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1. INTRODCTION

The study of implicit differential and integral equations has
received much attention over the last 30 years or so. For papers
studying such kind of problems (see \cite{15,16,17,18})

and the references therein.

For the theoretical results concerning the existence of solutions,
in the classes of continuous or integrable functions, you can see
Bana’s [18-21]. Each of these monographs contains some
existence results, and the main objective is to present a
technique to obtain some results concerning various integral
equations.

Here we are concerning with the initial value problem of the
delay implicit functional integro-differential equation

()
% =f (t,%,f:’ ‘ g(s,x(s))ds), a.e t €(0,1] )
with the initial data
x(0) = xo, (2)

Let % = y(t), then the solution of the problem (1)-(2) can be
given by

x(t) = xo + f, y(s)ds, (3)
where y is the solution of the functional integral equation
y(© = £ (3@, 7 gls.x0 + [} y(©)d0) ). (@)

We study the existence of nondecreasing solutions y €L,[0,1]
of the integral equation (4) will be studied by the De Blasi
measure of noncompactness [1], Hausdorff measure of
noncompactness y[2] and Darbo fixed point Theorem [4]. The
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ABSTRACT: In this work, we use the De Blasi measure of noncompactness and Darbo fixed point
Theorem to study the existence of solutions for an initial value problem of a delay
implicit functional integro-differential equation. The sufficient condition for the
uniqueness of the solution will be given. The continuous dependence of the unique
solution on some data will be studied.

sufficient condition for the uniqueness of the solution will be
given. The continuous dependence of the unique solution on the
initial data x, and on the functions g and ¢ will be studied.

Consequently, the existence of absolutely continuous solution
x € AC[0,1], the unique solution and the continuous
dependence of the unique solution on the initial data x, and on
the functions g and ¢ of the problem (1)-(2) will be studied.

We arrange our article just like that: Section 2 the Some
properties and theories used. In Section 3, contains the
solvability for the existence of the solutions x € AC[0,1].
Moreover, we study the unique solution x € AC[0,1] of the
problem (1)-(2) and its continuous dependence on the initial
data x, and on the functions g and ¢ of the problem (1)-(2).
Some examples in Section 4.

2. Preliminaries

Let L, = L,(I) be the class of Lebesgue integrable functions on
the interval , I = [0,1], with the standard norm

1
Il x II1=f [x(t)|dt.

Theorem 1. Let x be a bounded subset of L,. Assume that
there is a family of measurable subsets (2.)0 <c¢ < b —aof
the interval (a, b) such that meas 2. = c. If for every c € [0,
b — a] and for every

x €X, x(ty) < x(typ),
then, the set x is compact in measure.

(t1 €0c,t; € 020)
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3. Continuous dependence

Consider now the initial value problem (1)-(2) under the
following assumptions:

(i) ¢:1 =1, ¢(t) < tis continuous and increasing.

(ii) f:I x R xR - R is a Carath’eodory function which is
measurable t € I for

any x,y € R X R and continuous in x,y e RxR forallt e[
and there exists a measurable and bounded function m, : I - R
and a positive constant b, such that

If (& x,y)] <my + by(Ix] + [yD.
Moreover, f is nondecreasing for every nondecreasing x,y i.e.
for almost all t,, t,€ I?

such thatt, < t, and for all x(t;) < x(t,) and y(t;) < y(t,)
implies
f(ty, x(t1), y(t1)) = f(t,, x(22), ¥(t2))-
(iii) g:1 x I x R > R is a Carath’eodory function which is
measurable in t € I for any x € R and continuous in x € R for

all t € 1. Moreover, there exist an integrable function m,
: 1 - R and a positive constant b, such that

lg(t,s,%)| < m, + by|x|.
(iv) by + byb, < 1.
Now, the following lemma can be proved.
Lemma 1. The problem (1)-(2) is equivalent to the integral
equation
x() = % + [, (s)ds,
Where

y(® = £ (6,50, 7 95,30 + [} v(0)d0) ).

Now, we have the following existences theorem.

Theorem 2. Let the assumptions (i)-(iv) be satisfied, then the
equation (4) has at least one nondecreasing solution x € AC(I).

Proof. Let Q, be the closed ball of all nondecreasing
function on I

Q- ={yeL(D:llylsr} r=

and the supper position operator F

(
Fy(t) =f (t,y(t), 179 g(s.x0 + f; y(e)de)).
Then, we deduce that F transforms the nondecreasing functions
into functions of the same type.

From our assumptions and by Theorem 1. @, is compact in
measure.

