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Abstract

This paper scrutinizes the transient solution for two-class priority queuing system model with both
balking and catastrophes with infinite system capacity. Moreover, some special cases are also

presented.
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Introduction

Our daily life events full of priority queues,
which occur in many fields, for example
telecommunications field, medical care field
etc. In any computer system arrangement if
there are many data say for simplicity
(customers) arranged in the system, a
newcomer data may not able to subjoin the
arrangement. Also, if a data hitting with
virus or damage, it may destroy or relocate
to other spare processors, these types of
systems can be represented and modeled as
queuing models with balking and
catastrophes. Therefore, these queuing
models have extensive applications in
telecommunication orderliness, computer
science and manufacturing suits.
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The mechanisms of priority are a valuable
scheduling method that allows messages from
various categories to extradite various fineness
of service. Thus, the priority queue has received
great importance in the literature. The first
who consider a queuing model was Cobham
(1957), he proposed the non-preemptive
priority for queues with Poisson arrival and
exponential distribution for the holding
time and studied the model in two cases, for
single and for multi-channel. Stephan
(1958) discussed the model of preemptive
priority system with two priorities and
Poisson arrival and Exponential holding
time. In last few years, queuing system with
catastrophes and balking is considerable
with large importance. Haight (1957)
studies an infinite M/M/1 queue model with
balking in the case of the queue length


https://www.ekb.eg/ar/home#portalMenu

Transient Solution of Two —Class Priority Queuing System ...

Scientific Journal for Damietta Faculty of Science 13(2) 2022, 84-94

encroaches k (k is a random variable).
Takacs (1961) assumes a queue with single
server also with the condition that if a
customer arrives at a time when the server
Is occupied then it may or may not join the
queue. Ancker and Gafarian (1963) study
M/M/1/N  queuing with balking and
reneging they derive its steady-state
solution. Kumar and Pathasarthy (1993)
used the generating function technique to
study M/M/1 queue model with balking and
obtained the transient solution for length of
the queue.

Queuing systems with catastrophes correspond
to manufacturing systems with sudden
disasters. This type of queuing models become
of great importance recently that it modeling
many variety systems in our real life, such as
virus attack or corruption of hard disk in
computer systems and call centers with sudden
power breakdowns. The happening of
catastrophes leads to the extermination of all the
customers in the system and temporarily
pending the service till repairing the system.
Chao (1995) discussed the network queuing
model with catastrophes as an application to
study the effect of Power outage or virus on
queues in computer system networks. Di
Crescenzo et al. (2003) studied a phenomenon
of muscle contraction as a new application of
the simple M/M/1 queuing model with
catastrophes. Sudhesh (2010) studied a single
server queuing system with catastrophes and
customers impatience. He explicitly derived the
solutions of the transient probabilites using the
technique of generating function. Tarabia
(2011) studied the transient and steady-state
analysis of a single server Markovian queuing
system with balking, catastrophes, server
failures and repairs. Kumar and Sharma (2014)
studied gqueuing model with reneging, balking
and retention of reneged customers. They also
studied in (2012) a Markovian feedback queue
with balking and retention of retreated
customers. Dharmaraja and Kumar (2015)
obtained the transient solution of a queuing
model with multiple heterogeneous servers in
presence  of  catastrophes.Kumar  and
Arivudainambi (2015) insert the impact of
catastrophes in a single server Markovian
gueuing system. They used generating function
technique to deduce its transient solution
explicitly. Sudesh et al. (2016) derived the
solution of transient for the queuing system with
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a two-heterogeneous servers, catastrophes,
server repair and customers’ impatience.
Yaseen and Tarabia (2017) analyzed the
transient and steady-state attitude of Markovian
gueuing system with balking and reneging
subject to catastrophes and server failures.
Suranga and Liu (2018) studied the simple
queue M/M/1 after adding reneging, server
failures (catastrophes) and repairs. They
obtained the transient and the steady-state
solutions.

The systems of multi-server queuing with
customer impatience have widely applications
in many real life situations such as in hospitals,
retail stores, computer communication etc.
Choudhury and Medhi (2011) discussed a
model designed as multi-server Markovian
queuing system with balking and reneging,
based on the history and the literature review
they have adopting the procedures of Tarabia
(2011) with balking, catastrophes, server
failures and repairs.

