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AVERAGING PRINCIPLE FOR BSDES DRIVEN BY
FRACTIONAL BROWNIAN MOTION WITH NON LIPSCHITZ
COEFFICIENTS

SADIBOU AIDARA, BIDJI NDIAYE, AHMADOU BAMBA SOW

ABSTRACT. Stochastic averaging for a class of backward stochastic differential
equations with fractional Brownian motion, of the Hurst parameter H in the
interval (%, 1), is investigated under the non-Lipschitz condition. An averaged
fractional BSDEs for the original fractional BSDEs is proposed, and their solu-
tions are quantitatively compared. Under some appropriate assumptions, the
solutions to original systems can be approximated by the solutions to averaged
stochastic systems, both in the sense of mean square and also in probability.
The stochastic integral used throughout the paper is the divergence-type inte-
gral.

1. INTRODUCTION

The backward stochastic differential equations (BSDEs in short) were first stud-
ied by Pardoux and Peng [14] and have the following type:

T T
Y, =¢ —|—/ g(r,Ye, Z.)dr — / Z.dW,, te][0,T], (1)
¢ ¢

where {W; : 0 <t < T} is a d-dimensionnal Brownian motion defined on the proba-
bility space (€2, F,P) with the natural filtration {F; : 0 <t < T'}, the terminal value
¢ is square integrable and g is mapping from Q x [0, 7] x R x R? to R. They proved
that equation has a unique, adapted, and square-integrable solution when g is
globally Lipschitz. This pioneering work was extensively used in many fields, like
the stochastic interpretation of solutions to PDEs and financial mathematics. Since
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then, several authors have investigated BSDEs (see, among others, [3| 0] 12]). In
all the above works, one notices that the coefficients of SDEs are usually assumed
to satisfy the Lipschitz condition. However, many practical models of SDEs do
not satisfy the Lipschitz condition. In view of the pressing need, the importance,
and the impact on many diverse applications, it is necessary and also significant to
consider some weaker conditions than the Lipschitz one. Fortunately, Mao [II] and
Wang [15] have given much weaker conditions, which are regarded as the so-called
non Lipschitz conditions.

In the present paper, we study a stochastic averaging technique for a class of the
following FrBSDEs:

T T
y;=§+/ f(s,ns,YS,Zs)ds—/ Z B, te (0,17, (2)
t t

where (BtH ) 4> 18 the fractional Brownian motion, and {nt}ogth is the solution
of a stochastic differential equation driven by fractional Brownian motion. It’s im-
portant to know that the stochastic averaging principle, which is usually used to
approximate dynamical systems under random fluctuations, has a long and rich
story in multiscale problems (see [13]).

Recently the averaging principle for BSDEs driven by two mutually independent
fractional Brownian motions was studied by S. Aidara, Y. Sagna and [.Faye. We
present an averaging principle and prove that the original FrBSDEs can be ap-
proximated by averaged FrBSDEs in the sense of mean square convergence and
convergence in probability when a scaling parameter tends to zero.

The rest of the paper is arranged as follows: In Section 2, we recall some defini-
tions and results about fractional stochastic integrals and the related It6 formula.
In Section 3, we investigate the averaging principle for the fractional BSDEs under
some proper conditions.

2. FRACTIONAL STOCHASTIC CALCULUS

In this section, we shall recall some important definitions and results concerning
the Malliavin calculus, the stochastic integral with respect to a fractional Brownian
motion, and It6’s formula.

Let © be a non-empty set, F a o—algebra of sets of 2 and P a probability
measure defined on F. The triplet (2, F,P) defines a probability space and E the
mathematical expectation with respect to the probability measure P.

Let us recall that, for H € (0, 1), a fractional Brownian motion (BH(t))t>0 with
Hurst parameter H is a continuous and centered Gaussian process with covariance

E[Bf(t)BH (s)] = % "+ — |t —sP), t,s>0.

