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Abstract

In this article, a new Bayesian approach is used to identify the
autoregressive moving average models. Employing approximation
error is the foundation of the suggested Bayesian methodology. We take
into consideration presence of an approximation error when
substituting lagged errors of the original autoregressive moving average
model with suitably lagged residuals from along autoregression . The
direct Bayesian identification approach is utilized for solving the
Bayesian identification issue of autoregressive moving average
processes employing both informative and non-informative priors. The
theoretical derivations of the direct Bayesian identification approach
are carried out utilizing the aforementioned priors. We compare the
effectiveness of the Broemeling and Shaarawy approach with proposed
Bayesian approach for determining the orders of autoregressive moving
average models by utilizing an actual data set and numerous simulated
experiments. The outcomes of simulations and actual data demonstrate
that the suggested approach is superior to the Broemeling and Shaarawy
approach for determining the orders of autoregressive moving average
processes.

MSC: 62M10, 62C10, 37M10, 91B84.

Keywords: Autoregressive Moving Average Models, Generalized
Least Squares (GLS) Approach, Approximate Error, Prior Distribution,
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1.Introduction

Time series models play a significant position in the modeling of time
series data in several fields. The literature on time series analysis can be
classified into two categories: non-Bayesian (classical) and Bayesian
approaches. Box —Jenkins [1976] is the most well-known non-Bayesian
approach for analyzing time series data. It is composed of four stages:
identification, estimation, diagnostic checking, and forecasting. In contrast,
the foundation of Bayesian time series analysis is Bayes’ theorem. This
theorem integrates the likelihood function containing observable sample
information (data) with the prior parameter distribution to acquire the
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posterior distribution. Identification is the first step of time series analysis and
is an essential position in time series analysis, and the accuracy of the
subsequent steps depends on it. Identifying an autoregressive moving average
processes involves determining the orders p and q of an autoregressive
moving average models. There is no ultimate optimum identification
approach. Therefore, this article focuses solely on the Bayesian identification
of ARMA models applying the proposed Bayesian methodology, denoted by
the Bayesian Generalized Least Squares (BGLS) approach, utilizing the
approximation error's exact stochastic structure.

In the literature on the Bayesian identification approach, there are
well-known direct and indirect techniques. Diaz and Farah [1981] introduced
the direct technique for autoregressive (AR) models, which considers the time
series model's orders are random variables that have a known maximum and
are unknown, and the issue with identification is to determine the posterior
mass function of these orders. Afterward, the posterior probabilities are
computed to determine the model's order as a point estimate by selecting the
order with the highest probability. The direct approach has been expanded to
seasonal autoregressive (SAR) processes by Shaarawy and Ali [2003]. The
direct technique has been expanded to ARMA processes by Ali [2003]. The
direct approach was expanded to include MA models by Shaarawy et al.
[2007]. The direct approach has been extended to multivariate AR models by
Shaarawy and Ali [2008]. Ali (2009) extended the technique proposed by
Shaarawy et al. (2007) in order to identify the mixed ARMA (p, q) processes.
Moreover, the direct approach has been extended to seasonal multivariate AR
processes by Shaarawy and Ali [2015]. The direct method for determining the
ordering of vector MA models with seasonality has been expanded by
Shaarawy et al. [2021]. The direct technique has been extended to MA models
by Al Bassam et al. [2022]. The indirect method suggested by Shaarawy and
Broemeling [1987], which views the model's parameter number as an
unknown constant with a known maximum. Ismail et al. [2016] have
extended the indirect approach to moving average (MA) processes utilizing a
suggested Bayesian methodology to identify moving average (MA)
processes. In this article, we utilize the direct Bayesian approach to determine
the autoregressive moving average (ARMA) models' orders. Broemeling and
Shaarawy [1988] introduced an approximation approach to eliminate the
nonlinearity of errors in the model. This approximation method is based on
calculating the residuals recursively using nonlinear least squares estimates
NLSE's and then replacing the lagged errors of the model with their
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corresponding lagged residuals. This method disregards the estimation error
that occurs when true errors are substituted by their estimates.

Ismail et al. [2015] have expanded the direct approach to moving
average (MA) processes utilizing a proposed Bayesian methodology to
identify moving average models. The technique's foundation is the
substitution of suitably lagged residuals from a long autoregressive model for
the lagged errors of the original MA model. In contrast to Broemeling and
Shaarawy [1988], the precise structure of the approximation error when
substituting genuine errors with matching residuals is obtained and utilized
in the derivation of the posterior probability mass function of the model order.
This article's primary goal is to establish Bayesian GLS identification for the
ARMA model using the derived exact stochastic structure of approximation
(estimation) error.

In numerous fields, including business, economics, engineering, and
the natural sciences, an autoregressive moving average processes, often
known as ARMA (p, q), is widely utilized for modeling time series data. The
main issue with Bayesian time series identification of ARMA models is that
the model errors are nonlinear functions in the model coefficients, and the
likelihood function is complex and analytically intractable. Consequently,
numerical integration is required for Bayesian identification.

