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ON THE PSEUDO-FIBONACCI AND PSEUDO-LUCAS

QUATERNIONS

O. DIŞKAYA ∗ AND H. MENKEN

Abstract. There are a lot of quaternion numbers that are related to the

Fibonacci and Lucas numbers or their generalizations have been described and
extensively explored. The coefficients of these quaternions have been chosen

from terms of Fibonacci and Lucas numbers. In this study, we define two new

quaternions that are pseudo-Fibonacci and pseudo-Lucas quaternions. Then,
we give their Binet-like formulas, generating functions, certain binomial sums

and Honsberg-like, d’Ocagne-like, Catalan-like and Cassini-like identities.

1. Introduction

Ferns introduced the pseudo-Fibonacci and pseudo-Lucas sequences in 1968 as
novel generalizations of the Fibonacci and Lucas sequences as follows:
First, consider two recurrence relations

Φn+1 = Φn +Ψn, (1)

Ψn+1 = Φn+1 + γΦn (2)

with initial conditions Φ1 = 1 and Ψ1 = 1 in which γ is a positive integer. {Φn}
and {Ψn} are pseudo-Fibonacci and pseudo-Lucas numbers, respectively (see [1]).
Actually, by eliminating first the Φn’s and then the Ψn’s, from (1) and (2), the
following pseudo-Fibonacci and pseudo-Lucas sequences are obtained

Φn+2 = 2Φn+1 + γΦn, (3)

Ψn+2 = 2Ψn+1 + γΨn (4)

with initial conditions Φ0 = 0, Φ1 = 1 and Ψ0 = 1, Ψ1 = 1, respectively. Therefore,
although having different initial values, the two numbers described by (3) and (4)
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satisfy the same recurrence relations.
A Binet-like formula for each of the pseudo-Fibonacci sequence {Φn} and pseudo-
Lucas sequence {Ψn} is

Φn =
An −Bn

A−B
, (5)

Ψn =
An +Bn

A+B
(6)

where A and B are 1 +
√
1 + γ and 1−

√
1 + γ, respectively.

Thus, it is apparent that

AB = −γ, A+B = 2, A−B = 2
√
1 + γ

A2 = 2A+ γ, B2 = 2B + γ

A2 +B2 = 2(2 + γ), A2 −B2 = 4
√
1 + γ

(see [1]).
Quaternions applied to mechanics in three-dimensional space were first discovered
by Hamilton (1805–1865) for the purpose of expanding complex numbers. Accord-
ing to Hamilton, a quaternion is the product of two directed lines divided by three,
or alternatively, the product of two vectors. A quaternion is defined by

q = a0e0 + a1e1 + a2e2 + a3e3

where a0, a1, a2 and a3 are real numbers and e0 = 1, e1 = i, e2 = j and e3 = k are
the standard basis in R4 (see [2]).
The quaternion multiplication is defined using the rules:

e20 = 1, e21 = e22 = e23 = −1

e1e2 = −e2e1 = e3, e2e3 = −e3e2 = e1 and e3e1 = −e1e3 = e2.

This algebra is associative and non-commutative.
Let q = a0e0 + a1e1 + a2e2 + a3e3 and p = b0e0 + b1e1 + b2e2 + b3e3 be any two
quaternions. Then addition and subtraction them are

q ∓ p = (a0 ∓ b0)e0 + (a1 ∓ b1)e1 + (a2 ∓ b2)e2 + (a3 ∓ b3)e3

and for k ∈ R, the multiplication by scalar is

kq = ka0e0 + ka1e1 + ka2e2 + ka3e3

and the conjugate and norm of a quaternion are

q = a0e0 − a1e1 − a2e2 − a3e3

and

N(q) = qq = a20 + a21 + a22 + a23.

More studies about the quaternions can be found in [3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
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2. The Pseudo-Fibonacci and Pseudo-Lucas Quaternions

In this part, we define two new quaternions that are the pseudo-Fibonacci and
pseudo-Lucas quaternions. Then, we give their Binet-like formulas, generating
functions, certain binomial sums and Honsberg-like, d’Ocagne-like, Catalan-like
and Cassini-like identities.

Definition 2.1. The pseudo-Fibonacci quaternion
{
Φ̂n

}
n≥0

is defined by

Φ̂n = Φne0 +Φn+1e1 +Φn+2e2 +Φn+3e3 (7)

where Φn is the nth pseudo-Fibonacci numbers.

