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ABSTRACT : The aim of this paper is to study the separation property of the Schrodinger operator L of
the form Lf(x) = —Lof(x) + V(X)f(x),x € R", in the weighted Hilbert space H™ = L, (R", H), the
statement that achieve the separation, and the coercive estimate, with the operator potential V(x) €
L(H) for every x € R", where L(H) is the space of all bounded linear operators on the arbitrary Hilbert

space H. The operator Ly = ¥4 %aii(x)i + Z;‘zlbi(x)% is the differential operator with the real-
i j i
valued continuous functions a;(x) and b;(x). Furthermore, we study the existence and uniqueness of the

solution of the second order differential equation —Yi_; aiaii(x)aif(x) — Z{‘zlbi(x)aif(x) +

X Xj Xi
Vx)f(x) = W(x), where W(x) € H™, in the weighted Hilbert space H™ = L, (R", H), such thatk €
C1(R™) is positive weight function.
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I. INTRODUCTION
It is noteworthy that Everitt and Giertz [6-9] were the first to obtain the basic results of defining the separation
of differential expressions. Also Biomatov [3,4] and zettl [14] worked on the separation problem. For more
fundamental results of separation see [1], [2], [5] and [12].
In [10] Mohamed and Atia have studied the separation of the Schrodinger operator of the form
Su(x) = —Au(x) + V(x)u(x),
with the operator potential V(x) € C!(R™, L(H,)), in the Hilbert space L,(R™ H,), where A = ¥, a% is the

Laplace operator in R™.
In [13] Zayed et al have studied the separation of the Laplace-Beltrami differential operator of the form

= —;i[ detg(x)g 1(x) a_u] + V(x)u(x)
Jdetg(x) 9%i U8 0x;
for every x € @ R, in the Hilbert space H = L, (Q, H,) with the operator potential V(x) € C*(Q, L(H,)),
where L(H,) is the space of all bounded linear operators on the Hilbert space Hy, g(x) = gj;(x) is the
Riemannian matrix and g=1(x) is the inverse of the matrix g(x).
In [11] Mohamed and Atia have studied the separation for the general secondorder elliptic differentialoperator
G=Gy+V(Xx),vxeR"
in the weighted Hilbert space L, , (R, H;), with the operator potential V(x), where
n

GO = Z a,](X)Dll

ij=1

s 2
is the differential operator with the real positive coefficients a;;(x) € C*(R") and D} = 0

aXi an
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To some positive weight function k € C1(R™). Suppose that H be an arbitrary separable Hilbert space with norm
Il and scalar product , )y, We introduce the weighted Hilbert space H™ = L, (R", H) of all u(x),x € R",
such that the norm of the vector function u(x) is defined by

1/2
lu = <f k2(x) Il ux) I3 dx) )
Rn

The symbol (u, vy, such that u, v € H™ denotes the scalar product in H~ which is defined by (u, v}, = (ku, kv)
where

(u,v) = f (u(x), v(x))ydx,x € R",
Rl’l

is the scalar product in the space L,(R" H). The space of all u(x),x € R"™, has generalized derivatives
DYu(x),y < 2 such that u(x) and its derivatives DYu(x) belonges to H~ denoted by W2, (R™, H). The function
u(x) € Wi 10c(R™, H) if V(x) € Cs°(R™) the vector function ¢ (x)u(x) € W7, (R, H).

Il. THE SEPARATION PROBLEM
2.1. Definition: The differential operator

Lf(x) = —Lof(x) + V(x)f(x),x € R"

is said to be separated in the weighted Hilbert space H™ if the following statement holds:
If f € H™ N W7, ,.(R™ H) and Lf € H™ implies L,f and V(x)f € H~. The basic result in this section has been
formulated in the following theorem.
2.2. Theorem: If the potential V(x) € C1(R", L(H)) be a self-adjoint compact linear operator and for every f €
H™n W22,k,loc(Rn' H) such that Lf € H™, the following conditions are satisfied for all x € R™,

1 _1 0 1
2360V, 20k 09 (5.-KC9)| < B,
1 1

and
1

a2 (), V- 1(x)( V(x))

where 0 < 8, + B, < %,Vo(x) = Re V(x), and | - |{ denotes the norm of the space L(H). Then the following
coercive estimate is true:

< BZ:i:j = 1:"-:n;

n 1 1 a n a
I VE It Y a”VSa—Xf‘ N P fll, < NI LE
ij=1 i=1 !

where N is a constant independent on f, that is the Schrodinger-type operator L is separated in the weighted
Hilbert space H™.
Proof. Obviously, by using integration by parts, we get

d d ) -
<6—Xif,w> = _<f'6_xiw>'l =1,..,n, forall fw e C5(R")