Ismail (2009, 2012) proposed the Bayesian Generalized Least Squares
(BGLS) method to estimate the moving average processes . Ismail and Abd
El-Aziz (2010) have extended the proposed methodology to estimate
autoregressive moving average models. The innovation substitution (IS)
method, which was introduced by Koreisha and Pukkila (1989), is the
foundation of this methodology. It is a quick and simple way to estimate
errors by employing the ordinary least squares (OLS) approach rather than
the costly nonlinear least squares estimates (NLS'E) used in Broemeling and
Saharawy's method. Ismail et al. [2015] have expanded the direct approach to
moving average (MA) processes utilizing the proposed Bayesian
methodology BGLS to determine moving average processes. In contrast to
Broemeling and Shaarawy [1988], the posterior probability mass function of
the model order is derived using the precise structure of the approximation
error when actual errors are substituted with corresponding residuals.
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This article's primary goal is to propose a new Bayesian approach
BGLS for the identification of ARMA processes utilizing the derived exact
stochastic structure of approximation (estimation) error. This proposed
approach depends on substituting lagged errors of the original autoregressive
moving average processes with lagged residuals from a long autoregression.
To demonstrate and evaluate the effectiveness of the suggested technique, it
is compared to the Broemeling and Shaarawy methods using a real data set
and many simulation studies.

The article's remaining sections are sorted as follows: In Section 2, the
suggested method is presented, the autoregressive moving average processes
are discussed, and the approximation (estimation) error is driven. The
approximate conditional likelihood function is shown in Section 3, while
Section 4 shows the direct Bayesian identification method. The simulation
study is presented in Section 5. The details about real data used for Bayesian
identification and results derived from this study are clarified in Section 6.
Finally, some conclusions are displayed in Section 7.

2. Autoregressive Moving Average Models and The
Approximation Error

An autoregressive moving average of order p and q for a time series ( y; ),
labeled as ARMA (p, q), able to represent in the compact form shown below
[see Box and Jenkins (1976)]:

(Dp(B)yt = G)q(B)<°—t (1)
Where B is the backshift operator, denoted as By, = y,_,, the autoregressive
polynomial of order p is ®,(B) = (1 —¢,B-¢,B> —--- — ¢,BP), the moving
polynomial of order is ©,(B) = (1 -6,B-0,B? —-- —0,B9) , the errors &'s

are assumed to i.i.d normally distributed variable with zero mean and
variance T~ !, where 7 = 1/02 > 0 is the precision parameter, y;s are
observations. If @, (B) has roots that are not inside the circle of unit, then the
ARMA (p, q) model is stationary lay outside of the circle of unit. If 0,(B)
has roots that are not inside the circle of unit, then the model is invertible.

Using n observations YT = (y4,y,, ..., ) to calculate values the orders of
the ARMA model p and q, which are unknown.
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Following Ismail’s approach [2009, 2010,2015] depends on replacing the
original model's lagged errors with the suitable lagged residual from a long

autoregression of order L as :
L

ye= ) R yei+ 8 @)
i=1
Where ft; , T, ..., i, are the estimated parameters of the autoregression of
order L, & is estimate of & and the choice of L is determined as vn has
been validated in Koreisha and Pukkila [1990a, 1990b] utilized extensive
simulation studies.

The approach of Ismail does not disregard the estimation(approximation)
error, denoted by a; for short, that arise when replacing the error with their
corresponding lagged residuals. It uses the innovations substitution
estimation (IS) suggested by Koresiha and Pukkila (1989), which is a quick
and easily implemented estimation approach for estimating the errors, as
opposed to the expensive nonlinear least squares estimates utilized by
Broemeling and Saharawy’s approach.

Define a; as

ay =& — & (3)
Using Eq. (2), & can be expressed as
L
& =Vt _Zﬁz Ve—is

i=1
t = Ve — (B1Yeo1 + BpYemp + o+ RLyer)

& =M,(B)y, (4)
Where 1,(B) = [1 — ;B — m,B% — --- — m,B*] is a polynomial function
of order L. By utilizing (1) and replacing y; in (4), we obtain
— 0,(B)
&=MB) g =& (5)
P, (B)

Using (3) and (5), the approximation error can be represented as a function
in g as follows:

(B)
Ay = & — HL(B) q)q(B) t
(B)
ag = HL (B) q)q (B) (6)
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3.An Approximate Conditional Likelihood Function

In this section, the approximate conditional likelihood function for
ARMA processes is derived, replacing for &; in (1) using (3), (5) and
(6) results in the model

q)p(B)yt = Gq(B)St
q)p(B)yt = Gq(B)[é\t + at]
@, (B)y: = 04(B)& + 04(B)a; (7)

®,(B)y, = Ze b+ 6 +O (B)[ HL(B)JEB%
j=1

cpp(B)yt = 2]‘=1 0] ét—j + HL(B)

