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ON NABLA SHEHU TRANSFORM AND ITS APPLICATIONS

TUKARAM G. THANGE, SNEHA M. CHHATRABAND

ABSTRACT. Integral transforms on time scales are persuasive and versatile
mathematical operators that extend the concepts of classical integral trans-
forms and are applied to functions defined on arbitrary time scales. Time
scales can involve a combination of continuous, discrete, and some cases of
mixed behaviours. Thus, integral transforms on time scales are more compre-
hensive for the analysis of time-varying phenomenon are therefore essential in
fields where such practices are frequent. In this paper, we introduce the nabla
Shehu transform, which is a generalization of the nabla Laplace and nabla
Sumudu transforms on time scales, and discuss its existence with respect to
fundamental properties such as linearity, transform of derivatives, transform of
integrals, and convolution theorem. Further, we find the transform of the frac-
tional integral, Riemann-Liouville fractional derivative, Liouville-Caputo frac-
tional derivative, time scale power function, and Mittag-Leffler function and
use them to solve fractional dynamic equations involving Riemann-Liouville
and Liouville-Caputo type fractional derivatives in subsequent sections.

1. INTRODUCTION

Integral transforms are widely used to solve various differential and integral
equations. Stefan Hilger (1988) introduced the concept of time scales in his PhD
dissertation [10]. This introduction is a milestone for the development of dynamic
systems in discrete and continuous cases. Calculus on time scales unifies continuous
and discrete analysis therefore, it is an extension of calculus on real numbers. Time
scale calculus mainly involves delta and nabla derivatives. Integral transforms on
time scales are mathematical techniques used to analyze functions on time scales,
that combine discrete and continuous components. These transforms generalize
the classical integral transforms and are used as in traditional calculus to set of
time scales. Just as integral transforms in classical calculus provide useful tools for
solving differential and integral equations, integral transforms on time scales offer
similar advantages for solving equations involving functions defined on time scales.
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Due to some obstacles regarding calculus on time scales under consideration for
solving fractional dynamic equations on time scales, the nabla version of integral
transform is more acceptable. Various integral transforms such as Laplace, Fourier,
Sumudu, Shehu, etc. studied in [2, 5, 8, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 25, 26].

Motivating from this research, we studied the nabla version of the Shehu trans-
form on time scales which is a generalization of the nabla versions of the Laplace
and Sumudu transforms and hence the carrying properties of both were found to be
more beneficial. Using this method, we solved fractional dynamic equations with
initial conditions involving Riemann-Lioville and Liouville-Caputo type fractional
derivatives. Concepts related to time scales which will serve as a prerequisite of
our work are taken from [1, 3, 4, 5, 6, 9, 11, 13, 24]. For further study, we require
some preliminary concepts, which are as follows.

For ¢t € T, the forward jump operator o : T — T is given as o(t) := inf{r €
T : 7 > t} and backward jump operator p : T — T is given as p(t) := sup{r €
T:7 <t} If o(t) > t, tis said to be right-scattered, while if p(t) < t, then ¢ is
left-scattered. In addition, if ¢ < supT and o(t) = t, then t is called right dense,
and if t > infT and p(t) = t, then t is called left-dense. For ¢t € T, the backward
graininess function p: T — RT U {0} is v(t) =t — p(t).

Definition 1.1. A function f : T — C is ld-continuous if it is continuous at every
left-dense point, and the right sided limit exists at every right dense point of T. It
is expressed as f € Cy(T,C).

Note that, if f,g € Cj4(T,C), then f &, g=f+g—vfgand S, f = %

Definition 1.2. A function f € Cj4(T,C) is called v—regressive (positively v—regressive)
if 1—vh#0 (1—vh >0) for allt € Ty. The set of all v—regressive and positively
v—regressive functions are denoted by %,(T,C) and %, (T,C), respectively. Here
Ty = T — m, if time scale T has a right scattered minimum m, otherwise take
T, =T

For h >0, we have C, = {2 € C: 2 # +} and Z, = {z € C: 5= < Im(2) < T},
with Co = Zo = C. Further, the sets Rey(z) = +(1 — |1 — hz|) and Zmy(z) =
%Arg(l — hz) denotes Hilger real and imaginary parts of a complex number. Note
that Reg(z) = Re(z) and Img(z) = I'm(z).

