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INCLUSION PROPERTIES FOR CLASSES OF UNIVALENT
FUNCTIONS

A. O. MOSTAFA, M. A. MOWAFY AND S. M. MADIAN

Abstract. In this paper, using operator Mowafy et. al. [8]; which mod-
i�ed the operator of Al-Aboudi and Al-Amoudi we de�ned a new operator
from which one can obtain many other new operators using the principle of
Hadamard product (or convolution) by taking di¤erent values of its parame-
ters. This operator has, three recurrence relations. Using one of its these
recurrence relation we de�ned four classes related to univalent starlike and
convex functions of order �, close-to-convex and quasi-convex functions of or-
der � and type � ( 0 � �; � < 1), which in turn generalize many other classes
for di¤erent values of parameter. For these classes and by using Miller and
Mocanu lemma we can obtain many inclusion results. Also some inclusion
resulls for Libera integral operator are obtained. We have proved our results
here by using the �rst recurrence relation. Using similar argument by applying
the second and third recurrence relation one can get new results.

1. Introduction

Let S be the class of functions

f(z) = z +
1X
k=2

akz
k; (1)

which are analytic and univalent in U = fz : z 2 C; jzj < 1g. For f(z) given by
(1:1) and g(z) 2 S given by

g(z) = z +
1X
k=2

bkz
k; (2)

the Hadamard product (or convolution) is

(f � g) (z) = z +
1X
k=2

akbkz
k = (g � f) (z): (3)
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2 A. O. MOSTAFA, M. A. MOWAFY AND S. M. MADIAN

For f 2 S denote by S� (�) and K (�) (0 � � < 1) the classes of univalent starlike
and convex of order � respectively (Patil and Thakare [12; when p=1]; Owa [11, when p = 1]
satisfying

Re

�
zf 0 (z)

f (z)

�
> �: (4)

Re 1 +
zf

00
(z)

f 0 (z)

!
> �: (5)

It follows from (1) and (5) that

f (z) 2 K (�), zf 0 (z) 2 S� (�) : (6)

Note that K(0) = K and S� (0) = S� the classes of univalent convex and starlike
functions, respectively ( see Goodman [5, when p = 1]). Also,denote by C (�; �) and
C� (�; �) the classes of univalent close-to-convex and quasi-convex functions of order
� and type � (0 � �; � < 1) which satisfying, respectively(see [7; at p=1];Aouf [2; at p=1]

Re

�
zf 0 (z)

g (z)

�
> �. (7)

Re

�
(zf 0 (z))

0

g0 (z)

�
> �: (8)

It follows from (7) and (8) that

f (z) 2 C� (�; �), zf 0 (z) 2 C (�; �) : (9)

Mowafy et. al. ([8])de�ned the operator

Dn
�;�f(z) = z+

1X
k=2

�(k + 1)�(2� �)
� (k + 1� �) [1 + (k � 1)�]n akzk; (� � 0; 0 � � < 1 and n 2 N0)

which modi�ed the operator of Al-Aboudi and Al-Amoudi ([1]).
Setting

�n�;�(z) = z +

1X
k=2

�(k + 1)�(2� �)
� (k + 1� �) [1 + (k � 1)�]n zk:

We de�ned a function �n��;�;� by

�n�;� ��
n;�
�;�;� =

z

(1� z)�
=

1X
k=2

(�)k�1
(1)k�1

zk (� > 0) ;

where

(d)k =

�
1 (k = 0; d 2 C� = Cn f0g)

d (d+ 1) ::: (d+ k � 1) (k 2 N0; d 2 C)
:

and the operator In;��;�f (z) : S ! S as follows:

In;��;�f (z) = �n��;�;� � f (z)

= z +
1X
k=2

�(k + 1� �)
�(k + 1)�(2� �)

�
1

1 + (k � 1)�

�n (�)k�1
(1)k�1

akz
k; (10)
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INCLUSION PROPERTIES 3

which has the recurrence relations:

�z
�
In+1;��;� f(z)

�0
= In;��;�f(z)� (1� �) I

n+1;�
�;� f(z); (11)

z
�
In;��;�+1 (�1) f(z)

�0
= (1� �) In;��;�f(z) + �I

n;�
�;�+1f(z); (12)

and

z
�
In;��;�f(z)

�0
= �In;�+1�;� f(z)� (� � 1) In;��;�f(z): (13)

Using the operator In;��;�f (z) we introduce the following subclasses of univalent
analytic functions for n 2 N0; � � 0; 0 � �; �; � < 1:

S��;� (n; �; �) =
n
f 2 S : In;��;�f(z) 2 S

� (�)
o
; (14)