04(B)
,(B)

94(B)

f +0,)[1- 1B 2]

q - .
. ,(B) 0,4(B) ,.(B) e,(B)
@,(B)y: = —leej -yt chDp—(B‘S +0,(B) [1 Bu st Lad CDp(B‘S £

11.(8) Gq(B))]
t

.(B) 84(B) (
+0,(B)—06,(B
o(B) = 0,(B) (s

,(B)

- _
I1,(B) ©,(B
o, (B)y. = _Z 6,8 + [eq(B) +(1-0,) (%)} &
j=1 !

q
(Dp(B)Yt = _Z 9] sAt—j + 1
=1

OBy =566+ |

(1_¢1B‘¢ZBZ - Bp)}’t = 29 & jtne

_Z¢th—i = 29 & —j T e
i=1
Substituting for ®(B), 0,(B), a, and & in (7), we get
p q

=D Givei= ) Oé ®
i=1 =1

Where
_ ) 1, (8) %(B))} ]
e {eq(B)+((1 )eq(B))< X0} ( )t - 9
B ®,(B B I1,(B) ©,(B
Ne = {Gq (B) ch(B) + (1 @q (B)) <—CDP(B) >} &t
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ne = {0,B)0,(B) + (1 0,(8)) (M, (B) Gq(B))}ﬁ

0@, (B) = {0,(B)®,(B) + (1 - 0,(B)) (M, (B) 0,(B))} =

ntq)p(B) = qu*(B) &t

b
o= ) by + Vo (B) (10)
1;1 q*
Ne = z binei + z j &c_j + Yo & (11)
Where i -
W (B) = 04(B),(B) + (1 — 04(B)) (TTL(B) 04(B)) (12)

q" = max[(p + q),(2q + 1)] 3o = 1,and yjs are determined by contrasting
the coefficients in (11)

Letting the initial residuals be zeros, i.e., &, =e_; = =&, 34+, =0,
where ¢* > p + 1, the model (1) can be represented in a matrix with the
following form

Y =Xy+n (13)

Where YT = (Yp+1pr+2f ---:Yn—1’Yn), XT = (¢1: $2, ..., Gp, 01,65, ---:eq)
is the parameter vector, n™ = (Np11,Mp+2s s Mn-1,Mn ), Xis (0 —p) X (p + q)
matrix with t** row (V1) Ve2s voor Vempr —Et—1) —Et—2, w» —Et—q ),

t=p+1,p+2,..,n The error vector n has a multivariate normal
distribution with zero mean vector and matrix of variance-covariance
[Z =1771Q], the matrix ( is a symmetric positive definite Toeplitz matrix
and the covariance structure depends on the orders of ARMA models [for
details Wei (2006)]. Using model (13), the likelihood function can be written
as:

n-p

L (z(p, a),p, q,TIX) o707 exp [—%(Z - Xy(p, q))T o (Z - Xy(p, q))] (14)

where Z(p, q) = (d)pl, Dp2s s Pppr 0q1, 02, ...,qu) € RP*9,p =1,2,.. K,

q=12,..,K, >0, where K; , K, are the maximum potential value of p,
q in the case of the direct identification technique. Because the components
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of 1 are nonlinear functions in the model -coefficients
(Dp1, Pp2s s Bpp, g1, 02, -+, 0gq) » the likelihood function (14) is a
complicated function in y(p,q). Consequently, in order to do Bayesian
estimate for y(p, q) , numerical integration is required. This problem can be

resolved by obtaining an estimated matrix {2 by substituting the elements of
y(p,q) in the matrix 1 with by their estimates 7(p,q) obtained by IS

approach. This is because the IS estimates for ARMA parameters are
produced by applying the OLS method to the ARMA model after substituting
lagged errors with corresponding lagged residuals from along autoregressive.

Substituting the matrix @ by its estimate Qin (14) yields an approximate
conditional likelihood function that like the following:

n— T
(v a).p.aly) t(7%) exp [—%(Z - Xy(p, q)) a (Z - Xy(p, q))
The direct application of (15) is challenging since it requires the
Toeplitz matrix 2 to be inverted, which can be computationally demanding,
especially for high n. Nevertheless, the precise transformation matrix R, such
as that RTR = Q™! was determined by Galbraith and Zinde-Walsh [1992]. It
is feasible to create an estimated transformation matrix R using the IS
parameters estimates, such that 21 = RTR. Consequently, the following is
an approximate conditional probability function:

(15)

n-p

L* (Z(p; Q)' D, q, T|Z) X ‘[( 2 ) exp

T LIPS
—(r-xr0.0) @R (r-xv0 q))] (16)
n—p T
L (Z(p. 0, p q.TIZ) (7 exp [—%(Z* - X"y(p, q)) (Z* - Xy(p, q))] (17)
Where Y* = RY and X* = RX.
The approximation conditional likelihood function employed by Broemeling

and Shaarawy [1988] is a simplification of (16) when R = () = Ih—p where
In—p 1s the unit matrix of order n-p.
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4. Direct Bayesian Identification