Denote ¢(z) = H(2H — 1)|z|*# -2 z € R.
Let £ and 1 be measurable functions on [0, T]. Define

(0.) = / / $(u— 0)E@n)dudy and €] = (£,€)r.

Note that, for any ¢ € [0,T], (n,&)+ is a Hilbert scalar product.
Let H be the completion of the set of measurable functions such that

2
€11y < +oo.
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For a polynomial function of k variables f, let Pr be the set of all polynomials of
fractional Brownian motion of the form

=f</OT51(t>dB /52 1)ap! /sk HaBl >)

where (&,)nen be a sequence in H such that (&, &) = d;;.

The Malliavin derivative of F' € Py is given by

k T
DfF:Zaxl (/ Eu(t dBt,/ &t t/o §k(t)dBtH>§i(s), 0<s<T.

It is well known that the divergence operator D : L?(Q, F,P) — (Q,F, H) is
closable. Hence we can consider the space I; 5 is the completion of Pr with the
norm

11?2 = BIF]” + B[ DI FI[7.
T
We define DY F = / #(s—7)DH¥ Fdr and denote by L}f the space of all stochastic

0
processes F': (Q, F,P) — H such that

T T
E <||F||2T+/ / ]D)thFdsdt) < +oo0.
0 0

We have the following (see [5, Proposition 6.25])

Theorem 2.1. IfF € L}{’z, then the Ité-Skorohod type stochastic integral fOT F,dBHE
ezists in L2(Q, F,P) and satisfies

T T 2 T T
E / F.dB?) =0 and E / F.dBf | =E ||F||2T+/ / DI F,DY Fdsdt | .
0 0 0 0

The following integration by parts given in [5, Theorem 11.1] will be useful in
the sequel

Theorem 2.2. Let fi(s),9:(s), i =1,2, are in Dy 2 and
T

E [ ()] + loi(s) ds < +ox.
0

Assume that D f1(s) and D fo(s) are continuously differentiable w.r.t (s,t) €
[0,T] x [0,T] for almost all w € Q. Suppose that

T T )
E/ / |ID)fIfl(s)| dsdt < +o0

and denote  X;(t) = | ¢i(s)ds —|—/ fi(s)dBH, i=1,2.
Then we have for 0 < § T,

X1(6)Xa(t) = X1(8)g2(s)ds + Xl(s)fg(s)stH +/0 Xo(8)g1(s)ds

0 0

+ / Xa(s)fa(s)dBY + / DY X, (3) fols)ds + / DY X(s) f(3)ds
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Let us finish this section by giving an It6 formula for the divergence type integral
(see [B, Theorem 10.3]).

Theorem 2.3. Let f and g : [0,T] — R be deterministic continuous functions. If

t t
Xt:Xo+/gsds+/fsdBf, 0<t<T,
0 0

where Xq is a constant and if o € CY2([0,T] x R,R), then for 0 <t < T
o) E oy L o2 d

t, X)) = X (s, X4 (s, X)dX, —Z (s, X)|—IfII?| ds.

(00 = o0, Ko+ | G205 Xdst [ s xaxs [ G0 1] ds

(3)

where

d d S S
=% [ [ ot goduao

:2fs/0 o(u — s) fu du.

In order to present a stochastic averaging principle, we need the following [16],
Lemma 1]
Lemma 2.1. Let BY be a fractional Brownian motion with % < H <1, and

u(s) be a stochastic process in L}f. For every T < 400, there exists a constant

Co(H,T) = HT?*"=1 such that
T
/ lu(s)[2 ds
0

2
T
E (/ |u(s)|dBf> < Co(H,T)E + CoT?.
0
3. AVERAGING PRINCIPLE FOR FRBSDES

3.1. Fractional BSDEs. Let us consider the following process

t t
Nt = 1Mo +/ b(s)ds +/ o(s)dBT 0<t<T,
0 0

where 79, b and o satisfy:

e: 19 € R is a given constant;
e: b,0:[0,7] — R are continuous deterministic, o is differentiable and o (t) #
0,t €1[0,T7.
Note that, since

t ot
||0'||? = H(2H — 1)/ / lu — v|* =20 (u)o (v)dudv,
o Jo

we have
d 2 . . t
= (HUHt) — o(1)3(t) > 0 where (1) :/0 ot — v)o(v)dv, 0<t<T.
Given £ a measurable real-valued random variable and the function
f:Ox[0,T]xRxRxR =R,
we consider the BSDEs driven by fractional Brownian motion