Hence

(KL, kVf)

k—Z B ) 5 f Zb(x) £+ VE| kv

ij=1

n

_Z< 0 () 5 - kaf> Zn: (kb G- kaf>+(ka kVf)

ij=1 i=1
n

9
Z <kbl 5t ka> + (KVE, kVf)

n

> < a3 () 3 f S (VD

ij=1

zn: < 1](X) sz > < 1](x) sz 6(3(1 )

ij=

>

ij=
Taking the real parts of the two S|des we get

9 9
() 5 - kaVf(a—k>> <kb, — kaf>+(ka KVE).
i=1
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n

Re(KLf, kVf) = Z

ij=

0
2 2
+ E Re<kal]V0 _6 fka”V0 V (axiV)Vf

2
+Z Re<kal]V§a—f2k a2V, 2k (axi k)Vf>

9
- Z Re <kbi —f, ka> + (KVE, KVE),

i=1

1]06 1]03

1 1 1 1 a
ka2V2 —f ka2 V2 —f

Since we have
—|(KLf, kVf)| < Re(KLf, ka) [(KLf, kV£)],

< Re

1 1 a 1 a
- [(<aivs g f 2kaivy o oo i k) v |

11 1

9
2 2
ka3 —— f2ka1]V0 k- (aXik)Vf>

L9 9
2 2
ka”VO o kaauVO i (aXik)Vf

< Re

2
~|azvz a0 kat vy 2V~ oo - v) Vf>’

1]06

1 1 1 a
2 2
kaj Vs gy - (axi v)vf
1 1 1

d
2 2
ka? ]VO _6 f, ka”V0 V <8Xi V) Vf>| s

and

a
£ ka>|

2 a
—|(k fkf>|\R<k-—f,kf>\|<k
|<ba V)| < Re (ks 5 kvt) < |{idy 5=

Hence by applying the cauchy—schwarz inequality, we get
Re(KLf, kVf) < |{(KLf, ka)l <l LE il VE

Re i 06

11 6 1 a
kaZVZ ——f, 2ka’V, o (axi k) Vf>

”06 1]0

1 1 6
zvz_fu oty (2]
ax,

1

2
Re <ka v, kauVO y- oo - v) Vf>

1]06

zzi 2 2

-V, f uvov o Vf
i

1] OaX

/
and

d 9
Re <kb 2 ka> ||bi A
aXi Kk

0%;
Applying the conditions (2) and (3) on the mequalities (7) and (8) respectively, we get

a; Vz—f“ I VElly,

1]06

0 2
Re <kal]V3 ah 2k vy 2k oo - k) Vf> > B,

1 1 1 a 1 1
Re<kauvga—fk a2V, 2y~ (E)xi v)ve) > -6, auvga—fH am

From (10) and (11) where 8 = B, + B,, it follows that

2023
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1 1 a a
2_ 2 N
Re kaI]VOa f2kaI]V0 k <6xi k) Vf
+Re ka Vz—fka -V 2V (6 V)Vf
ij Oa ij o axi
> B auvga—f" I VE Il
Forany a > 0 and y;,y, € R, we have
11172l < Syl + o= Iy
Yally2 \2}’1 Za}’z-
Consequently, we get
1 1 a 1 a
2 2
Re (kaf Vg 71, 2kaj vy i (aXik)Vf
1 1 a
2_ 2
+Re (kaf V7 - fka”VO by (axi v)vf
Bal L. 2 a I B
>-= afvga—f =5 I Vel
and (9) become
R <kb 0 kaf>> O‘"b d =L yvere
€ 1ox; =20 ax N 2a ke
From (6), (12) and (13) the equation (5) takes the form
C i P Base [ L2a
2 _ 22 ____
1L VIS ) aiv; ot I > e G
ij=1 k ij=1
2 n
——Bu VEIR+S ) ||b-if|| + 2 VEI 41 VeI,
k 2__1 Yox; Il 2a k k
Therefore
1—“2(6_1) I VE I +[1——]Z v2—f Z ||b f|| <Nl LE Il VE I
2a k %ij Yo 0x; 2 ox; k ke
(B 1) 2 .
By choosing ——— < a < o we find from (14) that
n2(g -1
Il VE < 1—#] Il Lf Iy,
n 119 2 BO( -1 nZ(B—l) -1 5
Z flvga—f <[1-% [1—7] I LEIZ,
ij=1
and
n -1
o I° gt n?(B—1) .
Z |bia—xif < 5] [1—f] I LE 112,
i=1
From the inequalities (16) and (17) we can respectively obtain
S -
2 n — 2
al]VS a—fH [1 - f] Il Lf Iy,
and
https://bfszu.journals.ekb.eg/journal Page 101




Bulletin of Faculty of Science ,Zagazig University (BFSZU) 2023

Z f| <n [%]_E [1 —@F I L e

i=1

d
! aXi

o

On the other hand, we have
Lf = —Lof + V(x)f.
So it is clear that

"Lof"k <l Lf Il +1 VE Il
n2( - 1]
< 1+[1—%] ]"Lf”k-

From (15), (18), (19) and (20), we get

n 1 1 a n a
I VE et a”vga—xf‘ + 3 bt fil, < N Il LE I,
ij=1 i=1 !

where

N=1+2 [1 - @]_1 + n? [1 - %]_% [1 - @]_% +n [%]_% [1 — @]_% is a constant independent
on f.