Our motivation here is to study priority queuing
system with two-class priority (high and low)
with balking and catastrophes where balking is
for high class priority and catastrophes for all
the system. This paper organs as follows, the
next section contains description of the model
and the main assumptions will be discussed and
considered, the transient solution of the model
will be obtained in section 3. Finally, some
special cases are listed in section 4.

Description and Analyzing of the Model:

A single server queuing system is considered
which provides the service for two kinds of
arrival customers, kind 1 defined as class-1 and
the second kind as class-2, the both kinds
independently possess its particular line. Class-
1 is assigned to be a higher priority and the low
priority assigned to class-2. We assume in each
class the service act as FIFO with preemptive
continued priority system, i.e. in the service
time of a low priority customer, if any customer
of high priority enters the system, consequently
the customer’s service of the low priority
customer will be stopped and it can be resumed
again if there is no customer in high priority
class in the system. The newcomer customer
either join the queue of the class-1 with
probability one if the customers number in the
class-1 is not exceeds the threshold value k. If
there are k or more customers before him, then
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he enter the queue system with probability g or
may he balk with complementary probability.
The system has infinite capacity. When the
system is idle or busy, catastrophes may happen
with Poisson process by rate y. The given
system can be easily modeled by Markov
process {(X1 (), X, (1)), t = 0} where
X;(t),i = 1,2 denotes the number of customer’s
in the high and low class respectively .We
denote p;;(t)= {the probabilities of the system
where the first class is at the state i and the
second class is at state j, and all of them are
infinite}, The inter-arrival and service times are
considered to be associated with negative
exponentially distributed with mean1/A;and 1/
u, respectively for the first class and the service
and inter-arrival times are assumed to be
negative  exponentially  distributed  with
mean 1/A, and1/p, respectively for the
second class. As a result of all of the above
supposition, we can deduce that the Chapman-
Kolmogorov forward equations for the
proposed system can be written as:

dpo,e ()
dt
=—(1 + 22 +V)po,o(®) + pip1o®
+ Mz Po,1 (D), (@8]
dpo,;(®)
3{( =~ + A2 + pz +Y)po; (D
+ P10 + HzPo1 (D)
+ A2 poj-1 (D), j=1 2
dpio(®
% =—( + 22 + g +Y)pio()
+ H1Pi+1,0(D
+ A pi-0(D), 1<i<k 3)
dp;; (V)
—ar = Qg+ )0
+ W Pi+1,j (DA pi-1, (D
+ A2 pij—1(®
1<i<k, j=1, 4)
dpk,o (D)
];12 = —(AB + 242 + 1y +¥)Pro(®
+ M1 Pi1,0(D)
+ A1 Pr-1,0(t), ®)
dpy; ()
s = ~aB 2+ + V)pi ()
+ H1Pk+1, (D) + A1 Pr—1,j (D)
+ A pkj-1 (O, j=1 (6)
dp; ()
dt
=—(4B+ 22 + 1y +Y)pip(®)
+ W1 Pit1,0(O) A1 B Pr-1,0(D) , i>k )
dp;;(0)
FT —(AB + Az + py +¥)pi;(©)
+ M1Pit1,; (O

+A:1B pi—1,;(D) +A2 pij—1 (D)  ,i>k, j=1, (8)
where  p;;(t) = p(X1(t) =1,X,(t) =j) and
pij(0) = 1fori=j =0 and else is zero.

Fig . 1 Transient-State of Two —Class Priority
Queueing System with Balking and Catastrophes

Solution of the Model:

The transient solution for the two-class priority
queuing system with balking and catastrophes
will be deduced in this section using the
generating function technique.
Define  Gj(s,t) as  the
generating function:

G5, = Ry(® + ) piess 05"
i=1

i=012,.. 9)
where R;(t) = ¥, pi; (D), j =0,1,2, ...

probability

Computing Gy (s, t) :

Using Egs. (1), (3) and (5), we get:
k

k

dp;
SO Gyt da 0 pia®

i=0 i=0

k
+H Z pio (D)
i=0

+ W1 Pk+1,0(®)
K

+ Z Pi,o(D)

i=0
= MBpio(® ";(Hzpo,l(t)
=—-(;+Y) Z Pio (D)
i=0

+ W1 Pks1,0(®)
= MBpro(®) + H2pe1 (D). (10)
Also, fromE  q. (7), we have:

o

Z dpy+io(t) g
dt

i=1

=—-AB+Az+p + Y)Z Pk+io(®s’

i=1
o

+ W Z Pk+i+1,0 (t)si
i=1

+ A8 Z Pk+i—1,0(D) S 1)
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M
=[_(7\1B+7\2+P—1+Y)+?1

