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CLASS OF MEROMORPHIC FUNCTIONS RELATRD TO NEW

OPERATOR

A. M. YEHIA, S. M. MADIAN AND M. M. TARWAT

Abstract. In this paper, using a meromorphic univalent function of the form

f(z) = 1
z−δ

+
∞
k=j

ak (z − δ)k , with missing coecients which has a simple

pole at the point z = δ, 0 ≤ δ < 1, that is it is dened in U∗ = U\ δ =

z : z ∈ C and 0 < z − δ < 1, we note that for δ = 0 we obtain the class
j of meromorphic functions. We dene a new operator analogue of that

of Aouf et al. [2] for univalent analytic functions dened in the open unit
dick U and introduce new class of meromorphic univalent functions which for
dierent values of its parameters many special new classes can be obtained

from it. For this class of functions we obtained some of its properties such
as coecient estimates, distortion theorem, the modied Hadamard product
of two functions in it and also for function which its coecients are the sum
of the squares of the coecients of two functions. Also we obtained analogue

results of these results for each of the subclass obtained from this class.

1. Introduction

Let


j,δ, 0 ≤ δ < 1 be the class of functions

f(z) =
1

z − δ
+

∞

k=j

ak (z − δ)k , j ∈ N = 1, 2, ... , (1)

which are analytic and univalent in U∗ = U\ δ = z : z ∈ C and 0 < z − δ < 1 .
We note that for δ = 0 we obtain the class


j of meromorphic function

given by (Pommerenke [9])

f(z) =
1

z
+

∞

k=j

akz
k, j ∈ N.
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For g ∈ 
j,δ, given by

g(z) =
1

z − δ
+

∞

k=j

bk (z − δ)k , (2)

(f ∗ g) (z) = 1

z − δ
+

∞

k=j

akbk (z − δ)k = (g ∗ f) (z)

is the Hadamard product (or convolution) of f and g.

Denition 1. A function f ∈ 
j,δ is said to be meromorphically starlike

of order γ, (0 ≤ γ < 1 and 0 ≤ δ < 1) if

−ℜ

(z − δ) f

′
(z)

f(z)


> γ (3)

and meromorphically convex of order γ if

−ℜ

1 +

(z − δ) f
′′
(z)

f ′ (z)


> γ. (4)

Denote by
∗

j,δ (γ) and
c

j,δ (γ) the classes of such functions, respectively.

We note that

f(z) ∈
c

j,δ
(γ) ⇐⇒ − (z − δ) f

′
(z) ∈

∗

j,δ
(γ) .

The classes
∗

0,ℓ (γ) and
c

0,ℓ (γ) where introduced and studied by

Acu and Owa [1], Aouf [2, 3, 4], Miller [5], Mogra et al. [6],

Owa et al. [7] and Pommerenke [8].For λ > 0, ℓ ≥ 0, n ∈ N0 = N  0 and f ∈ 
j,δ,

we dene the operator Inδ (λ, ℓ) :


j,δ −→ 
j,δ by,

I0λ,ℓf(z) = f(z),

I1λ,ℓf(z) = (1− λ) I0λ,ℓf(z) +
λ

ℓ (z − δ)ℓ


(z − δ)ℓ+1 I0λ,ℓf(z)

′

= (z − δ)−1 +

∞

k=j


1 +

λ (k + 1)

ℓ


ak (z − δ)k = Iλ,ℓf(z),

I2λ,ℓf(z) = (1− λ) Iλ,ℓf(z) +
λ

ℓ (z − δ)ℓ


(z − δ)ℓ+1 Iλ,ℓf(z)

′

= (z − δ)−1 +

∞

k=j


1 +

λ (k + 1)

ℓ

2

ak (z − δ)k

and (in general)

Inλ,ℓf(z) = (z − δ)−1 +

∞

k=j


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k . (5)

Denition 2. For 0 < α ≤ 1, −1 ≤ A < B ≤ 1 and 0 ≤ γ < 1, we say

f ∈ n
s,λ,ℓ (A,B, γ,α, δ) if it satises:
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(z − δ)

Inλ,ℓf(z)

′

Inλ,ℓf(z)
+ 1

B (z − δ)

Inλ,ℓf(z)

′

Inλ,ℓf(z)
+ [B + (A−B) (1− γ)]



< α (z ∈ U∗) (6)

and

f ∈
n

c,λ,ℓ
(A,B, γ,α, δ) ⇐⇒ − (z − δ) f

′
(z) ∈

n

s,λ,ℓ
(A,B, γ,α, δ) . (7)

Let
+

j,δ be subclass of


j,δ consisits of the functions

f(z) =
1

z − δ
−

∞

k=j

ak (z − δ)k , ak ≥ 0 (8)

and

n,+

s,λ,ℓ
(A,B, γ,α, δ) =

n

s,λ,ℓ
(A,B, γ,α, δ) 

+

j,δ
,

n,+

c,λ,ℓ
(A,B, γ,α, δ) =

n

c,λ,ℓ
(A,B, γ,α, δ) 

+

j,δ
.

