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INCLUSION PROPERTIES FOR CLASSES OF UNIVALENT
FUNCTIONS

A. O. MOSTAFA, M. A. MOWAFY AND S. M. MADIAN

ABSTRACT. In this paper, using operator Mowafy et. al. [§], which mod-
ified the operator of Al-Aboudi and Al-Amoudi we defined a new operator
from which one can obtain many other new operators using the principle of
Hadamard product (or convolution) by taking different values of its parame-
ters. This operator has, three recurrence relations. Using one of its these
recurrence relation we defined four classes related to univalent starlike and
convex functions of order «, close-to-convex and quasi-convex functions of or-
der n and type o ( 0 < «, n < 1), which in turn generalize many other classes
for different values of parameter. For these classes and by using Miller and
Mocanu lemma we can obtain many inclusion results. Also some inclusion
resulls for Libera integral operator are obtained. We have proved our results
here by using the first recurrence relation. Using similar argument by applying
the second and third recurrence relation one can get new results.

1. INTRODUCTION

Let S be the class of functions

f(2) :z+2akzk, (1)
k=2

which are analytic and univalent in U = {z: 2 € C, |z| < 1}. For f(z) given by
(1.1) and g(z) € S given by

g(z) = Z+Zbkzk, (2)
k=2
the Hadamard product (or convolution) is

(f*9)(2) =2+ arbez® = (9 f) (2). 3)
k=2
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For f € S denote by S* (a) and K («) (0 < a < 1) the classes of univalent starlike
and convex of order « respectively (Patil and Thakare [I2, when p=1], Owa [I1, when p = 1]

satisfying
Re <Zfl (Z)> > a. (4)
f(2)
Re 1+ zJ]:, ((;))) > o (5)

It follows from and that

f(2) € K (a) & 2 (2) € 5 (0). (6)
Note that K(0) = K and S* (0) = S* the classes of univalent convex and starlike
functions, respectively ( see Goodman [5, when p = 1]). Also,denote by C (n, &) and
C* (n, «) the classes of univalent close-to-convex and quasi-convex functions of order
n and type o (0 < a,m < 1) which satisfying, respectively(see [7, at p=1], Aouf [2, at p=1]

w(25)n
Re {(Z;//((ZZ)))/} > 1. (8)

It follows from and that

f(2) €C™(n,a) & 2f'(2) € C(n, ). 9)
Mowafy et. al. ([8])defined the operator

2 —p)
Dy . f(z) = —1—2 k:+1— ) [T+ (k—1DN"apz®,(A>0, 0<pu<1 and n e Ny)
which modified the operator of Al-Aboudi and Al-Amoudi ([I]).
Setting

n() =2+ i P+ DP@ = 1) 1y 1y a7 2

= T (k+1—p)
We defined a function AY", 5 by
N kAN = i‘s’”k (6>0),
Ak, 1 _ Z k:2 1 k: 1
where
(d), = 1 (k=0; d e C*=C\{0})

Bl d(d+1)...(d+k—1) (ke Ny; deC)

and the operator I;L,’if (2) : S — S as follows:
Luf(z) = AVs*f(2)

(k+1-— ) 1 " (0), ,
Z+Zrk+1 )[1+(k1))\] (1):_1“‘% (10)
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which has the recurrence relations:

Ao (LR 1()) = B f(e) — (1= N ITE £(2), (11)
(B0 00 £() = (0= p) B f() + I £(2), (12)

and
2 (Bnf(2) =m0 f(2) — (6 - 1) LA £(2). (13)

Using the operator I;’j f (2) we introduce the following subclasses of univalent
analytic functions for n € Ng, A >0, 0 < a,n, u < 1:

S5, (n,8,0) = {f €S:I0f(z) €5 (a)}, (14)
K, (n,8,a) = {fes I f( )EK(a)}, (15)
Chpe (n,8,1, ) {fes e f( )eC(n,a)}. (16)

and
C3(m6,m,0) = {f €8 [ f(z) € " (n.a)}. (17)

We not that:

f(2) € Kau(n,d,a) & 2f (2) € 53, (n,0,a), (18)

and
f(2) €5, (n,0,m0) & 2f (2) € Cxp(n,6,m,0). (19)

In this paper, we obtain several inclusion properties of these subclasses and investi-
gate integral operator in them. For more study of the inclusion (see [2], B, when p = 1] and [6])

2. MAIN RESULTS

In the reminder we shall assume that A >0, 0 < a,n,up <1, 1= A+ Xa >0 and
n e No .

In order to prove our results, we shall require the following lemma.

