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WEAKLY COMPATIBLE MAPS AND FIXED POINT RESULTS
IN SUPER METRIC SPACE

NAWNEET HOODA!, PARDEEP KUMAR?, MONIKA SIHAG?

ABSTRACT. The aim of this research paper is to extend the results of Karapinar
and Khojasteh [I3], Karapinar and Fulga [I2] in super metric space by using
weakly compatible mappings. Further, the analogue results of Jungck[10], Das
and Naik [6], and Ciric [5] in quasi-contraction mappings are generalized in
super metric space.

1. INTRODUCTION AND PRELIMINARIES

Let X be a non-empty set and d : X x X — [0, +00) be a mapping which satisfies

(d1) d(z,y) =0if and only if x = y for all z,y € X,

(d2) d(z,y) = d(y,x) for all z,y,€ X,

(d3) d(z,y) <d(z,z) +d(z,y) for all ,y,z € X. (triangular inequality)
Then, the pair (X, d) is called a Euclidean metric space or a metric space.
Considering Banach pioneering fixed point theorem, a large number of results have
been observed. Normally, there are two main features which are used to extend
and generalize the metric fixed point theory. Either the contractive conditions are
weakened or abstract structure is changed.

The well-known Banach’s contraction mapping principle states that if f: X — X
is a contraction on X (i. e. d(fz, fy) < qd(z,y) for some q < 1 and all x, y € X)
and X is complete , then f has a unique fixed point.

A large number of generalizations of this result have appeared in the literature of
fixed point theory. Ciric [5] introduced and studied quasi-contraction as one of the
most general contractive type map.

Definition 1.1 ([5]). A mapping { : X =X of a metric space X into itself is said
to be a quasi- contraction if and only if there exists a number ¢, 0 < g < 1, such that
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d(fz, fy) < gmax[d(z,y), d(z, fr),d(y, fy), d(z, fy),d(y, f)]
holds for every x, y € X. The well-known Ciric [5] result is that quasi-contraction
f possesses a unique fixed point.

Proposition 1.2. Let f be a quasi-contraction on a complete metric space X , then
f has a unique fixed point.

Proposition 1.3 ([6]). Let (X, p) be a complete metric space. Let f be a continuous
self-map on X and g be any self-map on X that commutes with f. Further, let {(X)
is a subset of g(X) , and there exists a constant A € (0,1) such that for every x, y
e X.

p(fx, fy) < AM,(z,y)
where

M,(x,y) = max[p(gz, gy), p(9z, fz), p(92, fy), p(gy, fy), p(gy, fz)].

Then f and g have a unique fixed point.

The structure of metric space has been generalized and extended in various
directions. We mention here only some famous generalized spaces such as: Cone
metric space [9], S - metric space [15], G-metric space [14], Complex- valued metric
space [2] , quasi- metric space [3]. Recently in 2022, Karapinar and Khojasteh [13]
have introduced a new extension of metric space and named it as Super metric
space.

Definition 1.4. Let X be a nonempty set and m : X x X — [0, +00) be a mapping
satisfying
(my) if m(x,y) =0, then x =y for all z,y € X,
(m2) m(z,y) =m(y,z) for all z,y € X,
(mg3) there exists s > 1 such that for all y € X, there exist distinct sequences
{zn}, {yn} C X, with m(x,,y,) — 0 when n tends to infinity, such that

lim supm(yn,y) < s lim supm(zy,,y).
n—oo n—oo
Then, the pair (X, m) is called a super metric space.
Definition 1.5. Let (X, m) be a super metric space and let {x,,} be a sequence in
X. We say
(i) {xn} converges to x in X if and only if m(z,,z) — 0, as n — oco.
(ii) {x,} is a Cauchy sequence in X if and only if nh—>Holo sup{m(z,, xm) : m >n} =
0.

(iii) (X, m) is a complete super metric space if and only if every Cauchy sequence
is convergent in X.

Proposition 1.6 ([I2]). On a super metric space, the limit of a convergent sequence
is unique.

Definition 1.7 ([I]). Let f and g be self-maps of a set X. If w = fo = gx for
some x in X, then z is called a coincidence point of f and g, and w is called a point
of coincidence of f and g.