+24B5] ) Prrio(O5'
i=1

— M1Pk+1,0(D
+ A48 Pro(D.
Adding Eqg. (10) to Eq. (11), we get
3G (s,
0O O+ VR

+ (A8 s — 41 B)pko (D)
+ H2Po,1 (1)

hl
QB+ A ) T

+ Xaps] i Prrio®s' (12)
i=1

= [~uB A+
+MB S] [Go(s,0)

—Ro(®]
= (A2 + VIRo(1) + 21B(s — Dpko(®)
+ W2Po,1 (1),
then,
Gy (s, t)

[—(7\1[3 +Ah+ W +Y) +%
+ Alﬂs] Go(s,t)
=- [—(7\16 + )+ %4‘ 7\185] Ro()

+AB(s — Dpyo(®)

+ Hz2Po,1 (- (13)
Solving for the generating function and using
Bessel function for obtaining Gy (s, t):

Go(s,t) = Gos,0) [exp [~ B+ + 1y +7) + 2
+ APs| 1]
+ fot [exp [—(?\16 ++u+y) +%+ Alﬁs] (t
— ][O + )
- (%+ ?\1[35)] Ro(uw)du

at

t
+fo [exp [—(?\1[3 ++ +y)+ % + }\1[35] (t— u)] .
. [A1B(s — Dpyo(w)]du
+f0 [exp [—(xlﬁ +2 g +y) + % + ?\1[35] (t
- uw)] [Hzp0,1(u)]du-
Suppose  v=2AB, a=2yvy; ,B= \/% and w =

(MB + 2, + py +y), then using the modified Bessel
function of the first kind I,(.), we have

exp( % + AlBs] t) = exp ([é + Bs] %t) =
n=-o(Bs)" In(x t)

Go(5,8) = Go(s, 0)[exp(—w] D (B In(x V)

n=-oco

+ j Texpl-w](t - )] > B (e - w) [

n=-oo

+ ) - (% + vs)] Ro(uw)du

+ fot[exp[—w](t —u)] HZOO(BS)H In(oc (t— u)) [v(s

— Dpyo(w)]du

3}

+f0t[exp[—W](t—U)] Z (Bs)™ In(

o« (t—w) [lopos@]du.  (14)
Computing p+n,o(t) :

We summaries the main results in the following
theorems

Theoreml: The transient probabilities
{Pktno(t),n=12,..0 } that the system
under balking and catastrophes are obtained as:

Preeno(®) = [expl=wIt )" Prng BT 1y (o€ 0
m=0

- In+T(m) (OC t)]

+ nB™ ft[exp[—w](t
0
I, (o (t —
-] [%} [pkyo(u)]du, n=1,2,..0

Where v =18, a= 2y, ,B=\/I , w=M\p+

1s

Ay + g +y),

I,(.) modified first kind Bessel function
and T(m) = (m — K)[1 — ZK_; 8inl.

Proof:

From Eq. (14), since

Go(s,0) = X2 oPmos ™™ and  T(m) = (m —k)[1 —
25:0 6in]-

Comparing the coefficient of s™ on right and
left —hand sides, we get

Picino(®) = [eXpI-wIt] ) pungs™™ B,y (o€ O

m=0
t
+ [ Lexplwl e = wIB™y (x (6= w) [+ )
0
- (% + vs)] Ro(u)du
t
+f [exp[—w](t — W)]B"I, (o (t—w)) [v(s
0
— Dpio(w)]du
t
+ [ lexplwl(e = 1By e (6= w) [1zpos (]

0
B_n+1 Pk+n,0 (t)
[ee]

= [exp [~WHl] )" Prmo BTl oy (x O

m=0

t
0 ) [ Texpl-wl(e = wIB (x (£ w) Ro(w)du
0

t
- f [exp[~w(t — W][B2py oy (o€ (t — )
0
+ V4 (¢ (t = w))]Ro(w)du
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t
v j [exp[—w](t — w)][Iy_(
0
x (t—u)
t — Bl (o< (t — w)] [pro(w)]du
+ jo [expl~wl(t — w]BLy (¢ (t — ) [11zpo. (w)]du
For n = 0, we obtain
B pio(t)
= [exp [=Wtl] )" Do BT Ly (o€ )
m=0
t
T+ ) fo [expl—wl(t — w)]Bly(c (¢
— u)) Ro(u)du
— J[exp[—w](t — w][B2p, 1 (ex (t — w)) +
v[_1(0< (t— u))]RO(u)du
t
v f [exp[~w(t — w][I_y(
0
< (t—u)
— Blo( (t
t —w)] [pro(w]du
+ [ Texpl-wl(@ = wiBly(
0

o« (t—u)) [H2p0,1(u)]du- (15)
Since the probability function doesn't have any
negative terms of powers then we replace (n) by
(-n) in the equation must be zero so