K�;� (n; �; �) =
n
f 2 S : In;��;�f(z) 2 K (�)

o
; (15)

C�;� (n; �; �; �) =
n
f 2 S : In;��;�f(z) 2 C (�; �)

o
: (16)

and
C��;� (n; �; �; �) =

n
f 2 S : In;��;�f(z) 2 C

� (�; �)
o
: (17)

We not that:
f (z) 2 K�;� (n; �; �), zf 0 (z) 2 S��;� (n; �; �) ; (18)

and
f (z) 2 C��;� (n; �; �; �), zf 0 (z) 2 C�;� (n; �; �; �) : (19)

In this paper, we obtain several inclusion properties of these subclasses and investi-
gate integral operator in them. For more study of the inclusion (see [2, 3, when p = 1] and [6])

2. Main results

In the reminder we shall assume that � � 0; 0 � �; �; � < 1; 1� �+ �� > 0 and
n 2 N0 :
In order to prove our results, we shall require the following lemma.
Lemma 2.1. ([9]): Let '(u; �) be complex-valued function such that,

' : D �! C; (D � C� C)
C being the complex plane and let u = u1+ iu2; � = �1+ i�2: Suppose that '(u; �)
satis�es the following conditions:
i) '(u; �) is continuous in D;
ii) (1; 0) 2 D and Re f' (1; 0)g > 0;
iii) Re f' (iu2; �1)g � 0 for all (iu2; �1) 2 D and such that �1 � �1+u22

2 :
Let

h (z) = 1 + h1z + h2z
2 + ::: (20)

be regular in U such that
�
h (z) ; zh

0
(z)
�
2 D for all z 2 U. If

Re
n
'
�
h (z) ; zh

0
(z)
�o

> 0;

then
Re fh (z)g > 0:

EJMAA-2024/12(1)



4 A. O. MOSTAFA, M. A. MOWAFY AND S. M. MADIAN

Theorem 2.1. Let f 2 S: Then
S��;� (n; �;�) � S��;� (n+ 1; �;�) :

Proof. For f 2 S��;� (n; � ;�) ; and

z
�
In+1;��;� f (z)

�0
In+1;��;� f (z)

= �+ (1� �)h (z) ; (21)

where h (z) given by (20) : Applying (11) in (21) ; we have

In;��;�f (z)

In+1;��;� f (z)
= 1� �+ ��+ � (1� �)h (z) : (22)

Di¤erentiating (22), we have

z
�
In;��;�f (z)

�0
In;��;�f (z)

=
z
�
In+1;a�;� f (z)

�0
In+1;a�;� f (z)

+
� (1� �) zh0 (z)

1� �+ ��+ � (1� �)h (z) ;

which, in view of (21) ; leads to

z
�
In;��;�f (z)

�0
In;��;�f (z)

� � = (1� �)h (z) + � (1� �) zh0 (z)
1� �+ ��+ � (1� �)h (z) : (23)

Let

' (u; �) = (1� �)u+ � (1� �) �
1� �+ ��+ � (1� �)u; (24)

with h (z) = u = u1 + iu2; zh
0
(z) = � = �1 + i�2: Then

i) ' (u; �) is continuous in D = C�
n
1��+��
�(��1)

o
� C;

ii) (1; 0) 2 D and Re f' (1; 0)g = 1� �;
iii) Re f' (iu2; �1)g � 0 for all (iu2; �1) 2 D and such that �1 � �

(1+u22)
2 ;

Re f' (iu2; �1)g = Re

�
� (1� �) �1

1� �+ ��+ � (1� �) iu2

�
=

(1� �+ ��)� (1� �) �1
(1� �+ ��)2 + �2 (1� �)2 u22

< 0;

for �1 < 0: Therefore, the function ' (u; �) satis�es the conditions in Lemma 2:1.
Thus we have Re fh (z)g > 0 (z 2 U ) ; that is, f 2 S��;� (n+ 1; �;�) :
Theorem 2.2. For f 2 S; we have

K�;� (n; �; �) � K�;� (n+ 1; �; �) (0 � � < 1) :

Proof. Applying (18) and using Theorem 2.1, we have

f (z) 2 K�;� (n; �; �)() zf
0
(z) 2 S��;� (n; �; �)

=) zf
0
(z) 2 S��;� (n+ 1; �; �)() f (z) 2 K�;� (n+ 1; �; �) :

Theorem 2.3. For f (z) 2 S; we have
C�;� (n; �; �; �) � C�;� (n+ 1; �; �; �) (� � 0; � < 1) :

EJMAA-2024/12(1)
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Proof. Let f (z) 2 C�;� (n; �; �; �) : Then, from (16) ; there exist a function g (z) 2
S��;� (n; �;�) ; such that