This technique considers the orders p and q of the mixed ARMA
models are unidentified random variables with maximum values that are
known. The challenge is to determine the posterior probabilities over all
conceivable orders by determining the joint posterior probability function of
orders p and q. subsequently the model order is chosen, corresponding to the
highest posterior probability as the identified orders. In other words, the
identified model selects the value of (p, q) with the highest probability. In
contrast to Broemeling and Shaarawy [1988], this section presents the direct
Bayesian identification procedure for the mixed ARMA processes utilizing
the suggested approach, it is dependent on the innovation substitution method
(IS) and takes into consideration estimate (approximation) error into. The IS
estimates for the ARMA parameters are obtained via the ordinary least
squares (OLS) approach after appropriate lagged residuals from a long
autoregressive are substituted for lagged errors in the ARMA model.

Using both normal-gamma and Jefferys’ priors, the posterior
distribution of an autoregressive moving average model is calculated. The
rationale for using normal gamma prior to the approximate conditional
likelihood function (15) is that a function in the parameters is a normal gamma
density (see Broemeling [1985]). The following is an appropriate choice for
proper prior distribution to conjugate prior distribution:

Consider the following prior assumptions:

e The conditional prior density of y(p,q)given p,q,andt has a
multivariate normal prior distribution with a vector of mean M (p, q) and
precision matrix tV(p,q) (i.e. matrix of variance-covariance X =
1/precision matrix — TV (P, ) Jdenoted by & (Z(p, Dlp,q, T) ~
N(M(p,q),T"*V"1(p,q)), where 7 >0, V(p,q) is a square positive
definite matrix of order (p+q) as the following form:

ptq 1
B o T
& (z(p, 9lp. g, T) = rz(i_ipiqq)lz exp {— % (x(p, Q) —M(p, q)) V(p, @) (x(p, Q) — M(p, q))} 18)
) 2

e Let us assume the independence of p, q, and 1. Consequently, the
marginal prior density of T has a gamma density with parameters a and
as the following:
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& (1) ~ Gamma (a, B)

L)t e, t> 0,a>0andp> 0 (19)
e The marginal prior probability mass function density of p and q
is uniform.
&(p, @) = Ki'xK3! (20)

r=12..,K.,9=12,..,K,
The direct technique assigns a probability to each pair of values of (p, q) or,
more specifically, to each of the KixK> of the ARMA process.

Using these quantities, we assert the subsequent theorem.

The approximate marginal posterior probability mass function of the
autoregressive moving average(ARMA) model orders p and q, which can be
obtained by integrating out y(p,q) and T, respectively, as shown by the

subsequent theorem.

Theorem: Given n observation YT = (yy, y5, ..., yn)from autoregressive
moving average (ARMA) model given by (1), an approximate conditional
likelihood function in (17) and the joint prior density given by (21), then the
approximate marginal posterior probability mass function of the
autoregressive moving average orders p and q is

-1
|A|Tr(”‘+2ﬂ _(2a+n-p)

&' (pqlY) « ———=25=[C— BTA'B]” 2 (21)
Vol 2 () 2
p=1,2.,K,q=12..K,

Where

A=[XTX"+V(®p, ). B=[X"Y"+V(pq) M(p, @] andC =YY" +
M(p, )"V, M (p,q) + 2p.

wY*=RY ,X*=RX,and 07 = R"R.

~YTY* = (RY)TRY = YTRTRY = YT0" Y

X*Tx* = (RX)TRX = XTRTRX = XTQ !X

X*Ty* = (RX)TRY = XTRTRY = X" Y
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Proof: The following procedures can be used to prove the theorem

e Multiplying Eq. (18) by both Eq. (19) and Eq. (20), The joint prior
distribution of the model parameters y(p, q), p, q and t is as follows:

p+g+2a 1 T T
Sy pat) <Kt Kzt = V(D a)fzexp {—;(z(p,q) - M(p, q)) V(p,q) (z(p,q) - M, q)) + ZB} (22)

where y(p,q) = (¢p1, Pp2s +» Ppps 0q1, 02, - 0qq) € RPY,p = 1,2,..K;,
q=1,2,..,K, where K, , K, are the biggest possible orders of p, q,
respectively.