T T
Yt=5+/ f(r,nmyr,zr)dr—/ Z,dBY, 0<t<T (4)
t t
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We introduce the following sets (where E denotes the mathematical expectation
with respect to the probability measure P) :

o: CE)’(?I([O,T] x R) is the space of all C1?-functions over [0, 7] x R, which
together with their derivatives are of polynomial growth,

i Vi = {Y0) = 6n) v e CRAMOTIx ), 5 is bounded, 1€ 0,71},

o: ‘7:,{{ the completion of Vjg 77 under the following norm

T 1/2 T 1/2
i =</ tQH-lEHYa)mdt) =< / t2H-1E[|w<t,m>|21dt> .
Vi 0 0

e: B%([0,T),R) = 17[(1)/;] X XN/[é{T] is a Banach space with the norm

2 2 2

s

I

' e

1 -
Vi Vi

B2
e: Q be the set of all nondecreasing, continuous and concave functions:
p(.) : Ry — Ry satistying p(0) =0, p(s) > 0 for s > 0 and

/+OO du N
— = T
0 p(w)

For any p € Q, we can find a pair of positive constants a and b such that
p(v) < a+bo for all v > 0.

Definition 3.1. A pair of processes (Y, Zy)o<i<r is called a solution to the FrB-
SDEs ([4)), if it satisfies eq.(@) with (Y, Z) € B*([0,T],R).

Let us recall the following result given in [10, Proposition 17] : Assume that
there exists K > 0 such that f and g are K —Lipschitz functions. Then eq. has
a unique solution (Y3, Zi)o<i<r € ‘N/[(l)/;] X ‘N/[g{T].

The next result (we omit the proof since it is an adaptation of Lemma 4.2 in [6])
is required in the proof of Proposition [3.1]

Lemma 3.2. Assume that hy and hy € C;’Oll([O,T] x R) such that

¢ ¢
/ hi(s,ms)ds —|—/ ha(s,ns)dBH =0, 0<t<T.
0 0

Then we have

hi(s,x) = ha(s,2) =0. 0<s<T, z€R.

Thanks to this result, we have the representation given in [?, Proposition 25]
and in the proof of [I, Proposition 3.6]. Let (Y3, Zt)o<t<r be a solution of the
FrBSDEs . Then:

(i) We have the stochastic representation

o(t)
o(t)
(ii) There exists a constant M > 0 such that

t2H_1 6_(t)
< 2\« MtQH—l
M ~o(t) —

DY, =
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Thanks to these preliminary results, we are now in a position to investigate our
main subject.

3.2. An averaging principle. In this section, we will investigate the averaging
principle for the FrBSDEs under non Lipschitz coefficients. Let us consider the
standard form of the equation :

T T
y;:§+52H/ f(r,ni,Yf,Zf)dr—gH/ ZedBH, te0,T); (5)
t t
t

t
where 7§ = no + &2 | b(s)ds + EH/ o(s)dB?, te0,T).
0

0

According to the second part, equation also has an adapted unique and
square-integrable solution. We will examine whether the solution Y can be ap-
proximated to the solution process Y; of the simplified equation:

T T
Y, = §+52H/ T (0. V0 Z,) dr ng/ Z.dBY, te0,T;  (6)
t t
where (Vt,ft) has the same properties as (Y, Z5).