0 = [exp[—wIt] )" Do BTy (o€ 0

m=0
SO+ ) f Texpl-wl(t — w)]BL_ (s (¢
— W) Ro(wdu
- fot[eXp[—W](t = W][B?yl_pyq (¢ (t—w))
+vI_y_q (< (t— w))]Ro(w)du
v fo Texpl-wl(t — W][1_n_1(

o« (t—u)

= BL_p (o (t = )] [pro(w]du

t
f [exp[—w](t — wW)IBI_y (& (t — ) [13p01 ()] du.

By using Bessel function property 1_,(x) =
[,(x), then

[oe)

Wi ) b

m=0

[exp[— Bl_T(m)ln+T(m) (< t)

+(v+py) f exp[—w](t — w)]BI, (e (t — u)) Ro(u)du
0

t
- j [exp[~w(t — w][B2py Ln_y (o€ (t — )
0
+ VIngg (¢ (6= u)JRo(w)du
t
v j [exp[—w](t — W][Iys1(
0

« (t—u)
— Bl (o (t— w)] [pro(w)]du

t
+ [ Lexplwl(e = Bl (s (¢ = W) [0, (W]du
0
By substituting in Eq. (15), we have

Pk+n,0 (t)

= [expl=WIt] D" Do BT [y 1 (x O
0

m=

- Ir1+T(m) (0( t)]
t
+nB“f [exp[—w](t

0
In(oc (t—
- u)] [%] [Pro(W]du, n
= 01(,2, voo (16)
where —=-.
2 B
3.3 Computing py,o(t) :
Theorem 2: The transient probabilities
{Pmo®), m=0,12,...,k—1} that the

system under balking and catastrophes are
obtained as:

t
Pmo(® = 1t f B ecr (t — W) Pro(w)du
0

t
+ Hzf Po,1 (W) byt —u)du

+Zplo buns (O

where Pro() =
(T@{E)+r+1)

ny {3 oPro(— nr {B(T(l)+r+1)f b lo(t_

—wu IT(1)+r:1(0m)d u}}

c r+1)
+H1Hp Z po,1(u)(_1)rwfo bi_1,0(t
r=0

_ u)e_wu Ir+1(au) d

m=012,...,k—1,

u)e

u

t
f byt
0

k-1 oo

-y Z Z pi,O(_l)r{%'

i=0 r=0

u
—u)f by o(u
0

r+1(av)d }du

fo boo(t

—v)e Wu

N . (4 1)
Fhat ) Poa (D (g
r=0
u
~w [ by
0

Ir+1 ((XV)

—v)e Wt ————dv}du
v

Proof:

Using Egs. (1) and (3) of the given system, we

have:
dpo,o(t)
S ==+ A2 +)Poo() + ipre(®)
+ Hz2po1 (D),
dpi o (t)
% =—(A1 + A2 + 1y +YIPio(0) + HyPis1,0(D)

+ 21 Pi—1,0(0)
1<i<Kk,

p' () = Ap(t) + wypro(Dex + Hapo1(Dey,

88
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where the matrix A = ( amn)kxk is given as:
~+ 2 +y)
A ’(7\1+7\2+P1+Y) W o
0 .
- : N —Ou ety W0
0
\ A A )

P(®) = (poo(8), P10 (8, P20 (D), - - Prr0(D)) e
=(0,..,0,07T, ey = (1,0,0, ...,0).
Then by using Laplace transform we have:
zp”(z) — p(0) = Ap*(2) + WPy (Zex + H2Po 1 (2)eg
p*(2) = [z1 = A]"*[p(0) + ypj o ()ex + 1zp 1 (2)eo),
where p*(z) denote the Laplace transform of
P(t) and p(0) =pmo , m=0, 1, 2..k-1.
Writing [zI — A]™* = (b* 1 n(2))kxk- » We get
p*m,o(z) = Wy b"mx—1(Z)Pio(2) + H2P5,1(2) b 1mo(2)

k-1
+ Z Pio b'mi(2),
i=0

m=012.. k-1
We will apply Raju and Bhat (1982) technique
to calculate b, ,(z) from

