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Abstract

In this paper, we extend the generalized time-dependent logistic hazard
model (GTDL) proposed by Mackenzie (1996) by using the hazard function
of Weibull distribution instead of the baseline hazard function as no form
was assumed in this model. Thus a modified form called "generalized time
dependent-Weibull logistic hazard (GTD-WL) model". The maximum
likelihood method used to estimate the unknown parameters of the proposed
model. Also, we obtained some special cases from this model. A simulation
study examines the bias and the mean squared errors of the maximum

likelihood estimates for the proposed model comparing with three other
models.

1. Introduction

Survival data analyses often consist of a response variable that measures
the duration of time until a specific event occurs and a set of variables
associated with the event time variable. These data arise in many applied
fields, such as medicine, biology, hygienic, engineering, economics,
criminology and demography. For these data it is reasonable to presume that
the hazard function is time-dependent, thereby accommodating crossing

hazards. Such dependency can be modelled directly by introducing a time-
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dependent term in the model for the hazard function. Accordingly, we utilize
a generalized time-dependent logistic (GTDL) hazard model which can
accommodate non-proportional hazards data. MacKenzie (1996, 2002)

proposed the generalized time-dependent logistic hazard regression (GTDL)
model as a wholly parametric competitor for the Proportional Hazards(PH)
model. An advantage of the GTDL model is its generalization of the relative

risk in the PH model of Cox (1972) to time-dependent form.

The survival function is defined using the hazard function /4 (t | B)as the

generalized time-dependent logistic hazard family which is given by,

exp(ta+x'p
‘h(tIa’ﬁ’x):h(’(t)1+ex1(9(ta+x')ﬁ) g

[Mackenzie, 1996}
Where, A, (l‘ ) is the baseline hazard function.

Note that, this hazard function does not assume any functional form for the

baseline hazard function.

The main objective of our study: is present the generalized time

dependent- Weibull logistic (GTD-WL) bazard model which has a specific
baseline hazard function where, %, (t) is defined using the hazard function

of Weibull distribution. Then, the statistical inference of the (GTD-WL)
model is presented based on the maximum likelihood method to obtain the
estimators of the unknown parameters. In addition, some models are derived
from our model as special cases. The proposed model is illustrated by a

simulation study compared with some other models.
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The paper is organized as follows. Section 2 presents the formulations of
the GTDL and GTD-WL models. Maximum likelihood method is illustrated
to estimate the unknown parameters of the proposed model in section 3. In
section 4, a simulation study is conducted to evaluate the performance of the

proposed model compared with some other models. Finally, the conclusions

are in section 5.

2. Model Formulation

In this section, we introduce the GTDL hazard model and the GTD -WL
hazard model based on Type-I generalized logistic model. The hazard, the
cumulative hazard, the survival and the probability density functions of the

two models are considered. Some special cases are derived from the

proposed model.
2.1 The GTDL hazard model

The GTDL model, which is a non-proportional hazard model, is defined
by the hazard function given in (1) by Mackenzie, (1996). Then, this hazard

function (1) can be written as follows,

1
htlef) = hﬂ(t)H—exp {-—(a't +x'ﬁ)} @)

Where, ¢ is a non-negative random variable representing the univariate
survival times of the units, /1, (%) is an arbitrary function of time called

“haseline hazard function”, ¢ is a measure of the time effect and,

B'= ( BiBs P p) is a vector of p unknown parameters measuring the

influence of the p covariates X ‘= (JC, WX g en ok )
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The hazard function (2) can be generalized by replacing its logistic
distribution function by a generalization of the logistic distribution called

Type-I generalized logistic which is given by,

1
F(Y) = 0<Y <0, b>0.  (3)
ry: (L+exp (¥ ))b

By using this form, and assuming that f =1 in the logistic distribution in

equatiori (2), we can define the hazard function as follows,

| [, itHgBby b >0
Hrlaph)= {ho(t) b =0 )
Where, |
~b
g(a,ﬁ,b): 1 5 :[1+exp {_(a+x rﬁ)}]

l:l rexp {-— (a:+x 'ﬂ)}]