¢ Combining the approximate likelihood function L* (Z .9, p q T|Z)
in Eq. (17), with the joint prior density ¢ (Z(p, Q),p 9, T) in Eq. (22)

through Bayes theorem yields an approximate joint posterior distribution
of the parameters Z(p, q),p,q,and t as follows:

¢ (v apatly) < (v@,0).p.q1)Y) € (v@,0).p.q.7)

2a+q+n_

2 1
& (Z(p.q),p. q.TIZ) « — IV(p, Q2
(2m) 2

exp {— % (z(p, q) — M(p, q))T V(p,q) (z(p, q) — M(p, q)) +2B+ (X* —Xy(p, q))T (X* = Xy(p, q))} (23)

The above is an approximate joint posterior distribution of the parameters
v(»,q),p, q,and T has also the normal gamma distribution.

e The identification of the terms in the exponent of the approximate joint
posterior distribution and reformulation in a quadratic form is as follows:

T
1- (X* -X"y(p, q)) (X* —-Xy(p, q)) =YY" = 2y(p, @)™X"TY" + y(p, )T (XX")y(p, @)
T
2- (z(p. Q) — M(p, q)) V(p, @) (z(p. Q) — M(p, q))

=y, D" V(p,9) (P, q) — 2Y(p, D) "V(p, PM(p, @) + M(p, )" V(p, @) M(p, @)
3-28
When adding 1, 2, and 3, we obtain:

2a+g+n_

& (reapaty)« T(Zzﬁ V@@lF  exp {—%(C -2y, 0)"B+y(®.) Ay (p, q))} 2]
) 2
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Where

A=[XTX"+V(p q)]

B=[X"Y" +V(p,q) M(p,q)]

C=Y"Y'+Mp.Q)"VeMp q) + 28

» Completing the exponent square in (24) with regard to y (p, @) and then

integrate out over Y (p, q)and 7 , respectively. The joint posterior
distribution of y (p, q), p, q and T becomes.

2a+gq+n_
§ (z(p, a),p, q,TIZ) o ﬁ VP @I2 exp {—%(C - BTA—lB)}
T) 2
exp {—%(Z(p.q) —A‘lB)TA (v —A‘lB)} (25)

Following that, integration regarding y (p, @), the marginal joint posterior

distribution of p, q and t is

2a+n—p_1 1
2 T V(p. g2

T T
E*(p' q'T|Z) x n—p 1 exp {_2_ [C — BTA_lB]}
@2n)7z |AZ
Afterward, eliminating 7 leads by integration regarding t, we get the

marginal posterior mass function of p and ¢q

Qa+n—p) Gatno)
2 [C - BTATBT 2
WV, Iz @)z

ot 3
A2 T

&(p,qlr) «

The proof has been completed.

When there is minimal knowledge regarding hyperparameters, namely
M(p,q), V(p,q), a and B , one may use Jefferys’ prior replaces Normal-
Gamma prior distribution. Consequently, the Jefferys’ prior distribution is

¢ (z(p, 0,09, r) oc 77! (26)
Therefore, Jefferys’ prior (26) is a particular case of the joint prior
distribution of the parameters y(p,q),p,q,and t when f = 0,V(p,q) =0,

and @« = —(p + q)/2., as demonstrated by the following corollary. The
following corollary shows that.
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Corollary: The approximate marginal posterior probability mass function of
the autoregressive moving average orders p and q can be determined by
combining the approximate likelihood function (17) and the non-
informative prior density (26), which is expressed as follows:

-1

INES “m=2p-) (n—2p—
&*(p.qly) « %[C* ~ BTAT'B ] 2 FM
2n) 2 2

Where A = X*'X*, B=X*"Y*and C = Y*"Y".

Proof: We can establish the corollary from the above theorem by replacing
when 8 =0,V(p,q) =0,anda = —(p + q)/2

5. The Numerical Analysis and Simulation

This section's objective is to evaluate and compare the effectiveness
and accuracy of the direct identification technique for the ARMA process
utilizing the three Bayesian identification methods. The proposed Bayesian
Generalized Least Squares (BGLS) method is illustrated in section 4.
Broemeling and Shaarawy’s (1988) is the second one. The second method,
known as BS-NLS, employs Nonlinear Least Squares (NLS) estimates to
estimate the errors, which is discussed in section 3. The third method, known
as BS-IS, is a modified version of Broemeling and Shaarawy's (1988) method
where IS estimates are employed to estimate the errors rather than Nonlinear
Least Squares (NLS) estimates. The aim is accomplished via various
simulation studies. Additionally, the effectiveness of the suggested Bayesian
approach (BGLS), as detailed in section (3), is the main focus of this part.
The suggested method is compared to Broemeling and Shaarawy's approach,
denoted as (BS-NLS), which calculates the errors using nonlinear least
squares estimates. The first subsection introduces the effectiveness criterion
employed in the study. The second subsection presents the simulation design
and objectives. Finally, the results and the comments are explained in detail
in the third section.

5.1 Effectiveness Criterion

The effectiveness study employed the percentage of correct model
identification as the effectiveness criteria to assess and contrast the
performance of the aforementioned Bayesian identification technique.
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Assuming n is the number of times where we choose the correct

model, then the percentage of correctly identified models as follows:

P =2x100.
N

Where N is the total number of series generated from the original
autoregressive moving average (ARMA) model.

5.2 Simulation Design

The assessment and comparison are based on various simulation
experiments. The following steps establish the simulation process

1.

