
d(Ax,Ty) = 5 d(By7 SZZ?) 5 + T‘Fy’

M(z,y) = max{d(Ax,By),d(Am Sz),d(By,Ty)} = 5 + ﬁ and
N(z,y) = min{d(Az, Sz), d(Az, Ty),d(By, Sz)} = 2.
We now consider
sd(Az, By) = (3 —I—IT_y)S%e 2 +r+y)(§+%)+L(%)
< B(M(z,y))M(z,y) + LN (z,y).

From all the above cases, A, B, S and T are Geraghty-Berinde type contraction
maps with L = 3.
Threfore A, B, S and T satisfy all the hypotheses of Theorem 2.6 and 1 is the unique
common fixed point of A, B, S and T.
Here we observe that if L = 0 then the inequality (1) fails to hold.
For, by choosing x = 0 and y = 2 we have
d(Az, By) = 5,d(Az, Sx) = %7d(ByaTy) =95,
M (z,y) = max{d(Ax, By),d(Axz, Sx),d(By,Ty)} =
Here we note that

d(fz, fy) =5 £ B(5)5 = B(M(z,y)) M (xz,y) for any 5 € 3.
The following is an example in support of Theorem 2.8.

Example 3.2 Let X =[0,2] and let d: X x X — [0, 00) defined by

0 if x =y,
5 .
2 if x,y €10,1]
d :L'7 — 4 . ) K )
(z,9) 24 2T+3y if 2,y € (1,2),
190 otherwise.

Then clearly (X,d) is a b-metric space with coefficient s = 1.

We define selfmaps A, B, S, T on X by

2 ifo<z<l1 9 .
A(x)—{ % if1<z<2 , B(z) = 5 ifx €[0,2],
4 : -

_J 53—z ifo<z<l1 _J1-3 fo<z<l1
S(m)_{ 4 gfrcg<o WAT@=90"357 1,20
We define 3 : [0,00) — [0, 1) by B(t) = 22e™".

Then § € §.
Let {x,} C[0,1].
Then lim Az, = lim Sz,.
=35= nh_{rgo(g — Tn).
= lim z, = %
n—oo
Therefore for any {z,} C [0, 1] with hm z, = 2, we have
lim Az, = lim Sz, = %
n—oo . n— oo . 9 9 9
Now, nh—>nolo SAz, = nlgr;o S(z)=35=5(03)
and lim ASz, = lim A(% Zpn),0 <z, <1
n—oo n—oo

Case (a): 3 <5 —x, < 1.
In this case, A(3 — @) =

win
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Therefore lim ASwz, = lim A(3 —z,) = 2 = A(2).
n—oo n— oo
Case (b): 1 <z, < 3.
This case doesn’t arise, since we are considering the sequence {z,}

with lim =z, = %
n—oo

Therefore the pair (A, S) is reciprocally continuous and compatible with the se-
quence {2} C X. Clearly the pair (B, T) is weakly compatible and B(X) is closed.
We now verify the inequality (1). With out loss of generality, we assume that = > y.
Case (i): =,y € [0,1]
sd(Az, By) = 0 < B(M(z,y))M(z,y) + LN (z,y).
In this case, the inequality (1) trivially holds.
Case (ii): z,y € (1,2]
d(Az, By) = 2,d(Sz,Ty) = fi +
d(Az,Ty) = ,d(By, Sz) =
M (z,y) = max{d(Sz, Ty), d(Aa: Sz),d(By,Ty)} = %Z +
N(z,y) = min{d(Az, Sz),d(Ax,Ty),d(By, Sx)} = ﬁ.
We now consider
sd(Az, By) = 5(3) < {re (14+2T“y)(%451 + 2x+3y) + L5
< B(M(z,y))M(x,y) + LN (z,y).

Case (iii): = (1 2],y €10, 1}

d(Ax, By) = 2,d(Sz,Ty) = +,d(Ax, Sx) =

d(By, Sz) = 1.
M(z,y) = max{d(Sxz,Ty),d(Az, Sz),d(By, Ty)} = %
N(z,y) = min{d(Az, Sz),d(Az, Ty),d(By, Sz)} = .
We now consider
sd(Az, By) = ¢(3) < e~ (3) + Ly < B(M(x,y)) M (z,y) + LN (,y).
Hence from the above cases the selfmaps A, B, S, T are Geraghty-Berinde type con-
traction maps with L = 3. Therefore A, B,S and T satisfy all the hypotheses of
Theorem 2.8 and % is a unique common fixed point of A, B, S and T in X.