Definition 1.8 ([II]). A pair (f,g) of self mappings of metric space (X, d) is said
to be weakly compatible if the mappings commute at all of their coincidence points,
that is, fx = gz for some x € X implies fgx = gfzx.
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Proposition 1.9 ([I]). Let f and g be weakly compatible self-maps of a set X.
If f and g have a unique point of coincidence w = fx = gz, then w is the unique
common fixed point of f and g.

In the present paper, we generalize the fixed point theorems of Karapinar and
Khojasteh [13], Karapinar and Fluga [12], and Jungck [I0]. Further, the results of
Das and Naik [6], and Ciric [5] are proved in super metric space with a different
approach.

2. MAIN RESULTS

Theorem 2.1. Let (X,m) be a complete super metric space and the mappings
f,9: X — X satisfy

m(gz, fy)
2s

forallz,ye X and 0 <k < 1. If f(X) C g(X) and g(X) is a complete subspace
of X, then f and g have a unique point of coincidence in X. Moreover, if f and g
are weakly compatible, then f and g have a unique fized point.

m(fz, fy) < kmaz[m(gz, gy), m(gz, fz), »m(gy, fy), m(gy, fz)] (2.1)

Proof. Let xp € X be an arbitrary point of X. Since f(X) C ¢g(X), there exists
x1 € X such that gr; = fxg. In this way, we can construct two distinct sequences
{fzn} and {gx,} such that gx,11 = fz, for all n € N. If for some n € N, we
have gz, = gx,+1, then f and g have a point of coincidence. On the contrary, let
gy # gTpy for all n € N.

Thus, for each n € N, we have

m(gxna gxn+1) = m(fxn—h fxn)

< kmax lm(gxn_hgxn),m(gxn_u frn_1),

m(gxn—la fxn)
T7 m(gxna fxn)a m(gxru fxn—l)‘|
= k max lm<gxn1a gfL'n), m(gaﬁn,l,gxn),

m(9Zn—1,GTn+1)
2s

9 m(gxna g.’I;n+1>, m(gx'ru gxn)‘|

M(9Trn—1, JTn+1)
2s

= kmax [m(gxnh 9Tn), ,m(gwmgwnu)l :

Let us denote A = |m(gzn_1,92y,), W,m(gmn,gxnﬂ)] )

If max A = m(gxn, gTn+1),then

m(gxn,gxn_H) < k m(gxnvgxn-l-l) < m(gxn,g:cn+1),



4 NAWNEET HOODA!, PARDEEP KUMAR?, MONIKA SIHAG? EJMAA-2024/12(1)

which is a contradiction.
Further, if max A = %W, then

M(gTn—1,9Tn+1) m(gTn_1,9%ny1)
< )
2s 2s

m(gTn, gTns1) <k l

and using (ms), we have

. 1.
lim supm(gn, gTn+1) < 5= Hm supm(garn—1,9Tni1)
n—o0 S n—oo

s .
— lim supm(fan_1,9Tn+1)
S n—o0

IN

1.
3 Jim supm(gzn, gont1),
n— o0

which is again a contradiction. Therefore,

m(gfn, gmn—l—l) = m(fmn—la fxn)

S k m(gffn—lagxn)
<k m(gzn_2,9Tn_1)
< k" m(gxo, gz1). (2.2)

Our aim is to prove that {gz,} is Cauchy sequence. Let € > 0.
Since lim k™ m(gxo,gx1) = 0, there exists N € N such that
n—oo

E™ Im(gxo, gz1)] < e forallm > N.
Therefore, using forall n > N
m(gen, gTnt1) < €. (2.3)
Let m,n € N with m > n. We will prove that
m(gen, gTm) < € for all m >mn > N. (2.4)

Now from ([2.3), we get that the result is true for m = n + 1. If z,, = z,,, (2.4) is
trivially true.

Without loss of generality, we can take x,, # x,,. Suppose (2.4) is true for m = k
ie.

lim sup m(gzn, gxi) = 0.
n—oo
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Therefore, by using (2.1]) for m = k + 1 we have

Mm(9Tn, gTrt1) = m(fen_1, foi)
S k max [m(gxn—l7gxk)7m(gxn—lv fxn—l)a

m(gx,_1, fx
(gn281fk)am(gxlmka)’m(gxk7fxn—l)]
= kmax lm(gmn_l,gxk), m(gxn—1,9Tn),

m(gl‘n—l ) g$k+1)
2s

,m(gl‘ka gxk+1)a m(gxk, gxn>] .