Re

8><>:
z
�
In;��;�f (z)

�0
In;��;�g (z)

9>=>; > � : (25)

Put

z
�
In+1;��;� f (z)

�0
In+1;��;� g (z)

= � + (1� �)h (z) ; (26)

where h (z) given by (20) : Applying (11) ; in (26) ; di¤erentiating the resulting
equation and multiplying by z, we have

z
�
In;��;�f (z) f (z)

�0
= f�� + � (1� �)h (z)g z

�
In+1;��;� g (z)

�0
+ � (1� �) zh

0
(z) In+1;��;� g (z) + (1� �) z

�
In+1;��;� f (z)

�0
: (27)

Since g 2 S��;� (n; �;�) ; then by Theorem 2.1, we have g 2 S��;� (n+ 1; �;�) : Let

z
�
In+1;��;� g (z)

�0
In+1;��;� g (z)

= �+ (1� �) Ĥ (z) ; (28)

applying (11) in (28) ; we have

In;��;�g (z)

In+1;��;� g (z)
= 1� �+ ��+ � (1� �) Ĥ (z) ; Re

n
Ĥ (z)

o
> 0: (29)

From (27) and (29) ; we have

z
�
In;��;�f (z)

�0
In;��;�)g (z)

� � = (1� �)h (z) + � (1� �) zh0 (z)
1� �+ ��+ � (1� �) Ĥ (z)

:

Now, Let

(u; �) = (1� �)u+ � (1� �) �
1� �+ ��+ � (1� �) Ĥ (z)

;

with h (z) = u = u1 + iu2; zh
0
(z) = � = �1 + i�2: Then

i) (u; �) is continuous in D = C�
n
1��+��
�(��1)

o
� C;

ii) (1; 0) 2 D and Re f (1; 0)g = 1� �;
iii) Re f (iu2; �1)g � 0 for all (iu2; �1) 2 D and such that �1 � �

(1+u22)
2 ;

Re f (iu2; �1)g = Re
(

� (1� �) [1� �+ ��+ � (1� �)h1 (x; y)] �1
[1� �+ ��+ � (1� �)h1 (x; y)]2 + [� (1� �)h2 (x; y)]2

)
< 0;

for �1 < 0; and Ĥ (z) = h1 (x; y)+ ih2 (x; y) ; h1 (x; y) and h2 (x; y) being functions

of x, y and Re
n
Ĥ (z)

o
= h1 (x; y) > 0: Thus we have Re fh (z)g > 0; that is,

f 2 C�;� (n+ 1; �; �; �) :

EJMAA-2024/12(1)



6 A. O. MOSTAFA, M. A. MOWAFY AND S. M. MADIAN

Theorem 2.4. For f (z) 2 S; we have

C��;� (n; �; �; �) � C��;� (n+ 1; �; �; �) (� � 0; 0 � � < 1) :

Proof. Just as we derived Theorem 2.2 as a consequence of Theorem 2.1 by means
of the equivalence (1:18) ; we can prove Theorem 2.4 by applying analogously to
Theorem 2.3 and using the equivalence (19) :
Now, we consider the generalized Libera integral operator Fc (see [11]) ; de�ned

by

Fcf (z) =
c+ 1

zc

Z z

0

tc�1f (t) dt

= z +
1X
k=2

c+ 1

c+ k
akz

k (c > �1) : (30)

From (30) ; we have

z
�
In;��;�Fc (f) (z)

�0
= (c+ 1) In;��;�f (z)� cI

n;�
�;�Fc (f) (z) : (31)

Theorem 2.5. Let c+1 > 0 and f 2 S��;� (n; �;�) ; then Fc (f) (z) 2 S��;� (n; �;�) :
Proof. Let f 2 S��;� (n; �;�) and put

z
�
In;��;�Fc (f) (z)

�0
In;��;�Fc (f) (z)

= �+ (1� �)h (z) ; (32)

where h (z) given by (20) : Applying (31) in (32) ; we have

In;��;�Fcf (z)

In;��;�Fc (f) (z)
=

1

c+ 1
fc+ �+ (1� �)h(z)g : (33)

Applying logarithm di¤erentiating, we have

z
�
In;��;�f (z)

�0
In;��;�f (z)

=
z
�
In;��;�Fc (f) (z)

�0
In;��;�Fc (f) (z)

+
(1� �) zh0(z)

c+ �+ (1� �)h(z) ;

where, in view of (32) ; leads to

z
�
In;��;�f (z)

�0
In;��;�f (z)