Definition 1.3. If f € %,(T,C), then the nabla exponential function is given
by, ef(t,to) = eacp[fti) fl,(T)(f(T))VT] for t,tg € T, where &, : C;, — Zy, is the
v—cylindrical transformation given as &,(z) = S+ Log(1 — zh).

Definition 1.4. Let s,t € T and o, > —1 the time scale power functions iL(t,s)
are the nonnegative functions that satisfy the following.

(i) f: ha(t, p(T))ha(T,8) VT = hatpii(t,s) fort > s.
(ii) ho(s,t) =1 fort > s.
(ili) ha(t,t) =0 for0 <a <1.
Using the above definition, fractional order integrals and derivatives on time
scales are defined as

Definition 1.5. Let a1,a2 € T and [a1,az]r = T N [a1,as] for an ld-continuous
function f : [a1,as]r — C one defines.
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(i) The fractional integral of order a > 0 with lower limit a1 is

/haltp )(s)Vs

when o = 0, we get o, VOf(t) = f(t).
(ii) The Riemann-Liouville fractional derivative of order 3 > 0 with lower limit
a1 is given by,
V() = [0, VP V) fort € [o(ar), as)r
where n = [B] + 1.
(iii) The Liouville-Caputo-fractional derivative of order v > 0 with lower limit
ay is given by,
a V() = (@ VT FY(@) fort € [o(ar), azln
where n = [y] + 1.

Definition 1.6. Suppose T € T, then an ld-continuous function f : T — C, is said
to be of exponential order ¢ on [r,00)r with ¢ € ZF([r,00)r,C) if there exists a
constant M > 0, such that |f(t)| < Me.(t,7) fort € [r,00)T.

Definition 1.7. The minimal graininess function v, : T — [0, 00)

V(1) = tei[nf )I/(t) for 7€ T.

)

Also if h >0 and § € R then
Ch(6) := {z €Cp:Ral(z) > 5}.

Lemma 1.1. If f € %,(T,C), then e ;(t,to) = %@3‘}).
Theorem 1.1 (Decay of nabla-exponential function). For an unbounded time scale
T, let s € T and w € R} ([s,00)r,R). Then for any z € C, (5)(w) we have the
following properties.

(1) lews,z(t,8)] < eweygeu*(s)(z)(t, s) for all t € [s,00)T.

(2) tllglo ew@VRey*(S)(z)(t,s) =0.

(3) tli)rgo ews,z(t;s) = 0.

2. NABLA SHEHU TRANSFORM
In this section, we define the nabla Shehu transform and give its existence.
Hence,fourth, we are going to assume that tg € T and sup T = oco.

Definition 2.8 (Nabla Shehu Transform). For f: T — C with f € Ciu(T,C), we
define nabla-Shehu transform of f as

Sho(fs) = [ eh, (a0 Vi )

to

forall 5 € D{f}, where 2,{f} consists of all > € %,(T,C) for which the improper
integral exists.

The below lemma can be proved similarly as lemma 2.1 in [13].

Lemma 2.2. Suppose 7 € T and f : [r,00)r = C is an ld-continuous function of
exponential order c, then tlim ft)es, = (t,7) =0, where & € C,, ()(c).
—00
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Theorem 2.2 (Existence theorem). Let f € Ciq([to, 00)T, C) be a function of the
exponential order c, then the nabla Shehu transform of f exists and the integral

JACROYION

to

converges absolutely for all & € C,, «,)(c).

Proof. For some fixed z € C, the Hilger real part [3] is a non decreasing function
of h >0,

then Re, t)( ) > Rey*(to)< ) for all ¢ € [tg, 00)T.
We get the inequality

‘1 - 1/2‘ > 1—=vRe,, (1) (2) for all ¢ € [tg, 00)T.

Also for t € [tg,00)r and 2 € C, (4,)(c) using Definition 1.6 and Lemma 1.1 we get

T
</
to

<M

/ el (=)(t.to) f(t)V1
to “

e, (o) (t:t0) F ()] 7t

T

ec(t,to)egyi(t,to)‘ Vi
to “

T eceui(tﬂfO)
to |1 — V£|

€. e t,t
< M/ SvRe,, (¢0)( )( 0) vt
to 17VR6V (to)( )

=M

! v
- e o (t,to) Vit
c- Reu*(tw (3) /t e o)

M

= T ERe (@) [eco, Re,, (1) (2) (T 0) — 1]
M

= v 1 —€co,Re,, 1 (2) (T 10)]

Rel/*(to)(;)_c *( [))(u)
using Theorem 1.1 as 7 — 0o we get
M
’/ t to) f(t) Vt‘ < ——— forall S Co, (t)(€)
to v, (to) — C U *

thus the integral fto ef, = (t,to) Vt converges absolutely for all & € C,, (4)(c). O

3. FUNDAMENTAL PROPERTIES
Now, we give some fundamental properties of the nabla Shehu transform through
the following theorems.