A time series following an autoregressive moving average ARMA
process is generated. There are two phases in the generating process:
After that, (n+200) observations are generated .

subsequently that, in order to eliminate the initialization impact, the
first 200 observations are removed.

For determining which model is best suited to the generated time
series, the methods BGLS, BS-NLS, and BS-IS are utilized in the
direct technique. The sample size (n) for the time series lengths is
determined to be 50, 100, 150, 200, and 300. These time series lengths
were chosen to reflect the range of time series lengths, from tiny to
enormous. There are a thousand realizations, and it is assumed that
the maximum order, which is known, equals three and four times,
respectively.

The first two stages are repeated 1000 times.

Lastly, for each time series, we determine the percentage of correct
identification using each approach.

Table (1) shows the ARMA models used in the simulation

investigation with various orders and parameter values. The parameters of
this model are chosen inside the invertibility domain.

Table (1): The ARMA (p,q) Model's Simulation Design

Model Order Phil Phi2 Thetal Theta2

ARMA(2,2) | p=2, q=2 0 0.2 0 0.9
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In experiment, the precision parameter was set to one and Jeffery’s’ prior
was utilized.

Various priors for the orders are used when employing the direct
approach and checking its sensitivity to the prior choice, and the subsequent
three priors are used

e The conditionally prior density of y(p,q) given p,q,and t has a

multivariate normal prior distribution with a vector of mean M(p,q) and
precision matrix 7V (p,q) (i.e. matrix of variance-covariance X =

1/precision matrix =7 V"', 9)) ,denoted by $1 (Z(P' Dlp.q, T) -
N(M(p,q), T V1(p,q)), where T > 0, V(p, q) is a square positive definite
matrix of order (p+q) as following form:

p+q 1
B .
& (z(p, @Dlp.q, T) = Mew {— % (z(p, q) —M(p, q)) V(p,q) (z(p, q) — M(p, q))}

(2m) 2

e Let us assume the independence of p, q, and 1. Consequently, the
marginal prior density of T has a gamma density with parameters a and
as the following:

& (1) ~ Gamma (a, B)

&) x1* e, 1> 0,a>0andf > 0
e The marginal prior probability mass function density of p and q
is uniform.
& q) = Kitx K3t

p=12,... K4
q=12,..,K,

The direct technique assigns a probability to each pair of values of (p, q) or,

in other words, to each of the K;xK; of the ARMA model.

The GAUSS/ARIMA library simarma procedure was employed to simulate
all ARMA models, and GAUSS 10 was utilized for all computations.

5.3 Results of the simulation

This section summarizes and discusses the simulation studies' results
conducted for ARMA sources. The direct Bayesian identification technique
utilizing BGLS, BS-NLS, and BS-IS approaches is employed to determine
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a model for the series after 1000 series are generated from a particular ARMA
(2,2) processes.

For each series, the marginal posterior mass function of the orders of
the ARMA process (p=1, 2, ..., Ki and g=1, 2, ..., K») is computed using the
direct technique, assuming that the maximum order is K;=3, K>=3, and K;=4,
K>=4, with various prior functions for the order p, q. The ARMA process that
has the highest probability is chosen as the identified model. For the direct
technique, the ratio of correct identification P is calculated.

Table (2) includes the identification process' results conducted for the
ARMA models. It includes the results of the three methods mentioned above.
It is divided into five blocks corresponding to the five aforementioned time
series lengths. The cells of the table include the ratio of the correct
identification. The columns of the table are divided according to the method
and the considered maximum order.

Table (2): Percentages of Correct Identification for ARMA(2,2) Models
[Tau=1]

BGLS BS-NLS BS-IS
N Max=3 Max=4 Max=3 Max=4 Max=3 Max=4
PRIOR 1
50 73.8 32.7 59.6 47.6 51.8 48.1
100 81.4 68.1 72.8 76 76.2 43.5
150 80.7 90.9 75.6 83.1 81.2 47.6
200 80.7 94.3 74.6 83.1 78.0 46.4
300 100 100 100 100 100 100
Max=3 Max=4 Max=3 Max=4 Max=3 Max=4
PRIOR 2
50 75.8 36.7 66.3 47.9 62.8 76.2
100 87.3 56.3 77.9 67.6 81.5 40.5
150 87.3 88.5 81.1 78.7 87.9 62.4
200 86.6 96.9 81.2 83.6 87.5 61.2
300 100 100 100 100 100 100
Max=3 Max=4 Max=3 Max=4 Max=3 Max=4
PRIOR 3
50 73.8 32.7 59.6 47.6 51.8 48.1
100 81.4 68.1 72.8 76 76.2 43.5
150 80.7 90.9 75.6 83.1 81.2 47.6
200 80.7 94.3 74.6 83.1 78.0 46.4
300 100 100 100 100 100 100

Based on the previous table:
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1. Asnincreases, the percentages of correct identification for direct
techniques increase. The results with max equals 3 are superior to
those with max equals 4 because it is simpler for identification
technique to choose between a lower number of models.

