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1. Introduction 

The probability density function (pdf) of a random sample X 

is said to have a Phani distribution (PD) if it is in the form: 
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The cumulative distribution function (CDF) and survival 

function (SF) are: 
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 Substituting from Eq.(3) in Eq.(1), we get 
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Using the following binomial expansions  
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Another name of this distribution is Wiebull-Uniform 

distribution introduced by Bourguignon  et al. [1]. Modi and Gill  

[2] provide additional information on this distribution and its 

applications. 

Kamps [3] introduced the concept of generalised order statistics 

(gos). This concept encompasses a wide range of order models 

for random variables. 

 For the sake of simplicity, let F  denote an absolutely 

continuous distribution function 𝑓 with density function 𝑓 

throughout. If the random variables ( )1, , , ,...,X n m k

( ), , ,X n n m k  have a joint pdf of the form, they are called 

generalised order statistics (gos) based on F . 
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For ,i j j i    for all ( ), 1, 2,...,j i n Cramer and 

Kamps [4] gave the pdf of ( ), , ,X r n m k by:  

( ) ( ) ( ) ( ) ( )
1

1, , ,
1

i
r

r iX r n m k
i

f x f x C F x a r
 −

−

=

 =                (5) 

The joint pdf of ( ), , ,X s n m k
 
and , ( ), , ,X r n m k   

is given as1 r s n    
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where x y and 
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Consequently, the pdf of ( ), , ,X r n m k in Eq.(5) prevents to 
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and joint pdf of ( ), , ,X s n m k  and ( ), , ,X r n m k  given in 

Eq.(6) reduces to 
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where 
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and  

( ) ( ) ( ) )0 ,    0,  1m m mg x h x h x= −  . 

Also, taking ( )0, , , 0X n m k = . If k=1, m = 0, then 

( ), , ,X r n m k  reduces to the ( )1
th

n r− +  order statistics, 

1:n r nX − +  from the sample 
1 2, ,..., nX X X  and when m = -1, 

then ( ), , ,X r n m k  reduces to the kth record values (Pawlas 

and Szynal [5]).The following are the rth generalised TL-

moments with 1t smallest and 2t largest trimming:                

  𝐿𝑟
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);     

                              𝑡1, 𝑡2 = 1,2, . . . and 𝑟 = 1,2, . . .,     (11) 

where ( )
1 1 2:r i t r t tE X − + + +

 is the expected value of the 

( )1r i t− + th order statistics of the random sample of size 

( )1 2r t t+ + . The case 1 2 0t t= =  yields the original L-

moments defined  by [6,7] ).   
The characterization has been extensively utilized by numerous 

researchers in their respective works, encompassing multiple 

studies. [8-19] 

This paper presents the characterization of PD through the 

utilization of a recurrence relation for both single and product 

moments of generalized order statistics (GOS). 

2. Recurrence relation for single Expectations of 

GOS 

   The single moments of generalised order statistics (GOS) for 

PD are calculated in this section. Special cases such as moments 

of order statistics, TL-moments, and L-moments can also be 

obtained from single GOS moments. Recurrence relations for 

GOS single moments are also shown. The resulting expressions 

represent single GOS moments for PD. 
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using Eq.(3), we get 
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First, to obtain 1I , the binomial expansion is employed as 

follows 
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So, 1I  is given by 

( ) ( ) ( )

( )1

0

1 1
  

! 1

j
a j

I
j

 



 


 



=

−  +  −
=

 + +
  

From Eq.(12), The single moments of gos for PD are 
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This represents the mathematical expression for the single 

moments of gos derived from the PD. 

 

2.1. Moments of Upper Order Statistics 

   The single moments of generalised order statistics (GOS) for 

PD are calculated using equation Eq.(14). In addition, 

numerical calculations are performed to determine the mean 

and variance of upper order statistics for different parameter 

values. 

      The 
thj  moment of Upper order statistics is found  by 

putting  k=1, m=0 in Eq.(16) as  
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Tables 2.1 and 2.2 show the computed mean and variance of  

order statistics for the PD, which correspond to different 

parameter values. 

Table 2.1: Mean of order statistics. 
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It is worth noting that the results in Table 2.1 are consistent with 
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Table 2.2: Variance of order statistics 
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2.2. TL Moments   

     In this subsection, the 
thr TL- moment and 

thr L- moment 

for the PD are obtained.   

The 
thr  TL- moment can be obtained from (11) and (15) with 
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Then, the 
thr TL- moment of  the PD is obtained by substituting 

the previous expectation in Eq.(11) as follows    

Furthermore, the 
thr  L- moments can be obtained from Eq.(16) 

with 1 2 0t t= =  as follows: 
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Furthermore, the 
thr  L- moments can be obtained from (16) 

with 1 2 0t t= =  as follows: 
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The first four L-moments can be obtained from Eq.(17) by 

taking 1,2,3r = and 4  respectively. Using Eq.(16), some 

numerical results for 
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(1,0) 1.539 0.191 0.008 0.014 

(2.0) 1.666 0.158 0.014 0.012 

(0,0) 1.273 0.265 -0.011 0.024 

𝛼 = 5     𝛽 = 6         𝜃 = 8 
(1,1) 3.32 0.113 -0.011 0.008  

 

 

43.6 

 

 

 

-0.07 

 

 

 

0.043 

(2,2) 3.33 0.076 -0.005 0.003 

(0,1) 3.069 0.188 -0.041 0.025 

(0,2) 2.944 0.176 -0.044 0.023 

(1,0) 3.507 0.14 -0.001 0.013 

(2.0) 3.601 0.111 0.006 0.008 

(0,0) 3.288 0.219 -0.032 0.03 

 