[z] - A]_l = (b"mn (2 kxk-
For m=0, 1, 2.. k-1,
b*mn(z) =
1 Uy n+1 (Um0 (2)—Um n41 (DU 6 (2) n= 0’1,2’ k=2
151 uk,o(z)
Un 0 (2) L .
Ueo@) m=k-1
With
Upm(z) =1,m=012,.... k-1,

1
Upt1m(2) = _1 [z + (7\1 +A; + Hl(l - 51,0) + Y)]: m

=012,....,k—2,
1
um+1,m—n(Z) = H_{[Z + A+ A+ + y)]um,m—n(z)
1

- O‘l)um—l,m—n(z)}
m=012..k—2,n<m,

uk,n(Z)
{[Z + A + 23 + g + V) ]uke10(@) — ADug_n(2),
= n=012....k—2
[z+ A+ +w+y)], n=k-1
and up,;(z) = 0, elsewhere.
Then
p*m'o(Z) = Wy b"mk-1(Z)Pi () + U2P5,1(2) b"'me(2z) +
Ko Pio b'mi(@, m=012..k—1.

By apply the convolution theorem, we get
t

Pmo(t) = H1f b k—1(t = u) pxo(w)du
0
t
+ llzf Po,1 (W) byt —u)du

+Zplo bami (0,

Now we are going to obtain po(w)
From Eqg. (16) since
Bpy o (t)

m=20,12..k—-1.

89

= > DB Ly (@)
" + (v
t
+ ul)f e V(W B (a(t
0
- u))Ro(u)du
t
—f e VW B2y (alt
0
- u))+vl_1(a(t - u))]RO(u)du

+v fote‘w(t‘“) [1_1 (a(t — u))—Bly(alt — u))]pko(wdu

t
+ f e W [Bly (a(t — w))1[1zpo,1 (w) | du.
0

Since [_,(x) = In(x) from Bessel function

Pio(®) = expl— meoB T Ly ()

O+ ) f e [ (ot — ) )R (u)du
0
_f —w(t-w [(Bust+ _)Il(a(t
- u)) Ro(u)du
t
+Y f == 1, (et — w)) —Blo (a(t — u)]pico (Wdu
B 0

t
+ [0 1y (ae = w)nzpos (]
0
By using Laplace transform,

r=+/(z+w)?—a? we have
-T
moB (m)

pﬂ,o(z) = Z P mo

m=0

+ v+
(B + ) g
v[[z+w)—=r]] ,
B T] Pico(2)
. p*k,o(Z) + 2Py, (2)
r r

Pio@ = D Do (@B) T+ w) — 1]

suppose

[(z + w) — r]T@m
0(T(m)r

Ry (2)

m=0
+H[v + ) —MK +w) — R} (2)
+£ [(z +w) —r — aBlpy(2) + u2pg 1 (2).

Since v= 14,8 ,a=2\vp; ,B= /u— , aB =2v,
1

V_ v _ _
BT T VM =

B = |- m=\V =3
,(Bul + %) =a.
[z +w) =] =(v+ p)IRo(2)

Z P o (@B) T [+ w)
]T(m)

H1

NIH

[z+w) —r — 2r — aB]pj,(2)

+ 12p51(2). [[(z + W)
—r1] = (v +p)IRy(2)
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o)

z o(@B) T [(z +w) — r]Tm™

2[4 w) =36 — 2v]pi @)
+ y2p51(2).

Suppose
N= > p"o@B) T™[(z+ w) —r]T™
m=0
+ E{(Z +w) —3r}
~v[pieo@ 120t )
% _ N
Ro(2) = [Z+W)—r—(v+pt,)]’
(17)
But Rj(2) = Zi50 P 10(2) + Pico (@)
Ry (2) = eTp*(2)+py(2),
wheree = (1... DT,p*(2) = [21 — A]"}[p(0) +
1P o(Z)ex + Hzpal(z)eo]-
Then

R5(2) = e"{[z1 — A]"*[p(0) + s o(2ex

+ 2P0 (Z)eo]}+pf<,o ()