Now, let y € Q,, then
Fy@l = | £ty [} g(s.x0 + f y(6)d6))|
< Im, @1 +b: (ly 1+ |7 g(s,%0 + [ y(6)d0)))

llmzlly by + by bz [xgl+ lImalls
1-(b1+b1bz)

163 ¢(t)
< Imy®)] + by [y(©)] + by f Ima($)lds + bybylxo| f ds
0 0

+b,b, [P [F y(0)dods
< Imy®| + by ly(®)] + by Il my 1+ bib2|xy| + byb, Iy |l
< Imy®)+ by ly(®)] + by | my i+ byb2|xe| + byb, 7
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and
[ IFy®ldt = [ [my(s)lds + by [, [y(s)lds +
(by Il my Il + byby x| + bybyr) f dt,
Then

II Fy "1S Il my "1+ b1 II y "1+ II m, ”1 bl + b1b2|x0| +
bib, r

< ” m1 "1+ b1 r + ” mz ”1 b1 + b1b2|X0| + b1b2 r=r.
Now, let {y,,} € Q,, and y,, — y, then
[169)
Fan(® = £ (630, [ 95,30+ [} 72(0)d0) )

and

lim Fy () =limy £ (632, [ g (550 + Jy y(0)d0) ).

Applying Lebesgue dominated convergence Theorem [15], then
from our assumptions we get

. : ® .
im0 Fyn(t) = f (t, limy, (0, [ g (5,0 + [ lim yn(B)dB))

=1 {6y O g (sx0+ ;¥ 0)a6)) = Fy(o.

This means that Fy,(t) — Fy(t). Hence the operator F is
continuous.

Taking 2 be a non empty subset of Q,. Let € > 0 be fixed
number and take a measurable set D c I such that measure
D < €. Then, forany y € 0,

N Fy lm=f, IFy®ldt< [ f (t,y(t). 179 g(s,x0 +
Jy y(® de)) ds

< [ Im@Ilde+b, [ ly®lde+by [, [2C g(s,x0 +
I 1y(6)1d6 ds

< [, Imy@©lde + by [ [y@©lde + b, [, [PO(my(s)] +

bo|xo J; y(6)]d6)ds

< [ Imy(©lde + by [ ly@©de] +by [ [2Cm,(s)] dsdt

+bybylxol ) [P dsde +byb, [ [PC [F1y(0)] dodsadt.
But for D c I with meas D < e, we have
lirrg sup fD |m,(Y)|dt = 0, lin& sup fD |m,(t)|d =
0 and lirgl sup byb,|xol [, () = 0.
e—
Then applying the De Blasi measure of noncompactness
[1,2,4,8].
ﬁ(FY(t)) < ﬁ(}’(t))(b1 + by by)
and
B(FQ) < ﬂ(ﬂ(t))(b1 + b, b,)
Then implies
X(FQ) < (by + biby) x(Q),
Where y is the Hausdorff measure of noncompactness [1,2,4,8].
Since bl b; + b;b,< 1, from Darbo fixed point Theorem [4] F
is a contraction with regard to the measure of noncompactness y

[4] and has at least one fixed point in y € Q,.. Then there exist at
least one solution y € L, (1) of equation (4). Consequently there
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exists at least one solution

x € AC(I) of the problem (1)-(2).

3.1 Uniqueness of the solution

Now, consider the following assumptions:

(i) f:IXRXR—R is measurable int€IvVx,y€R and
satisfies Lipschitz condition,

lf (&%, y) — f(&x, )l < by (Ix — x| + [y — 31D, t €
IVx,y,x1,y, ER
and follf(t, 0,0)|dt exists. Moreover, f is nondecreasing for

every nondecreasing x,y i.e. for almost all t, t, € I?such that
t; <t, and for all x(t,) < x(t,) and y(t,) < y(t,) impales

f(t1vx(t1)r3’(t1)) < f(tz'x(tz)')’(tz))-

(ii0*g:IXR—>R is measurableint € Iand satisfies
Lipschitz condition,
lg(t,x) = g(t, )| < bolx—yl, t€IL  xy€ER.

From the assumption (ii)* we have

Ift.xy) = 1f(0,0)] < |f(t,xy) = f(£,0,0)] <
by(Ix| +IyD =< If (¢ 0,0)] + by(lx| +1yD)
and
If@&x, )| <lImylly+ by(lx| + [y,
Also, from the assumption (iii)* we get
lg(t, 0] — 1g(t,0)] < 1g(t,x) — g(t, 0] < bylxl,

and

lg(t, )] < 1g(t, 0)|+ by |x|
and

|g(t'x)| <lmy i+ bylx|.
So, we have proved the following Lemma.