Now the coercive estimate (4) is obtained, and so the differential operator (1) is separated in the weighted
Hilbert space H™~. Hence the proof is completed.

I11. THE EXISTENCE AND UNIQUENESS PROBLEM
In the following theorem, we show that the differential equation
- 0 d - d
Lf(x) = — Z a_xia” ®) a—xjf(x) - Z bi(x)a_xif(x) + V(X)) = W(x),
j= i=
with the operator potential V(x) € C*(R", L(H)), has one and only one solution in the space H™, where W(x) €
H™.
3.1. Theorem:
Suppose that the elliptic differential operator (1) is separated in the weighted Hilbert space H™. If there

exist a positive function t(x) € C1(R™) such that for all x € R" the following conditions are valid:

1

2,005 (Ot () (—t(x))

1
r2
1’

T
and

1

a;(xV, 2(x)k (%) (ik(x))

=1,..,n,

f ol
where 0 <ry +1, — = < and Vo(x) = Re V(x) > CE. then the second order differential equation

Lf(x) = —Lof(x) + VX)) = W(X),
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with the operator potential V(x), has a unique solution in the space H™, where W(x) € H™.

Proof. Firstly, we prove that the homogeneous equation of the form
Zn: 0 0 f +Z“: b 0 f(x) = V(x)f
2, 5100 100+ ) b6 0 = VEOrcs)
ij= i=

has only the zero solution f(x) = 0, for all x € R™. Let ®(x) € C2(R™) be a non-negative function, then

n n
9 9 9
(KVE ktdf) = (K Zl a—Xiaij(X)a—Xjf+Z by () 51| ket
ij= i=

n
9
kZ by () 5 ke

kzn: o 0 f ktdf) +
< %, a;j(x) 9%, )

_z < 1](X) f_(kth)f)
Zn:< () 5 sztCDif
ajj 0x;

L=

n

z < b2 fktCI>f>
aXi ’

i=1
n

z< )5 fl<2tfi
2, | 7

L=

- 2 . 2 . 2
—z <a1,(x) fk2d>fa—t> Z < a5 (xX) =- f2ktd>fa—k 4 <kb 5 fktCI>f>
=1 ij=1 =1
Equating the real parts of both sides, we get
. 2 . 2
(KV,f, ktdf) = —Z <kall(x) £kt —f) - Z Re <ka,](x) £ ktf
] 1

ij=1
n

n
9 9
—Z Re <kall(x) fkd)fa—t> Z Re <ka1](x) £, 2kk~ 1tc1>f£k>

ij=1 ij=1
n
d
+Z Re <kbi—f, ktd>f>.
o 0x;
1=

But on the other hand, we have

1]=
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]
+ (ka0 5 - f ktf—

) )
kaij(x) 5 - f ktf—
l

) )
2Re {kay (x) 7 f ktf—

0% 31

+ (f, kza--ticbif
’ Y aXi aX]

6
<ka,] (x) f ktf — ox;

0, 0 N

= (e (kautfal) Eayt oot
o 0

Ryt o) - (Kt o g

sztfi ia--
6X1 0] Y

f k2a;;t g ) g f
’ aij aXi aX)

1]6
l

a
f, 2kautf —k|)+
Xi

|
<

—(kf k P pralel
W' ax - ok ox,

+t g d g + 2k la;t— g a —k|f
% ox %09y, T ox;
t o b+ 0 0] 0 t+t 0 0] 0
aij aX] aXi aij aXi aX] aXi aX] aij

NIt
2 layt 0ok ) f

I~

k

= Re

1 10 1 0
kaZ t2d>za—le ktzCI)z <al]V0 2t~ 10x1 )sz

Xj

Re (kay - f kapf-_—t) =
“\“ex " a

2110 ¢
astzpz —
1 aX]