Put B = [m(gxn—lvgxk)7m(gxn—l7gx7b)Wam(gxk7gxk+1)7m(gxkagx7z)] .

If max B = m(gx,—_1,gxy), then

m(g2n, gTrp1) = m(frp_1, foy)
S k m(gl'nflvgxk)'
Taking n — oo

lim supm(gz,, gr+1) < k lim supm(gx,—_1, gri).
n—oo n—oo
Using (mg3), we get

lim supm(gz,,gri+1) < sk lim supm(fx,—1,92x) = sk lim supm(gx,,gxr) = 0.
n—oo n—oo n—oo

If max B = m(gx,—_1, gx,), then

lim supm(gzn, grr1) < k lim supm(gzn_1,g,)
n— o0 n—0o0
< lim Supm(gacn,l,gmn)
n—o0
< s lim supm(fr,_1,97n) (by ms)
n—oo
= s lim supm(gey, gn)
n—oo
=0.

If max B = %W, then

. 1.
Jim supm(gzn, i) < 5ok lm supm(gzn—1, gri+1)

1.
< 57 Jim sup m(gan 1, 9r41)
S n—oo

s .
< % lim sup m(fan—1, gr+1)(by ms)

S n—o0

1 ..
= = lim supm(gzn, gri1),
n— oo
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which is a contradiction.
If max B = m(gxg, gTgt1), then

lim supm(gan, gris1) < k lim supm(gzr, gris1)
n—oo n—oo

< lim supm(gzk, gr+1)
n—oo
<s lim supm(fxk, gr+1) (byms)
n—oo
< s lim supm(gzry1, gr+1)
n—oo
=0.
If max B = m(gxy, gxi), then the result is clear.
Hence, by induction lim sup m(gz,, gzi+1) = 0.
n—oo

This shows that {gz,} is a Cauchy sequence. By completeness of g(X), we get
that {gx,} is convergent to some ¢ € g(X). So there exists p € X, such that
gp =q = lim gx,. We will show that gp = fp.

n—oo
We have,

m(gp, fp) = lim m(gzn, fp)

= lim m(fzn-1, fp).

n—oo

Consider m(fx,—1, fp) and applying (2.1), we obtain

m(fxn—la fp) < kmax [m(gxn—lagp)) m(gxn—la fxn—l)7

m(gTn—1, D)

5% ), m(gp, fp), m(gp, fmnl)]

< max [m(gxnhgp),m(g:vnh fn_1),

m(gxn—1, fp) )

2s 7m(gp7 fp)am(gpv fxnl)]

= max [m(gzn—la gp)7 m(gxn—l , gxn)a

m(gxn—la fp) )

55 ,m(gp, fp), m(gp, gwn)] .

Taking n — oo, gives

m(gp, fp) < max [m(gp, gp), m(gp, gp), ") ‘m(gp, fp), m(gp, gp)] = m(gp, fp),
which is a contradiction.
Therefore gp = fp. We will now show that f and ¢ have a unique point of co-
incidence. Suppose that fqg = gq for some ¢ € X. By applying (2.1)), it follows
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that
m(gp, 9q) = m(fp, fq)

m(gp, fq)

5. M9, f9). m(gq, fp)

< k max|m(gp, 9q), m(gp, fp),

<k m(gp, 9q) < m(gp,g9q),

which is a contradiction. Hence we have gp = gq.

This implies that f and g have a unique point of coincidence. By Proposition
1.9, we conclude that f and g have a unique common fixed point.
This complete the proof of theorem. O

Remark 2.2. Let g = Ix, be identity map on X in Theorem 2.1, we get a gener-
alization and extension of Karapinar and Khojasteh result [13], Theorem 2.6.]

“Let (X, M) be a complete super metric space and let 7' : X — X be a mapping.
Suppose that 0 < k < 1 such that

m(Tz, Ty) <k m(z,y),
for all x,y € X. Then T has a unique fixed point in X”.