Theorem 3.3 (Linearity). Let af : T — C, Bg: T — C with f,g € Ciq(T,C) are
of exponential order c1,co Tespectively then for any a, 8 € R then we have,

Shv{af + Bg}(s,u) = aShv{f}(s,u) + BShv{g}(s,u)
for all & € C,,(1)(max{cy,ca}).

The proof follows directly from Definition 2.8.
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Theorem 3.4 (Shehu transform of derivative). Let f : T — C with f,fV €
C1a(T, C) be a function of exponential order c then,

She{fY}(s,u) = 2Shw{f}(s,u) = f(to) for all 2 € C,, (1y)(c).

Proof. Applying Definition 2.8,

Sho (£} (s,u) = /OO . (t,10) (1) Vit

to

= [ e tts )7 - S5 6 10)10) e

to

=10~ [ T to) f(1) VIt

to
_ S [T ppy Lost)
= f(to)+u . f(t)l—u(t)i Vit
— f(to) + S F(t)el < (t.10) Vt

= —f(to) + EShv{f}(Sau)-
O

From the above theorem, we have if f : T — C is ld-continuous such that
fYV T — C is also ld-continuous and is of exponential order ¢, then

Sho{fYV}(s,u) = 25She {fH(s,u) — £ f(to) — ¥ (to).

Hence in general we can show that

s )"—(k+1)

Sho (7" s, u) = oSho {7} s~ Y (2
k=0

¥ (to)
for all 2 € C,, (4,(c).

The theorem, which relates transform of integral of a function to the transform
of a function can be proved as theorem 3.3 in [14].

Theorem 3.5. Let f : T — C is ld-continuous function such that F(t) = f:o f(r)Vr
for allt € T is ld-continuous and is of exponential order c, then

Shy{F}(s,u) = =Sho{f}(s v).

Using our Definition 2.8 we can show that.

(1) If f(t) = 1, then Shy{l} = % provided tli)m egz(t,tg) = 0 for 2 ¢
') u
#,(T,C).
(2) If f(t) = hy(t, to), Taylor’'s monomials introduced in [3] for n € NU {0}
then

S {ha(t. 1)} (5, u) = ﬁ

with 2 € 2,(T,C),s # 0,u # 0 with tli}rn hn(t,t0)eq = (t, to) = 0.
o0 u
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(3) If f(t) = hql(t,s), is the time scale power functions defined in [13] then
1

Convolutions of two functions on time scales is given in the following definition.

Shy{ha(t, to)}(s,u) =

Definition 3.9. [26] For functions f,g : T — C, the convolution f * g of f and g
is defined as follows

o

(f*g)t)= [ f(t.p(r)g(r) VT for t €T,

to
where for a given f : [ty,00) — C, f called shift (or decay) is the solution of the
Shifting problem.
uVe(t, p(s)) = —uVe(t,s) t,s € Tt>s5>to,
ult,to) = f() tET, t> to,

Using above definition of convolution we are ready to give convolution theorem
for nabla Shehu transform as follows.

Theorem 3.6 (The Convolution Theorem). Let f,g : T — C be ld-continuous
functions having the nabla Shehu transforms Shy{f} and Shyv{g} respectively,
then

Shy{f * g}(s;u) = Shy{f}(s,u) - Shv{g}(s,u)
for all = € 2,{f} N 2,{9}.
Proof. We have,
Sho(f =)o) = [ el (1070 < g(0) Ve

to

-/ " o (p(0):10) / F(t, p(r))g(r) V7

to

= [T oottt [ el ot ptr)ve] vr

to p(7)

— [ atm)ee. 2 6(r)ut0) wio(r)) Vr
to

where, (1) = [~ eg, = (p(t), 7) f(t, 7) V.