Definition 2.2. The pseudo-Lucas quaternion
{
Ψ̂n

}
n≥0

is defined by

Ψ̂n = Ψne0 +Ψn+1e1 +Ψn+2e2 +Ψn+3e3 (8)

where Ψn is the nth pseudo-Lucas number.

Here, e1, e2 and e3 correspond to the basis vectors for real quaternions. As a
result of these definitions, we may derive new sequences using the pseudo-Fibonacci
and pseudo-Lucas. These new sequences are called the pseudo-Fibonacci and
pseudo-Lucas quaternion sequences. For n ≥ 0, they are possible to write, re-
spectively,

Φ̂n+2 = 2Φ̂n+1 + γΦ̂n, (9)

Ψ̂n+2 = 2Ψ̂n+1 + γΨ̂n (10)

with initial conditions

Φ̂0 = e1 + 2e2 + (4 + γ)e3,

Φ̂1 = e0 + 2e1 + (4 + γ)e2 + (8 + 4γ)e3

and

Ψ̂0 = e0 + e1 + (2 + γ)e2 + (4 + 3γ)e3,

Ψ̂1 = e0 + (2 + γ)e1 + (4 + 3γ)e2 + (γ2 + 8γ + 8)e3,

respectively.

Theorem 2.1. The Binet-like formulas of the pseudo-Fibonacci and pseudo-Lucas
quaternions are, respectively,

Φ̂n =
ÂAn − B̂Bn

A−B
, (11)

Ψ̂n =
ÂAn + B̂Bn

A+B
(12)

where Â = e0 +Ae1 +A2e2 +A3e3 and B̂ = e0 +Be1 +B2e2 +B3e3.
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Proof. From equalities (7) and (8), the Binet-like formulas (5) and (6) for the
pseudo-Fibonacci and pseudo-Lucas numbers, respectively. The proof of the equal-
ity ( 11), we write

Φ̂n = Φne0 +Φn+1e1 +Φn+2e2 +Φn+3e3

=
An −Bn

A−B
e0 +

An+1 −Bn+1

A−B
e1 +

An+2 −Bn+2

A−B
e2 +

An+3 −Bn+3

A−B
e3

=
(e0 +Ae1 +A2e2 +A3e3)A

n − (e0 +Be1 +B2e2 +B3e3)B
n

A−B

The proof of the equality ( 12) is similar to the first proof.
Thus, the proof is completed. □

Theorem 2.2. The generating functions for the pseudo-Fibonacci and pseudo-
Lucas quaternions are, respectively,

1. GΦ̂(x) =
e1 + 2e2 + (4 + γ)e3 + (e0 + γe2 + 2γe3)x

1− 2x− γx2

2. GΨ̂(x) =
e0 + e1 + (2 + γ)e2 + (4 + 3γ)e3 + (−e0 + γe1 + γe2 + (γ2 + 2γ)e3)x

1− 2x− γx2

Proof. Let

GΦ̂(x) =

∞∑
n=0

Φ̂nx
n = Φ̂0 + Φ̂1x+ Φ̂2x

2 + · · ·+ Φ̂nx
n + . . .

and

GΨ̂(x) =

∞∑
n=0

Ψ̂nx
n = Ψ̂0 + Ψ̂1x+ Ψ̂2x

2 + · · ·+ Ψ̂nx
n + . . .

be generating functions of the pseudo-Fibonacci and pseudo-Lucas quaternions,
respectively. We have

1. Multiply both of sides of the equality by the term −2x such as

−2xGΦ̂(x) = −2Φ̂0x− 2Φ̂1x
2 − 2Φ̂2x

3 − · · · − 2Φ̂nx
n+1 − . . .

and multiply by the term −γx2 such as

−γx2GΦ̂(x) = −γΦ̂0x
2 − γΦ̂1x

3 − γΦ̂2x
4 − · · · − γΦ̂nx

n+2 − . . .

Then, we write

(1− 2x− γx2)GΦ̂(x) = Φ̂0 + (Φ̂1 − 2Φ̂0)x+ (Φ̂2 − 2Φ̂1 − γΦ̂0)x
2 + . . .

+ (Φ̂n − 2Φ̂n−1 − γΦ̂n−2)x
n + . . .

Now, by using

Φ̂0 = e1 + 2e2 + (4 + γ)e3,

Φ̂1 = e0 + 2e1 + (4 + γ)e2 + (8 + 4γ)e3,

and
Φ̂n − 2Φ̂n−1 − γΦ̂n−2 = 0,

we get that

GΦ̂(x) =
e1 + 2e2 + (4 + γ)e3 + (e0 + γe2 + 2γe3)x

1− 2x− γx2
.