We note that:

(i)
n,+

s,λ,ℓ (−1, 1, 0,α, δ) =
n,+

s,λ,ℓ (α, δ) =




f :



(z − δ)

Inλ,ℓf(z)

′

Inλ,ℓf(z)
+ 1

(z − δ)

Inλ,ℓf(z)

′

Inλ,ℓf(z)
− 1



< α





;

(ii)
n,+

c,λ,ℓ (−1, 1, γ,α, δ) =
n,+

c,λ,ℓ (γ,α, δ) =





f :



(z − δ)

Inλ,ℓf(z)

′′


Inλ,ℓf(z)

′ + 2

(z − δ)

Inλ,ℓf(z)

′′


Inλ,ℓf(z)

′ + 2γ



< α





;

(iii)
n,+

c,λ,ℓ (−1, 1, γ,α, 0) =
n,+

c,λ,ℓ (γ,α) =





f :



z

Inλ,ℓf(z)

′′


Inλ,ℓf(z)

′ + 2

z

Inλ,ℓf(z)

′′


Inλ,ℓf(z)

′ + 2γ



< α





;

(iv)
n,+

c,λ,ℓ (−1, 1, 0,α, 0) =
n,+

c,λ,ℓ (α) =





f :



z

Inλ,ℓf(z)

′′


Inλ,ℓf(z)

′ + 2

z

Inλ,ℓf(z)

′′


Inλ,ℓf(z)

′



< α





;
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2. Main results

We shall assume that, f dened by (8), 0 < α ≤ 1, 0 ≤ γ, δ < 1, λ > 0,

−1 ≤ A < B ≤ 1, ℓ ≥ 0, n ∈ N0 and z ∈ U∗.

Theorem 1. The function f ∈ n,+
s,λ,ℓ (A,B, γ,α, δ) if and only if

∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]

1 +

λ (k + 1)

ℓ

n

ak ≤ (B −A)α (1− γ) . (9)

Proof. Assume that (9) holds. Then

(z − δ)

Inλ,ℓf(z)

′
+ Inλ,ℓf(z)

− α
B (z − δ)


Inλ,ℓf(z)

′
+ [B + (A−B) (1− γ)] Inλ,ℓf(z)



=


(z − δ)


 1

(z − δ)
−

∞

k=j


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k




′

+


 1

(z − δ)
−

∞

k=j


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k





−

α


B (z − δ)


 1

(z − δ)
−

∞

k=j


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k




′

+


1

(z − δ)
−

∞

k=1


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k

(B + (A−B) (1− γ))



=


∞

k=1

(k + 1)


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k

− α
(B −A) (1− γ) (z − δ)−1 +

∞

k=1

[(Bk +A) + (B −A) γ]


1 +

λ (k + 1)

ℓ

n

ak (z − δ)k



≤
∞

k=j

(k + 1)− α [(Bk +A) + (B −A) γ]

1 +

λ (k + 1)

ℓ

n

ak − (B −A)α (1− γ)

≤ 0.

Hence, by the maximum modulus theorem, we have f ∈ n,+
s,λ,ℓ (A,B, γ,α, δ) .

Conversely, let f ∈ n,+
s,λ,ℓ (A,B, γ,α, δ). Then



(z − δ)

Inλ,ℓf(z)

′

Inλ,ℓf(z)
+ 1

B (z − δ)

Inλ,ℓf(z)

′

Inλ,ℓf(z)
+ [B + (A−B) (1− γ)]



< α,
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that is

∞
k=j

(k + 1)

1 + λ(k+1)

ℓ

n
ak (z − δ)k


(B −A) (1− γ) (z − δ)−1 −

∞
k=j

[(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n
ak (z − δ)k



< α.

Since ℜf(z) ≤ f(z) for all z, we have

ℜ





∞
k=j

(k + 1)

1 + λ(k+1)

ℓ

n
ak (z − δ)k

(B −A) (1− γ) (z − δ)−1 −
∞
k=j

[(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n
ak (z − δ)k





< α.

(10)

Choosing z real so that
(z − δ)


Inλ,ℓf(z)

′

Inλ,ℓf(z)
+ 1 is real. Then upon clearing

the denominator in (10) and letting z − δ −→ 1−, we have

∞
k=j

(k + 1)

1 + λ(k+1)

ℓ

n
ak

(B −A) (1− γ)−
∞
k=j

[(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n
ak

≤ α.

That is
∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]

1 +

λ (k + 1)

ℓ

n

ak ≤ (B −A)α (1− γ) ,

which is the required condition.

From Theorem 1 and (7). we have the following corollary.