Now, applying the nabla-versions of lemma 2.4 and lemma 3.3 from [6], it is clear
that ¥ (7) is a constant function, and hence is independent of 7. So we have,

wieo) = [ oz (olt). 10) (1, 10) Vit = / o= (o0). 10) F()VE = She ().
And we get Shyv{f * g}(s,u) = Shy{f} - Shv{g}. O

Theorem 3.7 (Shehu Transform Of Fractional Integral). For a = tg, the Shehu
transform of fractional integral .V~ f is Shy{t, V™ *f}(s,u), which is given as

She {1,V s ) = (2) " Sho{£(1)} 5,0,
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Proof. First of all note that for a = tg, Definition 1.5 (i) can be rewritten as

- / hor (£, p(7) (1) V.

V=Of(t) = ha1(t, to) * f(t)
Shy{t, V™ (s,u) = Shy{ha_1(t,to) * f(£)}(s,u)
= Shv{ﬁa 1(t,t0) } (s, u) - Sho{f(t)}(s, u)

o ) — = Shy {f(t)}(s,u)
-(2) " Sho {F(1)} (s, u).

S lw :Im

(]

Theorem 3.8 (Shehu Transform of Riemann-Liouville Fractional Derivative). For
a = to, the Shehu transform of Riemann-Liowville Fractional derivative ;,V? f is
Shy{, VP f}(s,u) which is given as

Sho (7 ) = (2) st = 3 (2 v ).

Jj=1

Proof. We have,

She{t, VP fH(s,u) = Sho{[ 1, V" £V Hs,u)

n—1

=—Shv{ V=B f (s, u) — Z( )

(3+1)

n—1

(f)n_j_l( tovj—n+5f) (to)

u

%Shv{fﬂs,u)l -

“_"[(%)
= (2) Shy{f}(s,u) i (Z) v 1)( tovﬁfjf)(to)

Jj=1

Jj=0

where ( tOV_(”_ﬁ)f)w (to) = ( 4, V""" P f)(to) follows from the definition of

Riemann-Liouville fractional V—derivative, also note that ( +, V7~ f) (to) = thg? (4o \vanlCo
0

(to is right dense) and (tovﬁflf) (to) = 0 (to is right scattered). O

Theorem 3.9 (Shehu Transform of Liouville-Caputo Fractional Derivative). For
a = to, the Shehu transform of the Liouville-Caputo fractional derivative § V" f is
Shv{ ¢ VY f}(s,u), which is given as

Shel 67 ) = (2) st o0 -5 (277 0™

7=0

V—(n—g)f) v (fo)

ﬁ)f)(to)
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Proof.

Sho{ £V fHs,u) = She{ o, V""" [V T} (s, u)
1 n
= ———She{f¥ }(s,u)
()
- —= [Z—st{f}@,w - (5)"_(””<fvj><to>]

(i)n =0

() suetron -5 ()

7=0

v—j—1

(fY)(to).

Solutions of fractional dynamic equations on time scales involve the fractional or-
der case of the exponential function e* called the Mittag-Leffler function E, g(z) =

o m introduced in [7, 13, 25, 26] .

Definition 3.10. [25] The time scale V— Mittag-Leffler function is defined as,

VB s\t tg) = Z hejip—1(t,to)

fora>0,8,\€R.

Now we give the nabla Shehu transform of V—Mittag-Leffler function through
the following theorem.

Theorem 3.10. Shehu transform of time scale V— Mittag-Leffler function is

Shv{vEapg\t to)} =

—Q

provided ’A(%) < 1.
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Proof.

i .
Sho v Bas N toto)} = Shy {3 Mhajip1(tto) f(s,w)

j=0

Z N Shy {51 (t, to) }(s,u)
=0

]:
:ZAJ (ﬁ)a]+ﬂ

AN .

I
—
g o
~
@
=
—
—
s 2w
~—
Q
—~
g o
~—
D
Q

< 1 for convergence of geometric series,

;‘| provided ‘)\(5)_&

4. APPLICATIONS
Now in this section, we present some applications of the nabla Shehu transforms
for solving fractional dynamic equations involving Riemann-Liouville and Liouville-
Caputo type fractional derivative.

Example 4.1. Consider following Riemann-Liouville type fractional dynamic equa-
tion of order a, n—1<a<mn

( tovay) (t) - )‘y(t) = h(t)v te Tv
with initial conditions
( 1o VOF y)(to) =ap (ax €R, k=1,2,3,--- ,n=[a]).