= eT[zl — A]™*p(0)
+ye’ [z — Al eypy o (2) +ueT [z
- A]_leopg_l(z)
+ Pio(@). (18)

Substituting from Eq. (18) into Eq. (17) we get
e[zl = A]7'p(0)+p e[zl — Al texpy o(2) +upe’ [zl
- A]_leop(*)_l(z) + pi&,o(Z)
_ N
T [tw)-r—(vtpy)]
[1+4 weT[zl — Al ex]pyo(2)

Tzrw =]
—{eT[zl — A]"1p(0)+p,eT[zl — Al"teopj 1 (2)}.
{1
1

_ [v—i{(z+w)—3r}] .
+ H1eT[ZI - A] 1ek]+ [(Z + W) —r— (V ¥ ul)]}pk'O(Z)

Vim0 P o @B) T [(z + W) = r]T™ + y,pj  (2)

[Z+w) —r—(v+p)]

—{eT[zl — A]"1p(0)+p,eT[z] — Al teop,1 (2)},
Then
pli,o(z)

_1
/{ [z+w) —r— v+ pu)][1+ ezl — Al ey]
1
+[v—§{(z+w) - 3r}]}

X LY D (@B ™[+ w) = 17 + g, (2)
—[(nzlz-ﬁJ w)—r—(v
+ ) {e" [zl — Al p(0)+p,eT [zl
— Al teopy1 (D]}
Using[z I — A]™* = (b"mn(2)ie » then
Pro(2) = 1/{(2 +w)—r—V+u)
[ 252 b mpces @]+ [3 {2+ w) + 1} =

u}

(19)
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X{ ) p*o@B) T™[(z + w) — r]Tm
+ 12pp1(2)

—[(Z+w)—r—(v+

m)l{ZI B prob’, (@)

+p TR b*m, O(Z) Po.1 (Z)}
Obviously that det[z ] — A] = (8 — x)~1{Ok+1 — yk+1 _
1 (8% — x¥)} see Tarabia (2001) where
8(2)

1
=E[(Z+ A +2+ W +V)

+\/(Z+O\1+7\2+H1 +Y))2—47\1l11]
X@) =212+ Oy + 22 + 1y +7)) —

\/(Z + A+ A+ +Y))2 — 4\ ]
Using partial fraction technique, then the
cofactor b*p,, ,(z) for the arranged element (m,

n) of the matrix [zI — A] can be rewritten as
k-1

C .
bmy@ = )
n=0 n (20)
where z,, are the eigenvalues of the matrix A
forn=012,..,k-1and Cj = lim (z —
z,) b*m;(z). After inverting Eq. (19) we obtain

k-1
binj () = D¢l e,
n=0
wherew = W B+ A, +uy +v) ,v=~xABthen
[Z+w)—r—(v+p)]
=z+MB+HA+ iy +y) -1

- MB+ )
=z+M+y-r
Then we have
k=1 p(m)
_ * _ j
Z(Z+)\2+y r)bm‘j(z) 1+ 7 7m
= m=

=1+ b*(2),

where
k-1

bj(t) =1+ Z B].(m)eth ,j=10,1,2,...,k—1.

m=0
Then Eq. (19) can be rewritten as
1

Kko(2) =
Prot® {[Lﬁ b*k—1 o(Z)] + [%{(Z +w)+ 1} - H1]}

[ee]

Z ((’(B) T [(z + w) — r] T + H2P5,1(2)

m=0

k-1
- z Piob”; (@) + 12 b*o,o(z)paJ(Z)}
i=0

p*k,o(Z)
={(z+w)— r}/[%{(z +w)? — r?}

G+ w) = b (@)~ w{G+w) - r}]
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X {Z D" 1o (@B) T [(z +w) — r]T™ + 5, (2)

m=0
k-1
=D piob’,@
i=0

+ U b*o,o(Z)sz(Z)}

Pko(2)
_2erwon

(04 04
20 {z+w) — (b, ()~ 1)
+ o2

x{ E P 1o (@B) T [(z +w) — r]™™ + 1,5 1 (2)
m=0 K
1

-1

= Piob’ o) + 1 oo (@ph (@)}
i=0

2550 p*mo(aB)-“m)[(z +w) = T

+{z+w) - r1}b"_, (@
21,p51 @ {(z +w) — 1}
2
"‘T+{(z+w) ~ 1}b e, @
2{(Z+W)— r} s Piob”, ,(2)

2u

ZM +{z+w)-r}b"_, (@

+ 2“2 b*0,0(@p51 @Dz +w) — 1‘}.