Lemma 2.1. ([9]). Let ¢(u,v) be complex-valued function such that,

p:D—C, (DCcCxCQC)
C being the complex plane and let u = uj +ius, v = vy +iva. Suppose that p(u,v)
satisfies the following conditions:
i) p(u,v) is continuous in D;
ii) (1,0) € D and Re{¢(1,0)} > 0;
iii) Re {¢ (iug,v1)} <0 for all (4uz,v1) € D and such that vy < —#.
Let
h(z) =14 hiz+ ho2® + ... (20)

be regular in U such that (h (), zh (z)) € D for all z € U. If

Re {<p (h (2), 2l (z))} >0,
then
Re{h(z)} > 0.
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Theorem 2.1. Let f € S. Then
Siu(n, 60) C S5, (n+1, §a).
Proof. For f € 53 , (n, 0 ;a), and

n+1,6 '
(B f ()
L ()
where h (z) given by (20) . Applying in (21)), we have
oot (2)
L ()
Differentiating , we have
n,0 ' n+1,a ' ,
(Bl @) (BE) A wae

];';2 (2) ];\’,tl’“f(z) L= A+ da+A(1—a)h(z)’

which, in view of , leads to

—a+(l-a)h(2), (21)

=1l-A+da+A(1—-a)h(z). (22)

P (I;;jf(z)), A(1—a)zh' (2)
77 (2) B LSy wry vy v g vy oo RS
Let
o (u,0) = (1—a)u+ A= a)u (24)

I-A+da+A(1—-a)u’
with h (2) = u = uy + iug, zh’ (2) = v = v1 + ivy. Then

i) ¢ (u,v) is continuous in D = C\ { 1}\_(3'f’1\)a} x C,

i) (1,0) € D and Re {0 (1,0)} = 1 — a,

iii) Re {¢ (tug,v1)} <0 for all (uz,v1) € D and such that vy < _(

1+u§)
2 Y

. B AMl—a)v
Re {o (iuz, v1)} = Re{l/\+/\a+A(11a)iuQ}

I=-A4+dX) A1 —-a)v
(1=A+2xa)* + 22 (1 — )’ ul
< 0,

for v1 < 0. Therefore, the function ¢ (u,v) satisfies the conditions in Lemma 2.1.
Thus we have Re{h (2)} >0 (2 € U), that is, f € 5y ,(n+1, §;a).
Theorem 2.2. For f € S, we have

Ky,nod,a) CKy,(n+1,0,a) (0<aa<1).
Proof. Applying and using Theorem 2.1, we have
fz) € Kiu(nd,a)<zf (z)€ S5, (nd a)
= z2f (2) €85, (n+1,6,a) <= f(z) € Kr,(n+1,8,0a).
Theorem 2.3. For f (z) € S, we have
Crp(n,d,ma) CCry(n+1,6,ma) (n>0, a<1).
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Proof. Let f(z) € Cy , (n,0,n,«). Then, from , there exist a function g (z) €
St (n, d;a), such that

’

In,é
Re W > . (25)
I>\;M9 (2)
Put ,
(B (=)
W—nﬂl—n)h(z% (26)

where h(z) given by (20). Applying (1), in (26), differentiating the resulting
equation and multiplying by z, we have

(B0 1) = QA Q= k()= (159 (2)

/

A= m) 2k ()L g () + (=N 2 (L1 () (27)
Since g € 53, (n, d;a), then by Theorem 2.1, we have g € St (n+1, 0;a). Let

n é /
2 (159 ()

— :oz—i—(l—a)ﬁ(z), (28)
I,\,zl’ég (2)

applying in , we have

I™g(z . .

ni’fig():l—AJr)\ajL)\(l—a)H(z), Re{H(z)}>o. (29)

I)\,# “g(z)
From and , we have

7,0 l ’
z (IA,#f(Z)) = (- h() + A1 =n)zh (2)
0o 7 LAt ratr(l-a)d(2)

Now, Let
A(1 -
(n, v) = (L= n)ut cony
l-A+Xda+A(1—a)H(2)
with h (2) = u = uy + iug, 2k’ (2) = v = v1 + ivy. Then

i) (u,v) is continuous in D = C\ { 1_’\+M} x C,

Aa—1)
ii) (1,0) € D and Re{¢'(1,0)} =1 — 1,
2
iii) Re {¢ (iuz,v1)} < 0 for all (iug,v;) € D and such that v; < — (1+2u2)7

Re {4 (ius U1)}=Re{ A =m[=A+ra+ A1 =)l (@ y)]v }<0

[T=A+da+A(1—a)h (z,9)]* + N1 — ) hy (z,9))°

for vy < 0, and H (2) = hy (x,y) +iha (z,y) , hi (z,y) and hy (z,y) being functions

of z, y and Re{H(z)} = hi(z,y) > 0. Thus we have Re{h(z)} > 0, that is,
feChu(n+1,6,n0a).
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Theorem 2.4. For f(z) € S, we have
Cu(ndma)cCy,(n+1,6,na) (n=20, 0<a<l).