We assume that the coefficients f and f are continuous functions and satisfy the
following assumption:

e (A1) For all (t,x,y;,2;) €[0,T] x Rx R xR ,i=1,2, we have

g1, 2) = Flt2ye. 20 < p (Jo1 =9l ) +p (121 — )
e (A2) For any t € [0,71] C [0,T] and for all (z,y,2) € R x R X R, we have

Tll— i /tTl (s, 2) = Fa,y.2)[ ds < o = 1) (140 () + 0 (I217))

where ¢(T1) is a bounded function.

In what follows, we establish the result which will be useful in the sequel.

Lemma 3.3. Suppose that the original FrBSDEs () and the averaged FrBSDEs
(©) both satisfy the assumptions (A1) and (A2). For a given arbitrarily small
number u € [0,t] C [0,T], there exist Ly > 0 and Cy > 0 such that

T - 12 T — (2
/ s?H=1\ze = Z,|" ds / |V —Y,| ds

Proof. Let us define Kéi = 0% — J, for a process &, € {Yy, Z,}.

It is easily seen that the pair of processes (W?, ﬁj) solves the FrBSDEs
0<t<T

E <L;E +Co (T —u). (7)

T T
Wf:gw/ (f(s,m, Y5, 22) — FnS, Y 5, Zs)) ds—sH/ AZ.dBY, telo,T).
t t

2
, we obtain

Applying It6’s formula to ‘Hi
I Y N e ot [T e Floe 7 7
aVi[ e [ DUAYIAZIs <22 [ AV (fsir Y Z0) - O,V o 2) ds

T
_9cH / AV AZ B (8)
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. AT A =1/2
Using the fact that <AYZ’AZZ)t§s§T € V[07/T] X V[(I)L{T] and Vjo. 1) C LEQ (see
Lemma 8 in [?]) which implies in fact F, = AY.AZ. € L};?. Then by Theorem

2] we have

T
E / AVSAZdBY | =0
0

Hence we deduce from

.2 T o
E ‘Ayi +efl / DIAY AZ ds| = 27 E

T
|V (fe Y5, 20) = TV 70) ds]

T
<2s°ME / AY, (f(sm5, Y5, 25) = f(5,15, Y, Zs)) dS]

T
+22E / Hi (f(S,Uia?s,Zs) - 7(77;’78778)) dS]

9)

= F; + Es.

For Ey, by using the condition (A1) and Holder’s inequality, for any a > 0,
22y < ax? + y?/a, we deduce that

T —e|? €2H
B, <as*fE / ’AYS ds| + =—E
u (6%

T
| 1o Y2 2~ 5.0 Vo 20 s
T . T 2 T 7
/ ‘AYE / p(‘AYz >ds / p(‘AZZ
b R E— be2t E— 2H
< (av2)e| [ [a7i[ e | |57

For E5, by using assumption (A2), Holder’s inequality and Young’s inequality,
we have

[ T
By < 2:2HE (/ ‘ij

2H

2 2H €
ds| + E7]3] + —E
o o

§oz€2HE

)*

2ae

2
E ds| +

+ (T —u)

(10)

) 3 T o o, 3
ds) (/ £ (5,157 0 Z0) — T Vo Z)| ds)
t

2 B 1 T L _ o, 3
as) (i [T ) - T T Z0 ds

1

VP
< 2:2HO\E </ ‘AYi ds>

T
< 2:2HE ((T - u)/ ’W‘i

2
ds+T1T —u

T
< 922HOE / ‘WZ
u

S
< 2:2HO\E / ‘AYZ ds

+ 220 (T — ) ; (11)
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where C; = \/(T —u) sup ¢(s—u) [1 +b sup E(’?SIZ) +b sup E(’ZS‘Z) + Qa}
u<s<T u<s<T u<s<T

By the stochastic representation given in Proposition |3.1] we have

T A SE 1 T ——c|?
E / DHAY AZ ds| > E —/ s2H-1 ‘AZS ds (12)
u M u
Putting pieces together, we deduce from @ that
—c 2 EH T ——=€ 2 b T ——€ 2
B ‘Ayt +M/ SQH_l‘AZS ds SEQH (a—i——i—QCl)E / ‘AYS ds
u s « u
(13)
be2H T2 2
+ X E / ’AZi ds +<a+2C1>62H(T—u)
@ u Q@