2. Both BGLS and BS-IS provide slightly better identification for each
technique at the same time series length compared to the results
obtained using BS-NLS. Therefore, it can be concluded that the BGLS
approach enables the identification technique to produce a superior
identification for the model.

The remainder of this section demonstrates the findings of the three
simulation studies in detail. Examining the results of Table 2, it is noticed that
as the time series length n grows , correspondingly rises the ratio of the correct
identification of both BGLS and BS-NLS increases. For each time series
length, the results of the direct procedure utilizing the second prior are better
than those obtained using the first prior and the third prior .The maximum
order 3 results are superior to those of the maximum order 4 results since it is
simpler for any identification approach to choose among a smaller number
of models. Furthermore, the Broemeling and Shaarawy approach BS-NLS
yields lower percentages of correct identification than the suggested method
BGLS. Consequently, it can be concluded that the BGLS method achieved
the identification approach to obtain a more accurate model identification.

6.Data Analysis

We utilize an actual dataset from the chemical field to illustrate the
superior performance of the direct Bayesian identification technique
employing the suggested method over Broemeling and Shaarawy approach.

Dataset: Chemical Process Concentration Readings

This dataset shows the chemical process concentration values every two
hours, 197 observations, as published by Box et al. (1994). The observations
are as follows:

170 166 163 16.1 171 169 168 174 171 17.0 167 174 172
174 174 170 173 172 174 168 171 174 174 175 174 17.6
174 173 170 178 175 181 175 174 174 171 176 177 174
178 176 175 165 178 173 173 171 174 169 173 176 169
16.7 168 168 172 168 17.6 172 166 17.1 169 16.6 180 17.2

(PRINT) :ISSN 1110-4716 220 (ONLINE): ISSN 2682-4825



YOYY e a gl and) Jagail) g 5 jladl) dsalell dlaal)

173 170 169 173 168 173 174 177 168 169 170 169 17.0
16.6 16.7 168 167 164 165 164 166 165 167 164 164 162
164 163 164 170 169 171 171 167 169 165 172 164 17.0
170 167 162 166 169 165 166 166 170 17.1 17.1 16.7 16.8
163 166 168 169 171 168 170 172 173 172 173 172 172
175 169 169 169 170 165 167 168 167 167 16,6 165 17.0
16.7 167 169 174 171 17.0 168 172 172 174 172 169 168
170 174 172 172 171 171 171 174 172 169 169 17.0 16.7
169 173 178 178 176 175 170 169 171 172 174 175 179
170 170 170 172 173 174 174 170 180 182 176 178 177
170 174

They have determined an ARMA (p=1,q=1) model for this dataset utilizing
the autocorrelation function (ACF) and partial autocorrelation function
(PACF). A time plot for the series A is displayed in Figure 1.

Figure 1: Time series of the Chemical Process Concentration Reading

18.50-
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17.50

17.007

chemical process concentration

16.50

16.00 T T T T T
00 50.00 100.00 150.00 200.00

Time

Table displays the outcomes of the Box-Jenkins methodology, the
Broemeling and Shaarawy approach, and the proposed approach for each
time series. Through examination of Table 3 results, we are able to notice
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that the non-Bayesian (Box-Jenkins) approach and the Bayesian (BGLS
and (BS-NLS) techniques both concur that ARMA is the choice model

[p=1.9=1].
Table 3: Identified models for this dataset with various approaches.

Series
Max 3 4
Technique Prior BGLS | BS-NLS | BS-IS | BGLS | BS-NLS | BS-1S
Box-Jenkins ARMA (1,1)
Priorl ARMA (1,1)
Prior2 ARMA (1,1)
Direct Prior3 ARMA (1,1)

7. Conclusion

This article suggested a novel Bayesian technique for identifying
autoregressive moving average(ARMA) processes. In contrast to
Broemeling and Shaarawy, where the estimation errors that result from
substituting the errors with their estimates are ignored, we suggested
the use innovation substitution method for estimating the errors and
exploiting the stochastic structure of the approximation error in
establishing Bayesian identification for ARMA processes. Using the
suggested approach, the direct Bayesian identification methodology has
been created. Through simulation experiments, the effectiveness of the
suggested technique has been verified and contrasted with the
Broemeling and Shaarawy approach. The results of the simulation
demonstrate the superiority of the suggested approach over Bromeling
and Shaarawy's approach. We have verified the accuracy of our
simulation studies by comparing our outcomes for Bromeling and
Shaarawy with those found in the published literature.

Acknowledgement:

The author extend their appreciation to the Deanship of Scientific
Research at King Khalid University for funding this work through
General Research Project under grant number (GRP/206/44).

(PRINT) :ISSN 1110-4716 222 (ONLINE): ISSN 2682-4825



YYY e gl ) Jusaill g 5_lal) Lalal) Alaal)

References

[1] Al Bassam, M.S., Soliman E.E.A. and Ali, S.S., A Direct Bayesian
Methodology to Identify the Order Moving Average Processes Using
Different Prior Distribution, The Egyptian Statistical Journal, 66(2), (2022),
1-16.