3.Characterization of PD utilized on single 

moments of gos 

Theorem 2.1 Let X be a non-negative random variable with 

an absolutely continuous distribution function F (x) with F (0) = 

0 and 0 < F(x) < 1 for all 0x  , then 

( ) ( ), , , 1, , ,j jE X r n m k E X r n m k   − − =     

( ) ( )
0

1
1 , , ,

   

ii j i

ir

j
E X r n m k

i

 






− + −

=

+ 
 −   

 
  (18) 

if and only if. ( )
x

xF x e






 
−  

− =  

Proof  

(i) The necessary part 

 We have from Lemma 2.3 (see [21])  that 

( )  ( ) 

( ) ( ) ( )2

1

, , , 1, , ,

                     
i

r

r i

i

E X r n m k E X r n m k

C a r x F x dx






 

−

=

   − − =   

    
 

If we let ( ) jx x = , then 

( ) ( )
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2
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, , , 1, , ,
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j j

r
j

r i

i

E X r n m k E X r n m k

jC a r x F x dx
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−
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   − − =   

   
        (19) 

On using (4) in (12), we get 

( ) ( ), , , 1, , ,j jE X r n m k E X r n m k   − −      

( )

( ) ( ) ( )

1
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1
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=

+ 
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Which after simplification leads to Eq.(18). 

(ii) The sufficient part 

Equation Eq.(5) yields the following result if the recurrence 

relation in equation Eq.(18) is satisfied:

( )
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( )
( ) ( ) ( )

1

1 11
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1 22
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C
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C
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By applying integration by parts to the first term on the left-

hand side, we obtain

( )
( ) ( )1 11

0
1 !

r r jr
m

r

jC
F x g F x x dx
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This is implies that
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 (20) 

    By employing a generalized version of the Muntz-Szasz 

theorem ([22]) to equation Eq.(20), we obtain 

( ) ( ) ( )1

0

11
1

   

ii i

i

F x x f x
i

 






− + −

=

+ 
= − 

 
  

Hence, 

 

( )
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1

11
x

x f x

F x



 




+
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( )
( )

1

21 x f x
x

F x
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Integrating both side from 0 to y, we get 

( )

( )

1

2

0 0

1

y y
f x

dx x dx
F x x






− −

− 
= − 

 
   

This is implies that 

( )ln 1F y
y






−

 
 − = −  

 
 

Hence 

( )
y

y
F y e






 
−  

− = . 

Corollary 3.2. For 
1 2 1... 1,nm m m m−= = = =  −  the 

recurrence relations for single moment of gos for PD is given as 
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  ( ) ( ), , , 1, , ,j jE X r n m k E X r n m k   − − =     
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j
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− + −

=

+ 
 −   

 
    (21) 

Proof. This can easy be deduced from Eq.(11) in view of the 

relation Eq.(7). 

Remark 3.1 Putting 0,m = 1k =  in Theorem 2.1., we obtain 

recurrence relations for single moments of order statistics as 
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Remark 3.2 Setting 1,m = − 1k =  in Theorem 2.1., we obtain 

the recurrence relations of upper record values as 
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4.Characterization of PD based on product 

moments of gos 

 
Theorem 2.1 Let X be a non-negative random variable having 

an absolutely continuous distribution function F (x) with F (0) = 

0 and 0 < F (x) < 1 for all 0xy  , then 
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if and only if. ( )
x

xF x e
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Proof  

(i) The necessary part 

We have from Lemma 3.2 ([21])that 
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where ( ) ( ) ( )1 2,x y x y  =  

If we let ( ), i jx y x y = , then 

( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( )

( )( ) ( )( ) ( )

2

1 1

1

, , , . , , ,

, , , . 1, , ,  
1 ! 1 !

s

i j

i j s

mi j r

m

x

s r

m m

E X r n m k X s n m k

C
E X r n m k X s n m k

r s r

x y F x f x g F x

h F y h F x F y dydx

 





−

− −

− −

  − 

 − =  − − −

     

   −   

 

On using (4) , we get
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Which after simplification leads to Eq.(24). 

(ii) The sufficient part 

If the recurrence relation in equation Eq.(24) is satisfied, then by 

using Eq.(10), we have 
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Integrating the first term in left hand side by parts, we get 
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Now applying a generalization of the Muntz-Szasz theorem [22] 

to equation Eq.(25), we get 

( ) ( ) ( )1

0

11
1

   

ii i

i

F y y f y
i

 






− + −

=

+ 
= − 

 
  

Hence, 

 

( )
( )

1

11
y

y f y

F y



 




+

− 
− 

 =

 

( )
( )

1

21 y f y
y

F y







+

 
− 

 =

 
Integrating both side from 0 to x, we get 
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Remark 4.1 Putting 0,m = 1k =  in Eq.(24), we obtain 

recurrence relations for product moments of order statistics as 
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Remark 4.2 Setting 1m = −  in Eq.(24), we obtain the 

recurrence relations for product moments of kth record values 

as 
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4. Conclusion 

In this paper some recurrence relations for single moments of 

Upper generalized order statistics for Ph distribution are 

derived. Some special moments include the moment of Upper 

order statistics, L-moment and TL-moment are obtained. 

Numerical values for the mean and variance for the Ph 

distribution from Upper order statistics are calculated for some 

values of parameters. Furthermore, recurrence relations for 

product moments based on Upper generalized order statistics are 

discussed. for the Ph distribution. Finally, a characterization of 

the Ph distribution in terms of single and product moments. 
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