Now we can compute

2H T, 9 2H
be / ’Azi dslzbg E

(0%

2
E ds

T —
2H-1 €
/ 2T %S ‘AZS
u
T ~ ¢
/ G2H-1 ‘AZS
u

2H2—-2H T
< &LE [/ S2H—1 ’Ei

(67

b€2H T272H _ ’LL272H

E
« x 2—-2H

2
ds

’ ds (14)

~ «a(2-2H)

Therefore, we can write

|2 EH T |2 b T |2
E ‘Ayt +M/ sQH_l‘AZS ds| < 2H (a—f——l-ZC'l)E / ‘AYS‘ ds
u S « u
(15)
pe2H2—2H T 2
x L g R VA
e —2m) /u s s @
2
+ <; + 201> 20 (T — u)
2 _92H H — Mb 2HT272H
Hence if we choose a = o satisfying ol Je © =% then

OéoM(Q — QH)

S /T ‘HZ‘QCZS

T
c 2
/ 82H_1‘AZ5 + (aa—FC’l) 25 (T — w)
u 0

2
ds] < 2H (ao + i + 201) E
s (67}

Thus,

T T
E/ 52H71|Z§—7s|2d$§L1E/ |YSE—?S}2ds+C’2(T—U)’ (16)

b
where L1 = ag + — + 2C7 and Cy = (%“ + 201). This completes the proof. [l
oo
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Now, we claim the main theorem showing the relationship between solution
processes Y® to the original and Y, to the averaged (6). It shows that the
solution of the averaged @ converges to that of the original (b)) in the mean square
sense.

Theorem 3.4. Under the assumption of Lemma [3.3 are satisfied. For a given
arbitrarily small number 6; > 0, there exists €1 € [0,&0] and § € [0,1] such that for
all € € [0,e1] having

sup E|Y;€f?t|2§51.

Tel-B<t<T

Proof. With the help of Lemma [3.3] now we can prove the Theorem Using the
elementary inequelity and the isometry property, we derive that

2

2 T o T___
B|[av| = || [ (oo ve 20 - Foe Y. Zo) s < [ KZap!
T S 2 T 2
<2 || [ (708 2,20 - T2, Vo 2] ds| | +2E || [ BZiap
T 2
§4€4HE / [f(s7n§7Y967Z§)7f(5377§775375)] dS
T - 2 T
+1eB || [ (16 Vo Z) - T05 Vo Z0) as| | +2B || [ BZa!
=Dy + Ds + Ds; (17)
T 2
where Dl :454HE / [f(svniaYssvzj) _f(san;?sais)} ds 3
T - T 2
Dy = 4e*E / [f(s,m5,Y s, Zs) — F(0S,Y s, Zs)] ds| | and D3 = 2e*"E / AZ dBE

Applying Holder’s inequality and the assumption (A1), we obtain

Dy < 4T — u)e*E

T
/ |f(s717§,}f,Z§)—f(s,n;YS,ZS)‘st}

T 2 2
[ o([mr) (7))
T 2—2H T
AY, + 4T —u)be* ———F A2 1AZ,
/u ’ £ T [/QL ’ 5

2-2H
+8(T — u)?ac*? (18)

< 4T — u)e*E

2
< AT — u)be*E ds

2
ds

2
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Then, together with Holder’s inequality and the assumption (A2), we get

T
Dy §4(T—U)E4HE / |f(8a77§,75778) —f(nj,?s775)|2ds

1

<AT —u)**HE -~
—Uu

T
/ |f(san§7YSaZS)f(ngaY87Z5)|2d5‘|

<A(T —u)? ™ sup [o(s —u)] (1 + sup p (E (’?5|2)> + sup p (E (’Z5’2>>)

u<s<T u<s<T u<s<T

=C3(T — u)2€4H, (19)

where C3 =4 sup [¢(s — u)] (1—|—b sup E(‘?S|2)+b sup E(|Z5|2)+2a)‘

u<s<T u<s<T u<s<T

By the Lemma we obtain

T, 2
Dy < 2:2HHT?H-1E / ‘AZE ds| + 2:2H 0 T?
u
220 HT r e|?
ggﬁE / 52H—1‘AZ§ ds| + 2:2H 0y T? (20)