Here we observe that if L = 0 then the inequality (1) fails to hold.

For, by choosing x = 2 and y = 0 we have
d(Ax, By) = %,d(Ax,Sx) = 1—‘,)Q,d(By,Ty) =5,
M (z,y) = max{d(Sz, Ty),d(Az, Sz),d(By, Ty)} = 2
Here we note that
sd(Az, By) = 2(3) 2 B(3)% = (M (z,y))M(,y) for any § € 5.

sriay A(Az, Sz) = 5, d(By, Ty) = 1,

and

2$+3y

107d(By7Ty) % d(AI,Ty) = %a

and

The following is an example in support of Theorem 2.9.

Example 3.3 Let X = [0,1] and let d : X x X — R defined by
0 if x =y,

11 T : 2
=+ £ ifzye(0,2)
dlz. ) — 15 T 23 b 13/
E=1 Poefe iroye g,
% otherwise.
Then clearly (X,d) is a complete b-metric space with coefficient s = %.

We define A, B, S, T : X — X by
§ .
A@)gﬁxemJLB@){lfx itee (o
2 3
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if x € %+? ifz e

2+2 0,2
st ={ 4d o : | = { 1% Hecl
Wedeﬁneﬂ.[ ,00) = [0,1) by B(t) = 22e~". Then B € 3.
Clearly A(X) C T(X) and B(X) C S(X ) ( ) = {2} is b-closed.
We choose a sequence {a:n} with {z,,} = 2 + 1, n > 4 with
lim Az, = hm Sz, = %, hence the pair (A S) satisfies the b-(E.A)-property.

n—oo

Clearly the palrs (A S) and (B,T) are weakly compatible.
Case (i). = y €(0,2).
d(Az,By) = % + ”f{)y,d(Sx Ty) = ,d(Az, Sz) =

4 4
5+° 0 5t
d(By,Ty) = 2 + &t d(Az,Ty) = 2 + i d(By, Sz) = 4 4 &iu
d ot

10 >
M(z,y) = max{d(Sm Ty),d(Az, Sx), (By,Ty)} =1+ % and
N(z,y) = min{d(Az, Sz),d(Az, Ty),d(By, Sz)} = 1 + + Zty

We now con51der

sdldaBy) = §3 + 55 < () (e ﬂ><é + 5t

Case (ii). =,y € (3,1].
d(Az, By) = 2 ,d(Sx, Ty) = 2 + X d(Ax, Sx) = % + &Y q(By, Ty) = 12

25v 10 > 10 257
d(Az,Ty) = = Jr L{By,d(By,Sz) = 25,
M(z,y) = max{d(Sx Ty),d(Az,Sz),d(By,Ty)} = % + £ and
N(z,y) = min{d(Az, Sx),d(Az, Ty),d(By, Sx)} = %
‘We now consider
sd(Az, By) = () < (39)e” G0 (4 + 55) + L(3)

< B(M(z,y))M(z,y) + LN(z,y).
Case (iii). = € (%, 1],y € (0, %)
d(Ax, By) = § + 550, d(Sw, Tg) = § + gt d(Aw, o) = 4 + 550,
d(By,Ty) = & + &Y d(Az, Ty) = 2 + &t d(By, Sz) = £ + 4t
M(z,y) = max{d(S’m Ty),d(Az, Sz),d(By, Ty)} = 3 24y and

+=
SXS)

+
N(z,y) = min{d(Az, Sz),d(Az, Ty),d(By, Sz)} = % Lz
We now con51der .
sd(Az, By) = §3(3 + 5 < (53)e” G+

Case (iv). x—% y € (0,2).

d(Az, By) = £ + 55, d(S2, Ty) = ¢ + 5, d(Av, 5z) = £ + 551,
d(By,Ty) = 7+x10y,d(Ax Ty) = & + =8 d(By, Sz) = & + &Y,
M(z,y) = max{d(Sxz,Ty),d(Az, Sz),d(By, Ty)} = % :clt)y and