= �+ (1� �)h (z) + (1� �) zh0(z)
c+ �+ (1� �)h(z) : (34)

Let

' (u; �) = (1� �)u+ (1� �) �
c+ �+ (1� �)u; (35)

with h (z) = u = u1 + iu2; zh
0
(z) = � = �1 + i�2: Then

i) ' (u; �) is continuous in D = C�
n
c+�
��1

o
� C;

ii) (1; 0) 2 D and Re f' (1; 0)g = 1� �;
iii) Re f' (iu2; �1)g � 0 for all (iu2; �1) 2 D and such that �1 � �

(1+u22)
2 ;

EJMAA-2024/12(1)
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Re f' (iu2; �1)g = Re

�
(1� �) �1

c+ �+ (1� �) iu2

�
=

(c+ �) (1� �) �1
(c+ �)

2
+ (1� �)2 u22

< 0;

for �1 < 0: Therefore, the function ' (u; �) satis�es the conditions in Lemma 2.1.
Thus we have Refh (z)g > 0 (z 2 U ) ; that is, Fc (f) (z) 2 S��;� (n; �; �) :
Theorem 2.6. Let c + 1 > 0 and f 2 K�;� (n; �; �) ; then Fc (f) (z) 2

K�;� (n; �; �) :
Proof. Applying Theorem 2.5 and (1:18) ; we have

f (z) 2 K�;� (n; �; �)() zf
0
(z) 2 S��;� (n; �; �)

=) Fc

�
zf

0
(z)
�
(z) 2 S��;� (n; �; �)() z (Fc (f) (z))

0
2 S��;� (n; �; �)

() Fc (f) (z) 2 K�;� (n; �; �) :

Theorem 2.7. Let c+1 > 0 and f 2 C�;� (n; �; �; �) ; then Fc (f) (z) 2 C�;� (n; �; �; �) :
Proof. Let f 2 C�;� (n; �; �; �) : Then , from (1:16) there exist a function

g (z) 2 S��;� (n; �; �) such that

Re

8><>:
z
�
In;��;�f (z)

�0
In;��;�g (z)

9>=>; > � (z 2 U) :

Put

z
�
In;��;�Fc (f) (z)

�0
In;��;�Fc (g) (z)

= � + (1� �)h (z) ; (36)

where h (z) given by (20) : Applying (31) ; in (36) ; di¤erentiating the resulting
equation, we have

(c+ 1) z
�
In;��;� (f) (z)

�0
= f� + (1� �)h (z)g z

�
In;��;�Fc (g) (z)

�0
+ (1� �) zh

0
(z) In;��;�Fc (g) (z) + cz

�
In;��;�Fcf (z)

�0
: (37)

Since g 2 S�p;� (n; �;�) ; then by Theorem 2.5, we have Fc (g) (z) 2 S�p;� (n; �;�) :
Let

z
�
In;��;�Fc (g) (z)

�0
In;��;�Fc (g) (z)

= �+ (1� �) Ĥ (z) ; Re
n
Ĥ (z)

o
> 0: (38)

Applying (31) in (38) ; we have

(c+ 1)
In;��;� (g) (z)

In;��;�Fc (g) (z)
= c+ �+ (1� �) Ĥ (z) : (39)

EJMAA-2024/12(1)



8 A. O. MOSTAFA, M. A. MOWAFY AND S. M. MADIAN

From (37) and (39) ; we have

z
�
In;��;�f (z)

�0
In;��;�g (z)

� � = (1� �)h (z) + (1� �) zh0 (z)
c+ �+ (1� �) Ĥ (z)

:

Now, let

' (u; �) = (1� �)u+ (1� �) �
c+ �+ (1� �) Ĥ (z)

;

it is easy to see that ' (u; �) satis�es the conditions (i) and (ii) of Lemma 2.1 in

D = C�
n
c+�
��1

o
� C; : To verify the condition (iii), we proceed as follows:

Re f' (iu2; �1)g = Re
(

(1� �) [c+ �+ (1� �)h1 (x; y)] �1
[c+ �+ (1� �)h1 (x; y)]2 + [(1� �)h2 (x; y)]2

)
< 0;

for �1 < 0 and Ĥ (z) = h1 (x; y) + ih2 (x; y) ; h1 (x; y) and h2 (x; y) being functions

of x, y and Re
n
Ĥ (z)

o
= h1 (x; y) > 0: Thus we have Re fh (z)g > 0; that is,

Fcf (z) 2 C�;� (n; �; �; �) :
Similary we can prove
Theorem 2.8. Let c+1 > 0 and f 2 C��;� (n; �; �; �) ; then Fcf (z) 2 C��;� (n; �; �; �) :
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