Proof. Just as we derived Theorem 2.2 as a consequence of Theorem 2.1 by means
of the equivalence (1.18), we can prove Theorem 2.4 by applying analogously to
Theorem 2.3 and using the equivalence .

Now, we consider the generalized Libera integral operator F, (see [I1]), defined
by

_ c+ 1 ? c—1
RfG) = S et
“c+1
= z+kZ:20+kakzk(c>—l). (30)
From , we have
2 (BF (1) () = e+ VLS (2) = elnFe () (2). (31)

Theorem 2.5. Let c+1 > 0and f € S5 , (n, d;a), then F. (f) (2) € S5 , (n, d;a).
Proof. Let f € 5 , (n, d;«a) and put

2 (B2F() (7))
LUF.(f) (2)

where h (2) given by . Applying in , we have
IOFf(2) 1

LnF(f)(z) e+l

=a+(1—-a)h(z), (32)

{c+a+(1—-a)h(z)}. (33)

Applying logarithm differentiating, we have

’

2(Bif =) = (BR) (z))/ (1—a)zh'(2)

L0 (2) R () | etat(-a)h(z)’

where, in view of , leads to

’

z (I;L:;ff (Z)) (1-a) 2R (2)
IR T T e M
Let
¢ (u,v)=(1-a)u+ (1-a)v (35)

cta+(l—a)u’
with h (2) = u = uy + iug, zh (2) = v = v1 + ivy. Then

i) ¢ (u,v) is continuous in D = C\ {%} x C,

ii) (1,0) € D and Re{¢(1,0)} =1 —a,

2
iii) Re { (iug,v1)} <0 for all (uz,v1) € D and such that v; < — (1+3)

2 b
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Rofp(iu o)) = Rof Lo

(c+a)(l—a)vy
(c+a)’+(1—a)
< 0,

2
U3

for v1 < 0. Therefore, the function ¢ (u,v) satisfies the conditions in Lemma 2.1.
Thus we have Re{h (z)} >0 (2 € U ), that is, F. (f) (2) € 55 , (n,6,0).
Theorem 2.6. Let ¢+ 1 > 0 and f € K, ,(n,0,a), then F.(f)(z) €
Ky, (n,0,a).
Proof. Applying Theorem 2.5 and (1.18) , we have

fz) € Kyu(nd,a)<zf (2) € S5, (nda)
— F(2f (2)) (2) € 83, (n,6,0) = 2 (F (/) (2)) € 53, (n,6,0)
= F.(f)(2) e Kx,(n,d,0).

Theorem 2.7. Let c+1 > 0and f € C) , (n,0,n, ), then F,. (f) (2) € Cx,p (n, 6,1, ).
Proof. Let f € Cy,(n,0,n,¢). Then , from (1.16) there exist a function
g(z) € S5, (n,0,a) such that

’

2 (s ()
Re W >n (z€U).
Put
2 (LR (1) (2)
=n+(1-n)h(2), (36)

IV F.(9) (2)

where h(z) given by (20). Applying (1), in (36), differentiating the resulting
equation, we have

1= (B2 ) =+ (-mhE}= (LR @ ()

/

+ (1= )2k () AP (9) () + ez (IAFS (2) (37)

Since g € S \ (n, d;a), then by Theorem 2.5, we have F, (g) (2) € S} , (n, 6; ).
Let

2 (LR () ()
IVF.(9) (2)
Applying in , we have
I (9) (2)

(c+l)m:c+a+(l—a)H(z). (39)

—a+(1-a)H (), Re{ﬁ(z)}>o. (38)
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From and (39) , we have

’

2 (B ) (L= m)2h ()
2 p=(1-n)h(z )
g (2) n=i=n (>+c+a+(1—a)H(z)
Now, let
o (u,v) =1 —n)u+ I-nwv i

cta+(1—a)H(z)
it is easy to see that ¢ (u,v) satisfies the conditions (i) and (ii) of Lemma 2.1 in

DZ(C\{CtO‘

a—1

x C,. To verify the condition (iii), we proceed as follows:

1=n)lcta+1—a)h(z,y)lv
[c+a+(1—a)h (z,9)]° + (1 — a) ke (z,y)]?

Re{p (iug,v1)} = Re <0,
for vy < 0 and H (z) = hy (z,y) + iha (z,y) , h1 (z,y) and hy (z,y) being functions
of z, y and Re {f{ (z)} = hy (x,y) > 0. Thus we have Re{h(z)} > 0, that is,

Fof(z) € Cap(n,0,m, ).
Similary we can prove

Theorem 2.8. Let c+1 > 0and f € C} , (n,d0,n, ), then F.f (2) € Ciu (n,0,n,).
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