Lemma 2. The assumptions (ii) * and (iii) * implies the
assumptions (ii) and (iii) respectively.

Theorem 3. Let the assumptions (i), (i) *, (iii) * and (iv) be
satisfied. If

b, + bb, < 1,
Then the solution of the problem(1) — (2) is unique.

Proof. Form Lemma2 the assumptions of Theoreml are
satisfied and the solution of integral equation(4) exists. Let
Y1, Y, be two solutions in Q, of the integral equation(4), then

172(6) = 31O = | £ (6,200, [ (5,0 + [ v2 (0)d6)ds)
— £ (6310, [} (s,20 + [ y1 (0)d)ds) |
< |f (t,y.(D), f:’(t)g(s, Xo + fOS Y, (9)d9) ds
—F (3.0, [ g(s,x0 + [y (0)d6)ds)
+f (63200, [ 905, %0+ J; y1 (6)d6)ds)
— £ (6320, 5,30 + J; 31 (0)d0)ds) |

< byb, [29 [21y,(0) — y,(6)|d0ds

< biby Iy, = y1 i+ byly (8) — v, (D],
Then

f01|yZ(t) -y Odt < bib, 1y, =y Iy fol dt +
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by [y ly2(8) = y1(©)] dt
and
My, =y li < bsby 1ya =y i+ b 1y, —y1 Iy
Hence
Iy —yi Iy (1 —(by + biby)) <0,
Then y; =y, and the solution of the integral equation(4) is

unique. Consequently the solution of the problem (1)-(2) is
unique.

3.2 Continuous dependence

Definitionl. The solution of the initial value problem (1)-(2)
depends continuously on the parameter x,, if

Ve > 0, 36(e)>0s.t |xg—x | <6=>lx—x"lI<e
Where x*

x*(t) = xo* + foty* (s)ds.
Theorem 4. Let the assumptions of Theorem 3 be satisfied,

then the unique solution of the problem (1)-(2) depends
continuously on the parameter x,,.

Proof. Let § > 0 be given such that |x, — xo*| < 6
and let x,* be the solution

of (1)-(2) corresponding to initial value x,*, then
() = x" ()] = %o+ [,y (8)ds — x," = [} y* (s)ds|
< lxo— x|+ [{Iy(s) —y*®lds < 6 +lIly—y" Iy
But
y(@® =y O = | £ty [T g(s. %0 + [ y(6)d6) ds)
—f(6y (O, [7 g(s. %" + [7 y*(6)d6) ds)|
<1F Ly, [ g(s,x0 + [ y(8)d0) ds)
—f(ty@©, [ g(s.x0" + f; y'(6)d6) ds)
+£ (Y, 7 (s x0" + [y (0)d6) ds)
—fCty O, [P gs.x0" + JSy*(6)d6) ds|
< byby [PO1xo = xo°| ds + by, [2€ [21y(8) — y*(0)] d6ds
+byly(8) — y* ()
< bby6 + bib, | y — y* lly+ byly(t) — y*(O)I,
Then
L1y®) = y*(®ldt < biby§ [, dt +biby 1y —y* Iy f, dt

+b, [l Iy —y (D)ldt
and
ly—y" i< 8 biby + bib, ly—y=li+ b Iy —y .
Hence
ly—=y"1ll; (1= (by + biby)) <6 byb,,
Then

5 byb,
= €

— y* <———=
ly—-y 1, < (1—(b1 + by by))

and
lx—x"llc< 6+ € = e
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Definition 2. The solution x of the initial value problem (1)-(2)
depends continuously on the function g, if

Ve >0,36(e) > O0s.t|glt,x)—g*({t,x)] <6 =>lx—
x* 1< e

Theorem 5. Let the assumptions of Theorem 3 be satisfied,
then the unique solution of the problem (1)-(2) depends
continuously on the function g.