+
N(z,y) = min{d(Az, Sz),d(Az, Ty),d(By, Sx)} = % + Zt¥
We now con51der .
sd(Aw, By) = (3 + ") < (gﬁ)e—<%+a—y>

Case (v). y € ( 1],z € (0, %)

d(Avay) - ;gad(sx Ty) = % + %’d(AI’ SI) = % + IT)yad(Bvay) = %7
d(Avay) 7+.Lf(—)y7d(By7SZ'):%a

M (z,y) = max{d(Sz, Ty),d(Az, Sz),d(By,Ty)} = 2 + ZHY and
N(z,y) = min{d(Ax, Sz),d(Ax, Ty),d(By, Sz)} = 2.
We now consider

sd(Aw, By) = $(32) < (£9)e~ G+ (4 + 54) + L(2)
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< B(M(z,y))M(z,y) + LN (z,y).
Case (vi). y=2,2 € (0,3).
d(Az, By) = 0. In this case the inequality (1) trivially holds.
Therefore A, B,S and T satisfy all the hypotheses of Theorem 2.9 and % is the
unique common fixed point in X.

Corollary 3.4 Let {A,}52,,5 and T be selfmaps on a complete b-metric space
(X,d) satistying A; C S(X) and A; C T(X). Assume that there exists § € § and
L > 0 such that

sd(Arx, Ajy) < B(M(z,y))M(z,y) + LN (z,y) (47)

forall z,y € X and j =1,2,3,... ., where

M(z,y) = max{d(Sz,Ty),d(Arz, Sz),d(A,y, Ty)} and

N(z,y) = min{d(A,z, Sz),d(Axz,Ty),d(Ajy, Sz)}. If the pairs (Aq, S) and (A1, T)
are weakly compatible and one of the range sets A;(X), S(X) and T(X) is closed,
then {A,}52,,5 and T have a unique common fixed point in X.

Proof. Under the assumptions on A1, S and T, the existence of common fixed
point z of A1, S and T follows by choosing A = B = A; in Theorem 2.6.
Therefore A1z =Sz2=Tz=z.

Now, let j € N with j # 1.

We now consider

sd(z, Ajz) = sd(A1z,Ajz) < B(M(z,2))M(z,2) + LN (z, z) (48)

where M(z, z) = max{d(Sz,T%),d(Az,5z),d(Ajz,Tz)} = d(A;z, z) and

N(z,z) =min{d(A1z,5%),d(A12,Tz),d(A;z,52)} = 0.

From the inequality (48), we have

sd(z,A.) < Bd(z, A;2))d(z, Ajz) < 2e2a2)

which is a contradiction.

Therefore d(z, A;z) < 0 which implies that A;jz = z for j = 1,2,3,... and unique-
ness of common fixed point follows from the inequality (47).

Hence, {4,}22,,5 and T have a unique common fixed point in X.

Corollary 3.5 Let {A,}52,,5 and T be selfmaps on a complete b- metric space
(X,d) satisfy the conditions A1 C S(X), A1 C T(X) and (47). If the pairs (A1, S)
and (A;,T) are weakly compatible and either (A4;(X),d), (S(X),d) or (T'(X),d) is
b-complete, then {A,}52,,5 and T have a unique common fixed point in X.
Proof. Under the assumptions on A;,S and T, the existence of common fixed
point z of A1,.S and T follows by choosing A = B = A; in Theorem 2.7.
Therefore A1z = Sz =Tz = z.

Now, let j € N with j # 1.

We now consider

sd(z, Ajz) = sd(A1z,Ajz) < B(M(z,2))M(z,2) + LN (z, z) (49)
where M(z,z) = max{d(Sz,T%),d(A1z,5z),d(Ajz,Tz)} = d(A;z, z) and
N(z,2z) = min{d(A12,5%),d(A12,Tz),d(A;z,52)} = 0.
From the inequality (49), we have
sd(z,A.) < Bd(z, Aj2))d(z, Ajz) < L224a2)
which is a contradiction.
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Therefore d(z, A;z) < 0 which implies that A;z = z for j = 1,2,3,... and unique-
ness of common fixed point follows from the inequality (47).
Hence, {4,}22,5 and T have a unique common fixed point in X.
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