Applying the nabla Shehu transform on both sides
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[(3)" =] shofy}s,u) =30 ()" ar+ Shy{h}(s,w)
1 NN 1
Shy{y}(s,u) = {(g)a A] Do) et [ 5 }Shv{h}(s,u)
m - k=1 I —
n (i a—(a—k+1) (i)a71

I
3
)

o
Jr

Sho{y}(s,u)

Shy{y}(s,u) = > Shv{vEaa—1+x(At,t0)}(s,u) ax
k

=

+ Sho{vEa,a(A 1, t0)}(s,u) - Sho{h}(s,u)
Shy{y}(s,u) = iShV{VEa,a—k-‘rl()‘vtatO)}(Svu) - ag
+ gzlv{an,a(A,tvto) * h(t)}(s,u)
y(t) = i vEa—k+1(A o) - ak
+ zzElaya()\,t,tO) * h(t)
y(t) = i vEaa—kt1(At o) - ak
k=1

+ VEoz,a()\v t, tO) * h(t)

y(t) = Z vEaa—k+1(N i to) - a
k=1

+ /t vEua\t,p(1)) - h(T) V7.

Example 4.2. Consider the following fractional Cauchy problem of order a, 0 <
a<l,

(VoY) — My(t) = h(t), t €T,

with initial conditions

(£ V*y)(to) = ao, (ao € ).
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Applying the nabla Shehu transform on both sides
S\« a—
(2)"Shefy}s,) — {1V 9} o) —~ AShe {y}(5,w)
= Shy{h}(s,u)
S\« a—
()" = 2] Sholyd(s,u) = { 1V} (ko) + She{h}(s, )

Sho{yhs,u) = ————— (1, Vy)(to) + ————Sho {h}(s,u)
(5)" -] (5)" -1
1 1
Sh S,u) = = a —Shy{h}(s,u
v{y}(s,u) _(%)O‘,A o+ [(ﬁ)a*/\ v{h}(s,u)

Shy{y}(s,u) =

(ﬂ)a ao + () Shyo{h}(s,u)
()" =] A
Shy{y}(s,u) = ap Shv{vEa,a(A t,t0)}(s,u)
+ Sho{ vEa.a(A t,t0)}(s,u) - Sho{h}(s,u)
Shyv{y}(s,u) = ag Shv{ vEaa(A t,t0)}(s,u)
+ Shv{ VEma()‘a t? tO) * h(t)}(sa u)
y(t) = a0 vEa,a(A tt0) + vEaa(N 1, t0) * h(t)

t
y(t) = ap vEua,a(At,t0) +/ vEa,oa(At,p(T)) % h(T) VT.
to

Example 4.3. Consider the following fractional Cauchy problem of order o, 0 <
a<l

(&Vy)(t) = g(t), teT,
with initial condition,
y(to) = bo, bo € R.
Applying nabla Shehu transform on both sides

() Sthot}s.u) = (2)"ulo) = Sho{g}(s.0)

(E)VShV{y}(S»U) = (2),/71{)0 + Shv{g}(s,u)

Sho{y}(s,u) = (52 bo + ! 7 Shy{g}(s,u)

(2)" (2)
She () (s.u) = (_L)b + @Shv{g}@,u)

Shyo{y}(s,u) = Shv{1}(s,u) by + Shyw{h,_1(t,to)}(s,u) - Shv{g}(s,u)
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Sho{y}(s,u) = boShy{1}(s,u) + Shy{h,_1(t, to) * g(t)}(s, u)
y(t) = bo + hy_1(t, to) * g(t)

y(t) = bo + / o1 (8, p(1)g(£)V

y(t) =bo + +,V "g(t).

5. CONCLUSIONS

We introduced the nabla Shehu transform, which generalizes the nabla Laplace
and nabla Sumudu transforms on time scales. We discuss its existence conditions
and provide some fundamental properties, including convolution theorem. Trans-
forms of the fractional integral, Riemann-Liouville fractional derivative, Liouville-
Caputo fractional derivative, time scale power function, and Mittag-Leffler function
are found. We applied this transform to solve some fractional dynamic equations
involving Riemann-Liouville and Liouville-Caputo type fractional derivatives.
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