Corollary 1. The function f ∈ n,+
c,λ,ℓ (A,B, γ,α, δ) if and only if

∞

k=j

k (k + 1) + α [(Bk +A) + (B −A) γ]

1 +

λ (k + 1)

ℓ

n

ak ≤ (B −A)α (1− γ) .

(11)

Theorem 2. If f ∈ n,+
s,λ,ℓ (A,B, γ,α, δ) , then

1

z − δ −
α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj ≤ f (z)

≤ 1

z − δ +
α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj , (12)

and

1

z − δ2
− j (B −A)α (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj−1 ≤
f

′
(z)



≤ 1

z − δ2
+

jα (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj−1 . (13)
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The bounds in (12) and (13) are attained for

f (z) =
1

(z − δ)
− (B −A)α (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n (z − δ)j . (14)

Proof. First of all, for
n,+

s,λ,ℓ (A,B, γ,α, δ), it follows from (9) that

∞

k=j

ak ≤ α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n ,

which, in view of (8) and for z − δ = r, yields

f (z) ≥ 1

r
− rj

∞

k=j

ak

≥ 1

z − δ −
α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj ,

and

f (z) ≤ 1

r
+ rj

∞

k=j

ak

≤ 1

z − δ +
α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj .

Next, we see from (9) that

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n

j

∞

k=j

kak

≤
∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]

1 +

λ (k + 1)

ℓ

n

ak ≤ (B −A)α (1− γ) ,

then
∞

k=j

kak ≤ jα (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n ,

which, again in view of (8), yields

f
′
(z)

 ≥ 1

z − δ2
− z − δj−1

∞

k=j

kak

≥ 1

z − δ2
− jα (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj−1 ,

and

f
′
(z)

 ≤ 1

z − δ2
+ z − δj−1

∞

k=j

kak

≤ 1

z − δ2
+

jα (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj−1 .

Finally, it is easy to see that the bounds in (12) and (13) are attained for

f given by (14).
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Corollary 2. If f ∈ n,+
c,λ,ℓ (A,B, γ,α, δ) , then

1

z − δ −
α (B −A) (1− γ)

j (j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj ≤ f (z)

≤ 1

z − δ +
α (B −A) (1− γ)

j (j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj , (15)

and

1

z − δ2
− α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj−1 ≤
f

′
(z)



≤ 1

z − δ2
+

(B −A)α (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n z − δj−1 . (16)

The bounds in (15) and (16) are attained for the function f given by

f (z) =
1

(z − δ)
− α (B −A) (1− γ)

j (j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n (z − δ)j .

Let f1 and f2 dened by

fi(z) =
1

z − δ
+

∞

k=j

ak,i (z − δ)k (i = 1, 2) . (17)

Theorem 3. Let fi ∈
n,+

s,λ,ℓ (A,B, γ,α, δ) (i = 1, 2). Then

(f1 ∗ f2) (z) ∈
n,+

s,λ,ℓ (A,B,β,α, δ) , where

β = 1− α (B −A) (1− γ)2 (1 + αB) (j + 1)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n
+ (B −A)2 α2 (1− γ)2

.

The result is sharp for the functions fi (i = 1, 2) given by

fi(z) =
1

z − δ
−

∞

k=j

α (B −A) (1− γ)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n (z − δ)j (i = 1, 2)

(18)

Proof. Employing method of Schild and Silverman [10], we need to nd
the largest β such that

∞

k=j

(k + 1) + α [(Bk +A) + (B −A)β]

1 + λ(k+1)

ℓ

n

α (B −A) (1− β)
ak,1ak,2 ≤ 1.

Indeed, since fi ∈ n,+
s,λ,ℓ (A,B, γ,α, δ) (i = 1, 2), then

∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n

α (B −A) (1− γ)
ak,i ≤ 1 (i = 1, 2). (19)

Now, by the Cauchy-Schwarz inequality, we nd from (19) that

∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n

α (B −A) (1− γ)

√
ak,1ak,2 ≤ 1. (20)
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So, we need only to show that

(k + 1) + α [(Bk +A) + (B −A)β]
(1− β)

ak,1ak,2

≤ (k + 1) + α [(Bk +A) + (B −A) γ]
(1− γ)

√
ak,1ak,2 (k ≥ j) ,

that is, that

√
ak,1ak,2 ≤ (k + 1) + α [(Bk +A) + (B −A) γ] (1− β)

(k + 1) + α [(Bk +A) + (B −A)β] (1− γ)
(k ≥ j) .

Hence, we may prove that

α (B −A) (1− γ)

(k + 1) + α [(Bk +A) + (B −A) γ] (21)

≤ (k + 1) + α [(Bk +A) + (B −A) γ] (1− β)

(k + 1) + α [(Bk +A) + (B −A)β] (1− γ)
(k ≥ j) .