[2] Ali, S. S., Bayesian Identification of ARMA Models, Unpublished Ph.D
Dissertation, Department of Statistics, Faculty of Economics and Political
Science, Cairo University , Egypt,(2003).

[3] Ali, S. S., An Effectiveness Study of Bayesian Identification Techniques
for ARMA Models, The Egyptian Statistical Journal, 53(1), (2009),1-13.

[4] Box, G. E. P. and Jenkins, G. M., Time series Analysis, Forecasting and
Control, 2" Edition, Holden-Day, San Francisco, (1976).

[5] Box, G. E. P., Jenkins, G. M., and Reinsel, G. C., Time series Analysis,
Forecasting and control, 3™ Edition, Prentice-Hall Inc., the United States of
America, (1994).

[6] Broemeling, L., The Bayesian Analysis of Linear Models, Marcel Dekker,
New York, (1985).

[7] Broemeling, L. and Shaarawy, S., Bayesian Identification of Time Series,
The 22™ Annual Conference in Statistics, Computer Science and Operation
Research, Institute of Statistical Studies and Research, Cairo, Egypt,
1(1987),146-159.

[8] Broemeling, L. and Shaarawy, S, Time Series: A Bayesian Analysis in
Time Domain. Studies in Bayesian Analysis of Time Series and Dynamic
Models, edited by J. Spall, Marcel Dekker Inc, New York, (1988), 1-21.

[9] Dias, J. and Farah, J. L., Bayesian Identification of Autoregressive
Process, Presented at the 22" NBER-NSC Seminar on Bayesian Inference in
Econometrics, (1981).

[10]Galbraith, J . and Zinde-Walsh, V., The GLs transformation matrix and a
semi-recursive Estimator for the linear regression model with ARMA errors,
Econometric Theory, 8(1992),95-11.

[11]Koreish, S. and Pukkila, T., Fast Linear Estimation Methods for Vector
Autoregressive Moving Average Models, Journal of Time Series Analysis,
10,(1989), 325-339.

[12]Koreish, S. and Pukkila, T., Linear Methods for Estimating ARMA and
Regression Models with Serial Correlation, Communications in Statistics
Simulation & Computation, (1990a).

(PRINT) :ISSN 1110-4716 223 (ONLINE): ISSN 2682-4825



YYY e gl ) Jusaill g 5_lal) Lalal) Alaal)

[13]Koreish, S. and Pukkila, T., A generalized least squares approach for
estimating of moving average models, Journal of Time Series Analysis, 11,
(1990b), 139-151.

[14] Ismail, M.A., Bayesian Generalized Least Square Approach for Moving
Average Models ,Journal of Applied Statistical Science, 2(2), ( 2009),123-
126.

[15] Ismail, M.A., and Abd El-ziz, S.,K., GLS Estimation of ARMA Models:
A Bayseian Approach, , the 22 "™ Annual Conference fin Statistics of
Modeling in Human and Social Sciences,(2010),4-27.

[16] Ismail, M.A., Ahmed, E.A., E Ezz EL-Din, H. M. IDENTIFICATION
OF MOVING AVERAGE MODELS: A BAYESIAN APPROACH,
Advances and Applications in Statistics,46(2),(2015), 79 — 96.

http://dx.doi.org/10.17654/ADASAug2015 079 096

[17] Ismail, M.A., Ahmed, E.A., E Ezz EL-Din, H. M. Bayesian GLS
Identification of Moving Average Models, American Journal of Mathematics
and Statistics, 2016, 6(1),(2016), 1-8. d0i:10.5923/j.ajms.20160601.01

[18] Shaarawy, S. and Ali, S., Bayesian Identification of Seasonal
Autoregression Models. Communications in Statistics — Theory and Methods,
32 (5) (2003), 1067-1084.

[19] Shaarawy, S. M., Soliman, E. A. and Ali, S. S., Bayesian Identification
of Moving Average Models, Communications in Statistics - Theory and
Methods, 36(12), (2007), 2301-2312.

[20]Shaarawy, S. and Ali, S. , Bayesian Identification of Multivariate
Autoregressive Models .Communications in Statistics —Theory and Methods,
37(5), (2008), 791-802.

[21]Shaarawy, S. and Ali, S. , Bayesian Identification of Seasonal
Multivariate Autoregressive Models .Communications in Statistics —Theory
and Methods, 44, (2015), 684-698.

[22] Shaarawy, S. M., Ali, S. S., and Soliman, E. A. A Bayesian Procedure to
Identify the orders of vector Moving Average processes with seasonality ,
The Egyptian Statistical Journal, 64(1)(2021), 1-20.

[23] Wei, W., Time Series Analysis univariate and Multivariate Methods,
New York: Joha Wiley and Sons,(2006).

(PRINT) :ISSN 1110-4716 224 (ONLINE): ISSN 2682-4825