And the survival function corresponding to the hazard function in (4) is,

S (tla.B.b)=exp[-H ¢| . B.b)] (5)
Where,

!
H{la pb)= jh (t| o, B,b)ydt is the cumulative hazard function.
0

Thus, we get the probability density function of the (GTDL) model based on

a generalization of the logistic distribution from (4) and (5) as follows,

f(tla,Bb)=S (tla.Bb)h(tla.p.b)

" Then,

f(_tlcx,ﬂ,b)'zexp {—H (t|a,ﬁ,b)}h(f|05,ﬂ,b) (6)
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2.2 The GTD-WL hazard model

The baseline hazard in the hazard function (4) is not specified and it’s
unknown functional form (i.e., it does not make any assumptions about its

form), so the model (6) is a semi-parametric model because the hazard

function A (l‘l o, f3,b ) has parametric and nonparametric components [the

parametric component is a type-1 generalized logistic g ((Z, B ,b) and the

nonparametric component is the baseline hazard hy (£)1

If we assume that this baseline hazard function is specified up to a few
unknown parameters, we can use a specific parametric distribution such as
the Weibull distribution that describe the times of failure. In this case, we get

a generalized time-dependent Weibull-Logistic (GTD-WL) hazard model

with the following hazard function,

h(tlxl,y,a,ﬁ,b):/lyt"‘lg (a.8,6) >0 Q)

Where, the baseline hazard function is, h, (t)=Apt =t therefore, the

{

baseline cumulative hazard function is, H, (£} = jﬂyz‘ 7t = At
0

The cumulative hazard, survival and density functions of the (GTD-WL)

model corresponding to the hazard function (7) are given by,

¢ The cumulative hazard:
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H (el Ay.a.Bb)=[h(t| Ay, c.pb)dt
0 :
y y
= [y (ap.b)dt =2yg (a,ﬁ,b)-’f—};
0
Then,
H(t| Ay, a.B.b)=Ag(a.B.b)t7 (8)

o The survival function:

S (t| Ay, B.b ) =exp {=H (t| A,y,c.8.b)}
Then,
S (t|A,y,a.p.b) =exp{-Ag (a.B.b )t} ©)

o The density function:

f (@t Ay a.B.b)=h(tl Ay.a.p.b)S (11 A,y.0.B.b)
Then,

f (t1A,7,0,8,b) = Ayt""g (o, B.b)exp {-Ag (a.B,b)t"} (10)

where, ¢ > 0is a positive variable represents the survival times of units,
A,¥,0 > 0 are scalar values, 4 is a vector of unknown parameters and b is |

the shape parameter of type-I generalized distribution.

2.3 Special Cases

Some special cases can be derived from the probability density function
(10) of the proposed model (GTD-WL) such as, the generalized time
dependent-exponential logistic (GTD-EL) model and the generalized time
dependent-Rayleigh (GTD-RL) model.
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* The (GTD-EL) model
If we put ¥ = 1 in the p.d.f (10), we obtain the (GTD-EL) model as follows,
f (tlA,a,8b)=2g(a.B.b)exp{-Ag(a,Bb)t} (1)

* The (GTD-RL) model!

If we put ¥ = 2 in the p.d.f (10), we obtain the (GTD-RL) model as follows,

f (t14,a,8,b) =248 (o0, B,b exp {-Ag (@.B:b)t*} (12)

Thus, the model in (10) is reduced to four parameters.

3. Estimation of the (GTD-WL) model

The maximum likelihood method will be used to estimate the unknown

parameters (A,7,c,3,b) for this model. Consider a sample of »
independent individuals with data (t X ,5‘.) where, 0, =1 for an event

and 0 otherwise, for I=1,...,n.