“ +{(Z+w)— r}b*, _ 10(z)

Since « = 2yvig then 2—:1 =2 =2
2ER-0P" 1o (@B) T [(z + w) — r] T
2v+{(z+w) - r}b*_; (@)
2p2pp1 (@D{(z +w) — 1}
2v+{(z+w)—r}tb"_, (2
2((z+w) - XIS piob’ ()
v+ {Ez+w) - 1} b* 4 (@)
2p1; b*o,0(2)pp (D{(z + w) — 1}

pf(,o @ =

2v+{(z+w)—
Since B= ui thenaB =2v ,

1

M Xm=0P" mo (aB) T [(z + w) — r] T+

I 0@

Pio(2) = aB+{(z+w) - r}b*,_, ,(z)

H1H2Po (D{(z +w) — 1}
aB+{(z+w) — r} b*k—1,o(z)
w{z+w) — r} Ik Pio b*i_O(Z)
B+ {z+w) - 1ib @

Hikz b*o0(2)po1 @{(z + W) — 1}
aB+{(z+w)—r} b* 1 0(@) '

By using the inverse Laplace transform

pko(u)

= H1{Z Pro(— D'i—=agoms—

IT(1)+r+1(0ﬂl)

(T(l) +r+ 1)j b(r)lo(t

(T(l) +r+1)

—ue W

duj} (21)
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(r+1)

(r)
BGr+1) b 1,0(t

+u1uzzp01(u)( o

au
_u) —wu r+1( )du
k-1 o

- Zzplo( yir s

i=0 r=0

f byt

—u)f }((r)lo(u—v)e

I
—wu r+1‘§av) dv}du

1
+ iy Z o (D) ot

r=0
Using Eq. (21) in the following
t

pm,()(t) = ulf bm,k—l(t — u) pk,o(u)du
0
t
+ UZf Po,1 (W) byt —u)du
0

k-1
+ Z Pio bm,i(D) ,

i=0
Therefore all probabilities from 0 to k-1 can be
obtained.

m=012,..,k-1

Computing G;(s,t),j =1 :

Otherwise for j = 1:
Using Eg. (2), Eq. (4), Eq. (6) and Eq. (8), we
get:

- dpyy ()
Z :i]t =~ + 22+ +Y)po; (D
i=o

+ 11P1,j(0) + H2poj+1(D)
k-1

+A; po,j—l(t) M+t ty) Z Dij ®
i=1
k-1

—(AB+ 22 + 1y + V)P () + 1y z Pi+1j(®

i=1

k-1
+ 2 Z Pi—1,j(©

i=1
+H1 P41, (D) + A pr—1,(E) + Az Prj—1(H)
+2; Z pij-1(0
i=1
K
= =0 1) ) piy(® + apisa(©
izo
+ U (po,j+1(t) — Poj (t))

k
+ Z Pijo1(©) — A Bpicy (0. o

Z dpk+1 ] (t)
o & (23)
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= [~uBH A+ + 2
+ M8 S] Z Pr+ij (D) st
- H1Pk+1,j_(t)
M 5P + 22 ) Preija (O 8
i=1
Adding the last equation to Eqg. (22) we get
aG; (S t) Hy
—— [ O\1B+7\2+H1+Y)+?

+ 2B s [Gy(s,6) — Ry(®)]
PRINIC

2 Praja® si\ B G
i=1

= Dpy;(H)
tH2 (p0j+1(t) - po,j(t))

—(A2 +VIR;(®) + 2,

j=1
6G(st)

= [~uB+ 2+ + 2

+ 2B ] [Gi(s, ) = Ry(®)]
-z + Y)Rj ® +7\2Gj—1(5: t)
+ B0 — Dpy;(®
o (po,j+1(t) - po,j(t))'j =1

From Eq. (24) we have
9G;(s,t)

ot

(24)

= [~B+a )+
+ ABs] [Gi(s,©) = Ry ()]
-2+ Y)Rj ® + 7\2Gj—1(5» t) +B(s — 1)pk,j(t)
o (po,j+1(t) - po,j(t))']' =1,
where Gi(5,0) = XZ0 Pm,sT™ , T(m)
[1 — X5 8in] and
R;() = ¥, pij() , with the assume that =h =
[—(AlB 4 YY)+ % + AlBs], then

aGJ (S, t)
ot —22Gj_1(s, 1)