<

)

ot (vt 2 ) ot
tzd2 ai].VO t 6_xit Vofk

k

Lt 0ot (e D) v
= Re kail.tzcbza—xjf,Zktzcbz ai].V0 k O_Xik Vof

Xj

Re (kayj £, 2kk~"tf Kk
“\ "5y, 9

2119 1 1 U
< ||aitzdz —f|| (|2tzd2 a; V Zk_ —k sz ,
1 0%; N ax;
and
d 11 2 0 112
Re (ib; fktCDf> = Re (KE202V, “b, 7 £ kzoaVt
101 _1
tzdzV *b; —f" tzCDZVZf
k
By using the conditions (21) and (22),
Re (kay —— f kdbf——t) < lt1c1>1af 2 2 ttZCDVZf
oy — —_— 2 2 — E— 2
€ al] aX] ’ aXi 3 aX 2 1

and
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(&)
V2

ll‘blaf
at Za—x

1

aXi

d d
Re kaij a—Xf, Zkk_lal]tfbf—k
j k

Forany a > 0 and y;,y, € R, we have

o 1
lyilly2] < §|Y1|2 + Z|Yz|2-

Consequently (28)-(30) becomes:

+1
2a

1 /4
+£G@

a 2
t2CI>2V 2b —f

9 ¢ ktCDf>
Yox;

112
Re <kbl ox, 22Vl
k

2 101 12

l 1 1 0 11
a’ tzd)z—f tZQDZng ,
k

0 d a
Re ka,]a f kdf—t < 7%,

0%;

and

(kall 2, 2k b k) < & tzCI>2V2f

a; tZCIDz —f”

k
For o = 1, we have

11 1 9 2 12 1% 2
t2PzV, blaxl k+§ tz @2V f]

0 fktCDf) L
9% 2

’

Re< b;

d a
Re ka,]a f, kdf—t) + Re

kay -2 £ 2Kk~ tf - k
%, %i 9x; P

Xj

% 110 f 101 Ef 2
2t2p2 — tzd2V
al] 22 aX]- 2d2 fS .

+ (ry +713)
Kk

By substituting (25), (34) and (35) into (24), we get

1 1
ZtEQﬁVéf .
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11l 11l 11 1y?
(kVof, ktdf) = (ktz @2V}, ktzd2Vif) = ([tzd2VEf]
k
1 13 1 2
<—Z aizjtzti)zaf
ij=1 b Tk
n 2 1
+1Z|| P S S SRS LA E TR S A
24 W ox 0%, ok, x| o a ax, 2 lla Pox
ij=
S ii1a P 11 1y?
+Z aizjtzqnaf +n%(r; +1p) [[tzd2VZA]
ij=1 b Tk k
n
1 1 1
_5_ 2d2V, 2bla_xlf" ——n tzq)ZVZf
i=1
1 PR I
[1—n2(r; +15) += n] tzcl>zv2 +—Z 22V ?b; —f
2 e aXi
i=

Zu P pray ol il oo
<2 ' oy, a %5 Tox, Tt Vox Do

1

+2k? taCDasz
&j 0x;  0x;

By choosing @ (x) = 1 for all x € R", it follows that

[1 —n? (r1 +r, — %)] fmn k?(x)

n

1
5| e Z
R™ i=1

which holds only for f(x) = 0.

é(x)vé ) "Z dx

2
dx <0
H

1 _1 0
22V, * (b (x) 5~ f(x)

Now it is easy to check that the linear manifold M = {W: W = Lf; f € C;°(R™)} is dense everywhere in H™. So
for W € H™ there exist a sequence {Ly,} in M such that [ILy,, — W|l, — 0 asm — oo,

Applying the coercive estimate (4), we find that

IV(yp = ym)l, +Z al,Vég(yp Ym)H Z ||b1 ox —ym)"k

+||L0(Yp Ym)"k S N"L(Yp - Ym)”k'

where f = (yp — ym),p, m=1,23,..

As p — o and m — oo, we see that the sequences {Vy,,}, {a V2 Fr ym} {bi aiXiym} and {Loy} are

convergent and consequently, they are cauchy sequences in H™. Then there exist vector functions ¥,, ¥;, ¥, and

W, in H~ such that [[Vy,, — W,ll, — 0, [a2 v2 Saym =¥ =0 [oi 2y — Lpz||k — 0and [ILoyp —
k 1
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1 1
W5l,, — 0asm — oo, and so we have {Vy,,}, {afjvg %ym}, {bi %ym} and {L,y,} are bounded sequences in
j i

H~. This implies for m — oo that

. 9 a 0 9 0
Ym 0 Y aXi Ym aXi Y aXi al] aX] Ym 6Xi al] aX] Ys

and
Loym — Loy, i,j=1,...,n.

Hence for a given W € H~ there exist y € H~ N W, ,,.(R™, H) such that Ly = W. Suppose y~ is another
solution of the differential equation Lf = W, then L(y —y~) = 0, but Lf = 0 has only zero solution, implies
y—y~ =0s0y = y~, then the uniqueness is proved. Hence the proof is completed.
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