Let, @ =(A,7,,,b ) be denote the vector of unknown parameters. Then,

the likelihood function for & is given by,

n o
L(0)=TTr(,16) 5 (:19)
| (Lawless, 2003)

Thus, the likelihood function for the (GTD-WL) hazard model is given by,

n 9
LO =] JL A" g (@pb)] [exp{-2g (apb)il}] 1)
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Then, the In-likelihood function £(8) =1n [L (9)] becomes,

£0)= Y[ 6 {rg (@p o)} ~{ag (apo)i}] 0o

To obtain the maximum likelihood estimates (MLEs), the ln-likelihood
function in (14) must be maximized by using a procedure for constrained
optimization. Then, in order to maximize (14), we obtain its first derivatives

with respect to all the unknown parameters as follows,

. ]
S dstesey]
%0) S5 (in(e) +L)- 25 @0 s )|
5\ |
b 2t [1exp ((a+x'A)} | )

a

) /11‘7[1+exp (a+x ﬂ)}] )7

ppacy Ll—hzxp a+x ﬁ

o(6)

;
o(6) 3 {o
]

0 = L1+exp a:+x [3’

And,
(6)

_53_____Z[m(u@cp{—(mrx'ﬁ)}){th[lw{—(aer'ﬁ)}T —5,-}]

4, Simulation Study

In this section, a simulation study has been constructed to obtain the bias,
the percentage of relative bias (RB%), mean squared error (MSE) and the
relative mean squared error (RMSE) of the MLEs for all the unknown
parameters of the (GTD-WL) hazard model compared with three other
models, namely, weibull generalized logit-link proportional hazard (WGL-
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PH) model, weibull proportional hazard (W-PH) model and generalized
time-dependent logistic (GTDL) bazard model.

1000 replications have been generated for each sample size (n = 20, 50,
100 and 200). The simulation study is conducted by assuming the following
initial values of the parameters (/1 =0.5, y=0.5, a=0.1,b = 0.5) as a part of

many other values tested in the program and,

B = (ﬁl =0.5,8,=-05,4,=.0,= —1) based on [Khan & Khosa, 2016]. A
dummy covariate values are generated from a Binomial distribution with
p =0.5. The n random numbers are generated from the Uniform

distribution (0, 1). For each sample size we compute the bias, (RB %), MSE
and (RMSE). The Bias and RB% for & are, respectively, defined as;

Bias(8) = (é) —& and RB%= qu;(ﬁ) x 100 ;[Ha, and Mackenzie, 2010]

where, (é) is the mean of § (é is the ML estimate of &).

And MSE and (RMSE) for & are, respectively, defined as;

MSE(8)

MSE’ (6’ )
[Sheherbakov, , et al, 2013]

MSE(9)=E[(§—9)2] and RMSE(6) =

where, MSE" (8)is the (MSE) of the (GTD-WL) model.

All of the calculation in this section were done using MATHCAD

program version 2007.
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The RB% and (RMSE) of the parameters of all models are presented in
Table 1 for small and moderate sample size (n = 20, 50) and Table 2 for the
large sample sizes (n = 100, 200).

For parameter A , the WGL-PH model has the least (RMSE) and the W-PH
has the least RB%. With respect to parametery, it does not exist in the
GTDL model, the W-PH model has the least RB% and the GTD-WL model
has the least (RMSE). For the parameter, it exists only in the GTD-WL,
and GTDL models. So, the results show that the GTD-WL model has the
least RB% and the GTDL model} has the least (RMSE). With respect to
parameterd , it only exists in the GTD-WL and WGL-PH models. The
vesults showed that the WGL-PH model has the least RB% and (RMSE). For
the vector of the parameters ', it can be concluded that, B, and [, bhave

the same behavior and the same signal of the RB%. The GTD-WL model
has the least RB% and (RMSE) in almost cases. Similarly, for 8, and [, .

5. Conclusion

In this paper, we consider the GTD-WL mode] [based on Type-1
generalized logistic distribution] which assume that the baseline hazard
function is specific with the hazard function of the Weibull distribution,
finding its hazard, cumulative hazard, survival and probability density
functions. We use the ML method to estimate the unknown parameters of
the proposed model. Some models can be derived from the GTD-WL model
as special cases. The simulation study shows that, the proposed model has

the least RB% and (RMSE) in almost cases compared with the other three

models.
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