2. The proof of the second item is similar to the first proof.
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Thus, the proof is completed. □

Theorem 2.3. The exponential generating functions of the pseudo-Fibonacci and
pseudo-Lucas quaternions are, respectively,

1. EΦ̂(x) =
ÂeAx − B̂eBx

A−B

2. EΨ̂(x) =
ÂeAx + B̂eBx

A+B

Proof. Let

EΦ̂(x) =

∞∑
n=0

Φ̂n
xn

n!
and EΨ̂(x) =

∞∑
n=0

Ψ̂n
xn

n!

be exponential generating functions of the pseudo-Fibonacci and pseudo-Lucas
quaternions, respectively. Using the identity (11) and (12), we get

1.

EΦ̂(x) =

∞∑
n=0

Φ̂n
xn

n!
=

Â

A−B

∞∑
n=0

(Ax)n

n!
− B̂

A−B

∞∑
n=0

(Bx)n

n!

=
ÂeAx − B̂eBx

A−B

2. The proof of the second item is similar to the first proof.

Thus, the proof is completed. □

Theorem 2.4. Let m,n ∈ Z+. Then, the sums of the first n terms for the pseudo-
Fibonacci and pseudo-Lucas quaternions are, respectively,

1. TΦ̂ =
Φ̂n+2 − Φ̂n+1 + e0 + 2e1 + (4 + γ)e2 + (8 + 4γ)e3

γ + 1

2. TΨ̂ =
Φ̂n+2 − Φ̂n+1 + e0 + (2 + γ)e1 + (4 + 3γ)e2 + (γ2 + 8γ + 8)e3

γ + 1

Proof. Let

TΦ̂ =

n∑
k=1

Φ̂k and TΨ̂ =

n∑
k=1

Ψ̂k

be sums of the first n terms for the pseudo-Fibonacci and pseudo-Lucas quaternions,
respectively. Using identities (9) and (10), we have

1.

Φ̂3 = 2Φ̂2 + γΦ̂1,

Φ̂4 = 2Φ̂3 + γΦ̂2,

Φ̂5 = 2Φ̂4 + γΦ̂3,

. . . ,

Φ̂n+1 = 2Φ̂n + γΦ̂n−1,

Φ̂n+2 = 2Φ̂n+1 + γΦ̂n
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If we sum both of sides of the identities above, we obtain,

Φ̂n+2 + Φ̂1 = Φ̂n+1 + (γ + 1)

n∑
k=1

Φ̂k.

2. The proof of the second item is similar to the first proof.

Thus, the proof is completed. □

Theorem 2.5. Let m,n ∈ Z+. Then,

1.
∑m

n=1

(
n
m

)
Φ̂n = Φ̂2m

2.
∑m

n=1

(
n
m

)
Ψ̂n = Ψ̂2m

Proof. 1. Applying identities (11), we obtain

m∑
n=1

(
n

m

)
Φ̂n =

Â

A−B

m∑
n=1

(
n

m

)
An1m−n − B̂

A−B

m∑
n=1

(
n

m

)
Bn1m−n

=
Â(A+ 1)m − B̂(B + 1)m

A−B

=
ÂA2m − B̂B2m

A−B

2. The proof of the second item is similar to the first proof.
Thus, the proof is completed. □

Theorem 2.6. (The Honsberger-like identity). Let Φ̂n and Ψ̂n be the n−th the
pseudo-Fibonacci and pseudo-Lucas quaternions, respectively. For n,m ∈ Z+, we
have

1. Φ̂nΦ̂m+1 + γΦ̂n−1Φ̂m =
Â2An+m − B̂2Bn+m

2
√
1 + γ

2. Ψ̂nΨ̂m+1 + γΨ̂n−1Ψ̂m =
√
1 + γ

(
Â2An+m − B̂2Bn+m

2

)
Proof. 1. Applying identities (11), we get

Φ̂nΦ̂m+1 + γΦ̂n−1Φ̂m =

(
ÂAn − B̂Bn

A−B

)(
ÂAm+1 − B̂Bm+1

A−B

)

+ γ

(
ÂAn−1 − B̂Bn−1

A−B

)(
ÂAm − B̂Bm

A−B

)

=
Â2An+mA− ÂB̂AnBm+1 − B̂ÂBnAm+1 + B̂2Bn+mB

(A−B)2

+ γ

(
Â2An+mB − ÂB̂AnBm+1 − B̂ÂBnAm+1 + B̂2Bn+mA

−γ(A−B)2

)

=
Â2An+m(A−B)− B̂2Bn+m(A−B)

(A−B)2

=
Â2An+m − B̂2Bn+m

2
√
1 + γ
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2. The proof of the second item is similar to the first proof.
Thus, the proof is completed. □

Proposition 1. For n,m ∈ Z+, The following identities are valid:

1. Φ̂2
m+1 + γΦ̂2

m =
Â2A2m+1 − B̂2B2m+1

2
√
1 + γ

2. Ψ̂2
m+1 + γΨ̂2

m =
√
1 + γ

(
Â2A2m+1 − B̂2B2m+1

2

)
Proof. If m+1 is written instead of n in the Theorem 2.6, the identities are proven.