Proof. Let 6 > 0 be given such that [g(¢t, x(t)) — g*(t, x(t))|
< & and let x* be the solution of (1)-(2) corresponding to
g*(t,x(t)), then

() = x* (O] = [xo+ [} ¥ (S)ds — %o — [, ¥* (s)ds]
<[y -y ©lds <y -y I,
But
ly(@© —y* 1 = F(t,y©), [7C g(s.x0 + [S y(6)d6) ds)
—fCty (0, [7 g% (s.x0 + [Sy*(6)d6) ds)|
< 1FCEYO. [P g(s.x0 + [ y(6)d0) ds)

—f (y@), 7 g (s,% [} y(6)d6) ds)
+£ (630, [7C g % (5,%, f (6)d) ds)

—f 6y (0, [7C g * (s.x0 + [Sy7(6)d6) ds)|

< 8by + byly(® —y (O] + byb, [2© 1y(©) — y = ©)d,
Then
J 1y =y @©ldt < bys [ dt+b, [, ly(t) —y* ()] dt +
biby 11y —y* Iy f, dt
and

ly—y* I, < é6by+b ly—y" l4+bb ly—y* .
Hence

ly—=y"ll; (1= (by+biby)) <6 by,

Then

5b
ly—y* ||1Sm— €
and

Fx—x"llc < e
Definition 3. The solution x of the initial value problem (1)-(2)
depends continuously on the function ¢, if

Ve>0, 36(e) >0s.t|ot)—e*x ()| < =>llx—x* 1< e

Theorem 6. Let the assumptions of Theorem 3 be satisfied,
then the unique solution of the problem (1)-(2) depends
continuously on the delay function .

Proof. Let 6 > 0 be given such that |@(t) - @*(t)| <6 and let
x* be the solution of (1)-(2) corresponding to ¢ * (t), then

lx(t) = x* (O] = |xo+ [, y (s)ds —xo — [, y* (s)ds

< [l =y ds| <y —y* Iy
But

y® =y @O =1 (630, 7 g(s.x0 + [ y(0)d) ds)
—fC6y @, [T g(s %0 + [Ty (8)d6) ds)|
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<1f (6y@, 7 g(s, %0+ [ y(6)d6) ds)
—F (6.y@, [ g(s. %, [} y * (8)d6) ds)
+£ (6O, g(s.x0 [y + 0)d8)ds)  +by ly(®) =y * (0]
—FCty @, [T g(s,x0 + [y (6)d6) ds|
<b | [ g(s.x0+ [Ty(®)a6)ds — [T g(s,x, +
[} y(6)d6) ds|
<b | [ g(s.x0+ [Jy(0)a6)ds — [7
[ y@)deyds + [2© g(s,xo+ [ y(6)d6)ds —
Qg %0+ [+ (8)d8) ds| + byly(6) = y * (8)]
< byb, [P [21y(8) — y*(8)1 dOds + by [*2 1g(s, x0 +

¢*(t)
Jo ¥ * (6)d6) ds + by |y(t) —y * (D],

< biby, 1y —y* i+ by (Il my | +b, |x0] + bor)|(E) — ¢ *
O+ b ly@®) =y @ <bb, ly—y" l;+b(lmy I 1+
by |xo| + by 7)8 + by ly(®) — y (),

9(s, % +

Then

Fy@® = y*©ldt < bb, 1y =y Iy f dt+ by (I my |
+by %] + b, 7)6 [ dt

+ by f)1y(®) =y * (Dldt
and
Ny —y* I Ly(I) < biby 1y —y* lls+ by (Il my || +b; |x| +
byr)S§ + b lly—y* ;.
Hence
ly—y"ly (1 — (b + b1b2)) < by (Il my Il +b, [x0| + b, 7)8,
Then

by (lmzll+by |xg|+by )8

—v < =
ly—=y"l< (1=(b1+ b1bp)) ¢

and
Ix—x"1lc < e
Example 1. Consider the following initial value problem

dx _ 3t  1dx 1 othes 1
T wtTat 4f0 (3+ > [x(s)Dds. t € (0,1] (5)
with initial data

x(0) = 1. (6)

Then

dx _ dx rp(t) _ 3t 1 dx 1 ,tB (s
a=r (@5 1 a(sx@)ds) =+ 10+ (5 +
Zlx(s)l)ds. tel, f=1

t 1
g(t,x(t)) =35+ ;x(t).
It is clear that all assumptions of Theorem 2 are verified, where
t=1, then
3 1 1 _1
hmy = Ime =3, b, = :and b,= 7
and r satisfied
Il my lly by + bibylxel + Il my |y

1 = (by +b;by)
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r = 0.45. Then the initial value problem (5)-(6) has at least one
solution.

4. Conclusions

In this paper, we have studied a delay implicit functional
integro-differential equation. We have prove the existence of
solutions for an initial value problem of a delay implicit
functional integro-differential equation. Then we have
established the sufficient conditions for the uniqueness of
solution and continuous dependence of solution on some initial
data and the functions g, ¢ are studied. An example is given to
illustrate our results.
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	then, the set 𝒙 is compact in measure.