= [(7\13 A2+ +Y)— %_ MBs — (4, +Y)] R;(D)
+ A;1B(s — Dpy,;(®
T (po,j+1(t) — Po,j (t))
= [uB = A4B5) + (1 = )| Ry + A4BGs = Dpi®
+ 1tz (Poj+1(®) = po;(®) i = L.
By using Laplace transform:
zG;* (s, 2) — Gj(s,0) — hGy™(s,2) — A,Gj—1 " (s, 2)
= [uB-Bs) + (1 - %)] R (2)
+M4B(s — Dp", ;@)
e (Mo @ - @), 21
[z —h]G;*(s,2) — A,Gj_1"(s,2)

:(m—

- hG](S, t)
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3}

Z (sTm) 4 (AIB ABs)

Z NG

+k1B(s 1)p k](z) +

o (1 0j0n @ = P70y @) 2 1.
By using Laplace inverse transform:
[t = h]Gj(s, ) = A,Gj_1(s, 1)

= Z PmjsT + [(7\1B — A1Bs)

m=0
k
+ (ll1 - %)] Z pij (O
i=0
+4B(s = Dpicj(®) + 1tz (pose1 (©

—po;(®),i =1 )

At j=1then
[t - h]Gl(S' t) - }\ZGO(S' t)

= Z pmrlsT(l’l’l) + [(}\1B - }\1BS)

m=0
ll1 - Z pi1 (D)

+MB(s — 1)pk 1(t)
+ U2 (po,z(t) p0,1(t))-
Since

Go(s,t) = Gy(s,0) [exp [
+ J: [exp [—w + % + }\1[35] (t— u)] [()\1[3 + )
- (% + }\1[35)] Ro(uw)du
t
+ J:) [exp [—w + % + )\185] (t— u)] [?\1[3(5
. — Dpgo(w)]du
+ fo [exp [—w + % +0 Bs] (t— W] [z, (W] du.

Then

Gi(s,t) = [7\2 [Z PrmoS T [exp [—w 24 7\1[35] ]

—w+%+;\155] {

[ ferw o+ 2r
—w] [ + )

- (% +24Bs) | Ro(w)du
[ e[+ 2
=] [MB(s = Dpieo(w)]du

+ jt[exp [—w+% +}\1[35] (t
0

- u)] [H2p0,1 (u)]du]
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+ Z Pm1sT™ + [(AlB — MBs)

=)

() 0

FABG — Dpa(®

+ 112 (Po2() = P01 (©)| /[t = h]
Since  Ga(s,9) = ZiSoPia (V) + ZiZy Preria (O s,
then

G1(0,) = ?:o pi,1 (D)

t
= [7\2 [f exp[—w(t — W] [(A:B + 1) IR (w)du
0

t
+f exp[—w(t
0
- u)] [_7\1Bpk,0(u)]du
+J- exp[—-w(t — u)] [H2p0,1(u)]du]
0

k
+ [A4B + ] Z Pi1(t) — A;Bpy1 ()
i=0

+ 112 (Po2(®) = Poa (©) | /It + W]

k
> b = [7\2
i=0

t
fo exp[—w(t — w)] [\ B

+ 11)Ro(w)du
+ (=21B)pko(u)du

+ H2p0,1(u)du]] — X Bpy 1 (D

+ U (po,z ® - pO,l(t))] /(¢

+w)(1— B+ ).
Similarly, we can obtain all G;(s,t) ,j > 1.

Special Cases

Here we state various special cases as follow:

(a) If )\22“2:0'y20r }\12}\' M1 = H 'sz

then

0Gy(s,t)
ot

— [—(Ap +w+ % + Aps] Go(s,b)

=— [—(Ap +w+ i—l + )\ps] Ro(t)
+2p(s — Dpgo()
Then Gy(s,t) = p(s,t) ,Ro(t) =
qk(t) , pro(t) = pk(t),these results agree
with Kumar (1993).
(b) If %,=p, =0, Ay =2 uy=p Wwe getthat

G (s,
";ts v_ [—(AB +u+y) +§+ }‘BS] Go(s, 0

[0 +10 = & + 29| Ro(® + A8(s — Dpio(®
Then

93

Go(S, t) = H(Sr t) ) Q(t) =0 rRO(t) = ri,k(t)r pk,O(t) =
pik (), which agree with Tarabia (2011).
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