□

Theorem 2.7. (The d’Ocagne-like identity). Let Φ̂n and Ψ̂n be the n−th the
pseudo-Fibonacci and pseudo-Lucas quaternions, respectively. For m ≥ n + 1, we
have

1. Φ̂nΦ̂m+1 − Φ̂n+1Φ̂m = (−γ)m

(
ÂB̂An−m − B̂ÂBn−m

2
√
1 + γ

)

2. Ψ̂nΨ̂m+1 − Ψ̂n+1Ψ̂m = (−γ)m
√
1 + γ

(
B̂ÂBn−m − ÂB̂An−m

2

)
Proof. 1. Applying identities (11), we get

Φ̂nΦ̂m+1 − Φ̂n+1Φ̂m =

(
ÂAn − B̂Bn

A−B

)(
ÂAm+1 − B̂Bm+1

A−B

)

−

(
ÂAn+1 − B̂Bn+1

A−B

)(
ÂAm − B̂Bm

A−B

)

=
Â2An+mA− ÂB̂AnBm+1 − B̂ÂBnAm+1 + B̂2Bn+mB

(A−B)2

−

(
Â2An+mA− ÂB̂An+1Bm − B̂ÂBn+1Am + B̂2Bn+mB

(A−B)2

)

=
ÂB̂AnBm(A−B)− B̂ÂAmBn(A−B)

(A−B)2

=
ÂB̂AnBm − B̂ÂAmBn

A−B

= (−γ)m

(
ÂB̂An−m − B̂ÂBn−m

A−B

)

2. The proof of the second item is similar to the first proof.
Thus, the proof is completed. □

Theorem 2.8. (The Catalan-like identity). Let Φ̂n and Ψ̂n be the n−th the pseudo-
Fibonacci and pseudo-Lucas quaternions, respectively. For n ≥ m ≥ 0, we have

1. Φ̂n−mΦ̂n+m − Φ̂2
n = (−γ)n−m

(
ÂB̂Bm − B̂ÂAm

2
√
1 + γ

)
Φm
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2. Ψ̂n−mΨ̂n+m − Ψ̂2
n = (−γ)n−m

(
B̂ÂAm − ÂB̂Bm

2

)(
Am −Bm

2

)
Proof. 1. Applying identities (11), we get

Φ̂n−mΦ̂n+m − Φ̂2
n =

(
ÂAn−m − B̂Bn−m

A−B

)(
ÂAn+m − B̂Bn+m

A−B

)

−

(
ÂAn − B̂Bn

A−B

)2

=
Â2A2n − ÂB̂An−mBn+m − B̂ÂBn−mAn+m + B̂2B2n

(A−B)2

−

(
Â2A2n − ÂB̂AnBn − B̂ÂBnAn + B̂2B2n

(A−B)2

)

=
(−γ)n−m(ÂB̂Bm − B̂ÂAm)(Am −Bm)

(A−B)2

= (−γ)n−m

(
ÂB̂Bm − B̂ÂAm

2
√
1 + γ

)
Φm

2. The proof of the second item is similar to the first proof.
Thus, the proof is completed. □

Theorem 2.9. (The Cassini-like identity). Let Φ̂n and Ψ̂n be the n−th the pseudo-
Fibonacci and pseudo-Lucas quaternions, respectively. For n ≥ 1, we have

1. Φ̂n−1Φ̂n+1 − Φ̂2
n = (−γ)n−1

(
ÂB̂B − B̂ÂA

2
√
1 + γ

)

2. Ψ̂n−1Ψ̂n+1 − Ψ̂2
n = (−γ)n−1

√
1 + γ

(
B̂ÂA− ÂB̂B

2

)
Proof. If 1 is written instead of m in the Theorem 2.8, the identities are proven. □
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[17] Akyigit, M., Hüda Kösal, H., and Tosun, M.: Fibonacci generalized quaternions. Advances
in Applied Clifford Algebras, 24, 631− 641, 2014.
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