Remark 2.3. An example [I3, Example 2.7] is proposed to apply [13, Theorem
2.6.], where X = [2,3] and T': X — X is defined as

2
Tm:{ , T #3,

3 —
bR r=3.

But the mapping T is not a valid mapping on X = [2, 3]. Thus, the main motto of
the example is forfeited.

Remark 2.4. In Example 2.7 [I3], there seems to be no typographical error in
writing the set X = [2, 3], since Theorem 2.6 [13] is verified for 2 < z < 3.

Remark 2.5. [§] A rectification on Remark 2.3 is given and generalization of
Karapinar and Khojasteh result [I3, Theorem 2.6] is obtained.

Remark 2.6. If we take g = Ix, the Identity map on X in Theorem 2.1., we can
deduce the analogue of Proposition 1.3 in super metric space.

Remark 2.7. Taking g = I'x, the Identity map on X in Theorem 2.1.; one can de-
duce an extended analogue of the following result of Jungck [I0] in complete super
metric space:

“Let (X,p) be a complete metric space. Let f be a continuous self-map on X
and g be any self-map on X that commutes with f. Further, let f and g satisfy
f(X) C g(X) and there exists a constant A € (0,1) such that for every z,y € X

p(fz, fy) < X plgz, gy).
Then f and g have a unique common fixed point”.

Example 2.8. Let X = [1,3] and define

_Jry, z#y,
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It has been shown in [13] that (X, m) is a super metric space. Further, let k = 5.
Now consider f,g: X — X as follows

3 —
3 z=3

2
fa:z{’ v 3 and gr =4 —x.

Here g(X) =1[1,3], f(X) C g(X) and g(X) is complete space.
We obtain that f and g satisfy the contractive conditions of Theorem[2-1. Indeed
forx #3, y=3 and s = 6, we obtain

m(fx,fy)zm(?,é) :2><%:3.

We calculate the right hand side of Theorem 2.1 for this example as follows :

(i) m(gz, gy) = m(gx,1) = gz, where gz € (1,3].

(ii) m(gz, fz) = [m(gz,2)] = 2gx, where gz € (1, 3].

3
(iii) m(ggs’fy) = %[m(gx’2)] = (?’2’%) < +(3gx), where gz € (1,3].

N

(iv) m(gy, fy) =m(1,3) = 2.

(v) m(gy, fr) =m(1,2) = 2.

Therefore, maximum of right hand side of this example for Theorem 2.1 is 2 gx
where gz € (1,3].

The other cases are straightforward. Now for x = 2, fr = gz and fgxr = gfx. So, 2
is the unique point of coincidence of f and g. Thus all the conditions of Theorem[2-]]
are satisfied. Therefore, 2 is the unique common fized point by Theorem [2.1]

Theorem 2.9. Let (X, m) be a complete super metric space. Suppose that the
mappings f,qg: X — X satisfy

m(gz, fy) + m(gy, fr)
2s ’

m(fx, fy) <k [max {m(gz,gy),

m(gz, fx)m(gz, fy) + m(gy, fy)m(gy, fz) (2.5)
m(gz, fy) + m(gy, fz) + 1 :

forall z,y € X. If f(X) C g(X) and g(X) is a complete subspace of X, then f
and g have a unique point of coincidence in X. Moreover, if f and g are weakly
compatible, then f and g have a unique fized point.

Proof. Let xy € X be an arbitrary point. Since f(X) C g(X), there exists 21 € X
such that gz; = fxo. Inductively, we can construct two distinct sequences {fz,}
and {gz,} such that gz,41 = fx, for all n € N. If there is n € N such that
gTn = gTpy1, then f and g have a point of coincidence. Thus, we can suppose that
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gTn # gTpy1, for all n € N. Therefore, for each n € N, we obtain that
m(gwn, g$n+1) = m(fxnfla fxn)

m(gzn—h fzn) + m(gxna fxn—l)
25 ’

<k lmax {m(gxn—h 9Tn),

m(gfﬁn—h fzn—l) m(giﬂn—h fwn) + m(gxm fxn) m(gasn, fzn—l)

m(gxnfla fxn) + m(gmna f‘rnfl) + 1

M(gTn—1,9Tn+1) + M(gTn, gTn)
2s ’