It follows from (21) that

β = 1− (B −A)α (1− γ)2 (1 + αB) (k + 1)

(k + 1) + α [(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n
+ α2 (B −A)2 (1− γ)2

(k ≥ j) .

(22)
Let

Φ (k) = 1− α (B −A) (1− γ)2 (1 + αB) (k + 1)

(k + 1) + α [(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n
+ α2 (B −A)2 (1− γ)2

(k ≥ j) ,

we see that Φ (k) is an increasing function of k (k ≥ j). Therefore, we conclude from
(22) that

β ≤ Φ (j) = 1− α (B −A) (1− γ)2 (1 + αB) (j + 1)

(j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n
+ α2 (B −A)2 (1− γ)2

.

Corollary 3. Let each of the functions fi (i = 1, 2) dened by (17)

be in the class
n,+

c,λ,ℓ (A,B, γ,α, δ) . Then (f1 ∗ f2) (z) ∈
n,+

c,λ,ℓ (A,B, η,α, δ) ,

where

η = 1− α (B −A) (1− γ)2 (1 + αB) (j + 1)

j (j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n
+ α2 (B −A)2 (1− γ)2

.

The result is sharp for the functions fi (i = 1, 2) given by

fi (z) =
1

(z − δ)
− α (B −A) (1− γ)

j (j + 1) + α [(Bj +A) + (B −A) γ]

1 + λ(j+1)

ℓ

n (z − δ)j (i = 1, 2) .

(23)

Theorem 4. Let fi (i = 1, 2) dened by (17) be in the class
n,+

c,λ,ℓ (A,B, γ,α, δ) .

Then the function h(z) dened by

h(z) =
1

(z − δ)
+

∞

k=j


a2
k,1 + a2

k,2


(z − δ)k (24)
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belongs to the class
n,+

s,λ,ℓ (A,B, ζ,α, δ) where

ζ = 1− 2α (B −A) (1− γ)2 (1 + αB) (j + 1)

(j + 1) + α [(Bj +A) + (B −A) γ]2

1 + λ(j+1)

ℓ

n
+ 2α2 (B −A)2 (1− γ)2

.

The result is sharp for fi (i = 1, 2) given by (20).

Proof. Noting that

∞

k=j



(k + 1) + α [(Bk +A) + (B −A) γ]


1 + λ(k+1)

ℓ

n

α (B −A) (1− γ)




2

(ak,j)
2

≤




∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]

1 + λ(k+1)

ℓ

n

α (B −A) (1− γ)
ak,j




2

≤ 1,

for fi ∈
n,+

s,λ,ℓ (A,B, γ,α, δ) (i = 1, 2) , we have

∞

k=j

(k + 1) + α [(Bk +A) + (B −A) γ]2

1 + λ(k+1)

ℓ

2n

2α2 (B −A)2 (1− γ)2

(ak,1)

2 + (ak,2)
2 ≤ 1.

Thus we need to nd the largest ζ such that

(k + 1) + α [(Bk +A) + (B −A) ζ]
(1− ζ)

≤
(k + 1) + α [(Bk +A) + (B −A) γ]2


1 + λ(k+1)

ℓ

n

2α (B −A) (1− γ)2
(k ≥ j) ,

that is, that

ζ = 1− 2α (B −A) (1− γ)2 (1 + αB) (k + 1)

(k + 1) + α [(Bk +A) + (B −A) γ]2

1 + λ(k+1)

ℓ

n
+ 2α2 (B −A)2 (1− γ)2

(k ≥ j) .

(25)

Let

φ (k) = 1− 2α (B −A) (1− γ)2 (1 + αB) (k + 1)

(k + 1) + α [(Bk +A) + (B −A) γ]2

1 + λ(k+1)

ℓ

n
+ 2α2 (B −A)2 (1− γ)2

(k ≥ j) ,

we observe that φ (k) is an increasing function of k (k ≥ j). Therefore,
we conclude from (25) that

ζ ≤ φ (j) = 1− 2α (B −A) (1− γ)2 (1 + αB) (j + 1)

(j + 1) + α [(Bj +A) + (B −A) γ]2

1 + λ(j+1)

ℓ

n
+ 2α2 (B −A)2 (1− γ)2

.

Corollary 4. Let fi ∈
n,+

c,λ,ℓ (A,B, γ,α, δ) (i = 1, 2). Then h(z) dened

by (24) belongs to the class
n,+

c,λ,ℓ (A,B, ρ,α, δ) , where

ρ = 1− 2α (B −A) (1− γ)2 (1 + αB) (j + 1)

j (j + 1) + α [(Bj +A) + (B −A) γ]2

1 + λ(j+1)

ℓ

n
+ α2 (B −A)2 (1− γ)2

.

The result is sharp for the functions f1 and f2 given by (23).
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