Using above inequalities, from we deduce

2
ds

sup E
u<t<T

sup E UMiH < <4(Tu)bs4

- T272H 2€2HHT)
u<t<T

2—2HJr 2-2H

T ~ =<
/ ‘AZS

2
ds 4+ C3(T—u)?e*™ 4+ 26?2 CyT? + 8(T — u)?ac*?

T
+ 4(T—u)be*™  sup E/ ‘Wz

u<t<T

Applying Lemma [3.3] to the above inequality we get

2 7221 2e20 T (7T S
< [4(T—w)be* (1+ L L / E|AY
]_{( u)be ( + 122H>+ 122H] : ugs}sllpgs 51

2
ds

sup E UAY?

u<t<T

2C5(T —u)
2H 2
e [ 2 2H

(2(T—w)be® 7?72 + HT) + C3(T —u)?e*" +2CoT* + 8(T — u)2a€2H} :
(21)
Thanks to Gronwall’s inequality, we obtain

201 (T - u)

supEWi Y

u<t<T

(2(T—w)be® T2 + HT) + C3(T—u)*e*"

2
<52H|:

2—-2H 2H
2 | (T—w) [A(Tu)be'™ (14 Ly B ) 410 2554 |

+2CT? + 8(T — u)*ae

Obviously, the above estimate implies that there exist 5 € [0,1] and K > 0 such
that for every t € (0, Ke~2H8] C [0,T],

sup E ’Yf — ?t‘z < Oyl 72HP (22)
Ke=2HB<4<T
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in which
O = 2rp—1 [ 20(T—Ke217)
4 2 2H

(2T —Ke 2P 7?21 L HT) + C3(T— Ke217)22H

— 2—2H 2H
AT-K =208 bt (14 Ly B0 )+ Ly 257547 |

- —2HpB
4 20,T? + 8(T — Ke—218)2qz2H | (TK [

is constant.
Consequently, for any number é; > 0, we can choose €1 € [0,&p] such that for
every €1 € [0,&0] and for each t € (0, Ke~2H5]

sup E‘Yf—?tf < 4. (23)

Ke—2HB<<T

This completes the proof. (Il

With Theorem [34} it is easy to show the convergence in probability between
solution processes Y to the original and Y; to the averaged @

Corollary 3.0. Suppose that the original FrBSDEs and the averaged FrBSDEs
(6) both satisfy the assumptions (A1) and (A2). For a given arbitrary small number
02 > 0, there exists ea € [0,e0] such that for all € € (0,¢e3], we have

€20\ Ke—2HB<t<T

lim P ( sup |V -V > 52> =0 (24)

where (3 is defined by Theorem[37)

Proof. By Theorem[3-4and the Chebyshev inequality, for any given number d; > 0,
we can obtain

o 1 o C 1-2HpB
IP’( sup }Yf—Yt| >52> §52E< sup }/;E—th) < LLET.
K 2 2

e—2HB<4<T Ke—2HB<t<T

Let ¢ — 0 and the required result follows. ([

Remark 1. Corollary[3.0 means the convergence in probability between the original
solution (YF, Z5) and the averaged solution (Y, Zy).

4. CONCLUSION

The averaging principle is an effective method for simplifying deterministic sys-
tems as well as stochastic systems. In this paper, we consider the averaging Princi-
ple for BSDEs driven by fractional Brownian motion with non Lipschitz coefficients.
Our contribution is to prove that the original FrBSDEs can be approximated by
averaged FrBSDEs in the sense of mean square convergence and convergence in
probability when a scaling parameter tends to zero.
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