=k [max {m(gxn—la gl’n),

m(9Tn—1,9%n) M(GTn—1, §Tn+1) + M(9Tn, gTri1) M(GTrn, 9Tn)
m(gxn—la gzn-‘rl) + m(gxna gxn) + 1

m(gTn—1,9Tn41)
2s '

<k {max {m(gmn—ugxn)v

If max {m(gxn_l,gmn), m(gx”*;S’gm"“)} = m(gm"*;s’g“’"“), then

m(grn_1, g$n+1)} m(9Tn—1,9%nt1)
<
2s 2s
Taking limit as n — oo on both sides implies that

(gensginss) < K|

. 1 .
lim sup m(gn, gTn41) < 5- lim supm(gan—1, g2n+1)
n—00 28 n—oo

S .
< % nh_{lgo sup m(frn—1,9%ns1) (by ms)

1.
= 5, lim_supm(gzn, grn+1),

n—oo

giving a contradiction. Therefore,
m(gmn,gmnﬂ) <k m(gxn—lagxn)~
That is, for each n € N, we have
m(gxnvger»l) = m(fxnfla fxn)
S k m(g-rnfh gwn)
< K m(gzn_2,gTn_1)

< k" m(gwo, g1).

We will show that {gz,} is a Cauchy sequence.
Since lim k™ m(gzo,gx1) = 0, there exists N € N, such that
n—oo

k™ m(gxo,gx1) < e for all m > N.
This implies that
m(gTn, gTnt1) < € for all n > N. (2.6)
Let m,n € N with m > n. We will prove that
m(gxn, gtm) <€ forallm>n>N (2.7

|
|
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by induction on m. From (2.6]), the result is true for m = n+ 1. Suppose that (2.7))
holds for m = k. Therefore, for m = k 4+ 1, we have

m(gxm gfﬂk+1) = m(fmnfh fffk)

m(gxn—la ka) + m(gxk, fxn—l)

<k ,
2s

max {m(gxn—la gzk)a

m(gxn—1, frn-1) m(gxn—_1, for) + m(gzr, for) m(gak, frn—1)
m(grn—1, frr) + m(gag, fen—1) +1 '

mM(gTn—1,fTk)+Mm(9Tk,fTn—1)

Denote A = |m(gxn-1, 9zk), 2s ’

m(gen—1,fTn—1) m(gxn_1,frr)+m(gzr,frr) m(gey,fTn_1)
m(gen_1,fer)+m(ger, fran_1)+1 :

If max A = [m(g9zn—1,92k)], then

Mg, 9Tk11) < k m(grn—1, gTK) < m(grn—1, gk)-

Using (m3),
lim supm(gz,, gri+1) < s lim supm(fz,—1,g9xk)
n— o0 n—0o0
= s lim supm(gxy, gz)
n—oo
=0.
Hence
m(g2n, gTrs1) < €. (2.8)

If max A — M(gxnfl,fwk);m(gxk,fﬂcnfl)’ then

k m(gxn—h ka:) + m(gﬂfk, fxn—l)
2s

m(gTn, gTr41) <

m(gxn—1, frr) + m(9xk, frn_1)
2s

_ mlgTn_1,gTpt1) + M(gTR, Tn)
2s

<

Taking n — oo and using (m3),

Jim supm(gzn, gorer) < 5o Wm supm(gzn—1,9Tk+1) + o lim supm(gzs, gzx)

S . s ..
< 27 lim sup m(fxn—la gzk—‘—l) + - lim sup m(gxna fmk)
S n—o0 28 n—oo

=3 Jimsup m(gn, g1 + 2 Jim sup m(gZn, gTr+1),
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which gives a contradiction.
_ m(gn_1,frn_1) m(gn_1,frr)tm(ger,frr) m(gre,fon_1)
If max A = P W ETR E= T oy ey , then

-mxn—yzn—mftn_,{E +m$,l' m(gxy, fTn_
m(gTn, grry1) < k g L f 1) mig L fok) (g2, frr) m(gzy, f 1)]

m(gen—1, frr) + m(gre, fen—1) +1

(9T 1, 92n) M(gTn—1, 9Tk11) + M(gTkr GTh11) m(gxk,gm]

=k
M(9Tn—1, 9Tky1) + M(gT, gTn) + 1

m(g2n_1,9%n) M(gTn_1, 9Trs1) + m(g2r, gTri1) m(9Tr, 9T0)
m(gxnfla g$k+1) + m(gxkv gxn) =+ 1

m(gTn—1,9%n) M(GTn_1, 9Thk41) m(gxy, 9Tit1) m(9xr, gTn)
_m(gilfn—hgﬂfkﬂ) m(gxr, gxn) + 1 m(gzn—_1,9Tk+1) m(gxr, g2n) + 1

< k|m(gzn—1,9Tn) + m(gwmgl“kﬂ)]
Taking n — oo and using (mgs), we have
lim sup m(gzn, grr+1) < k lim sup[m(ge,—1,9e,) + m(gzr, grr+1)]
n—oo n—oo
< sk lim sup[m(frn_1,92s) + m(fg, gTri1)]
n—oo
= sk lim sup[m(gz,, grn) + m(gTri1, 9Trt1)
n—oo
=0, since s > 1 is finite.
Therefore,
m(gxn, grry1) < € (2.9)

Thus (2.8)) holds for all m > n > N. It follows that {gz,} is a Cauchy sequence.

By the completeness of g(X ), we obtain that {gx, } is convergent to some ¢ € g(X).

So there exists p € X such that gp = ¢ = lim gz,. We will show that gp = fp.
n—oo

Suppose that gp # fp.
We have,

m(gp, fp) = lim m(gzn, fp)
= lim m(fxn—lvfp)'

n— oo

Consider m(fx,_1, fp) and applying (2.5), we obtain

m(fn s fp) < lmax {mmn_l,gp), gt Jp) E g Fnt),

m(gTn—1, fTn_1) m(gzn_1, fp) +m(gp, fp) m(gp, frn_1)
m(gxnfla fp) + m(gpa fxnfl) + 1

(9Tn—1, fp) +m(gp, g2n)
2s ’

=k [max {m(gxnlagp)’ =

m(gZn-1,9Tn) M(gTn_1, fp) +m(gp, £p) m(gp, gzn)
m(g@n—1, fp) +m(gp, gzn) + 1 :
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Taking limit as n — oo

m(gp, fp) < k [max {m(gp, gp), 9. [p) +m(gp, gp)

2s ’

m(gp, gp) m(gp, fp) + m(gp, fp) m(gp, gp)
m(gp, fp) +m(gp, gp) +1
_.rm(gp, fp) m(gp, fp)
- k[ 2s } < [ 2s }’
giving a contradiction, since s > 1. So, gp = fp.

We now show that f and ¢ have a unique point of coincidence. Let fq = gq for
some q € X.

Assume that gp # gq. By applying (2.5)), it follows that
m(gp, 99) = m(fp, fq)

<k lmax{m(gp; 99); m(gq’fq);sm(gq’fp),

m(gp, fp) m(gp, fq) +m(gq, fq) m(gq, fp)
m(gp, fq) m(gp, fp) +1

m(gq, + m(gq,
_k [max {m(gp, gq), T199:99) . (92.97)

m(gp, gp) m(gp, 9q) + m(gq, 9q) m(gq, gp)
m(gp, gq) m(gp, gp) +1

m(gp, 9q) H

=k [max {m(gn 99), —

=k m(gp, 9q)-

Therefore, m(gp, g9q) < k m(gp,gq) < m(gp, gq) which leads to a contradiction.
Hence gp = gq.

This implies that f and g have a unique point of coincidence. By Proposition [1.9
we can conclude that f and g have a unique common fixed point. ([

Remark 2.10. If we take g = Ix , the identity map on X in Theorem 2.9., one
can deduce the following result of Karapinar and Fulga [10] as a corollary.

Corollary 2.11. Let (X, m, s) be a complete super metric space and T : X — X
be an asymptotically regular mapping. If there exists k € [0,1), such that

T T T T T T
(T, Ty) < kmax |m(z,y), & LY +mly, Te) mz, Tx) mz, Ty) + mly, Ty) my, Tz)
2s m(z, Ty) + m(y, Tx) + 1

Then T has a unique fixed point.
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