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ABSTRACT. Complex analysis is a very important branch of research in Pure
Mathematics and so many works in different directions have been explored in
this field. Moreover, in this regard, the study of growth analysis of composite
entire functions in terms of maximum modulus or maximum terms is one of the
most important part of research. Order and lower order are the classical growth
indicators which are the main tools to determine the growth rate of composite
entire functions. Continuing the research work and proceed ahead, the idea
of order has been modified and extended to iterated p-order, (p, q)-th order,
generalized order, (p, q)-¢ order etc. by different researchers. Recently, Belaidi
et al. [1] have introduced the concept of («, 8, v)-order of entire function which
is considerably extended and generalized all the previous ideas of different
growth indicators. However, study of growth properties of composite entire
functions in terms of their central index is another active side of research and
in this paper, we have discussed some central index based growth properties
of composite entire functions on the basis of their («, 3,v)-order and («, 3, 7)-
lower order.

1. INTRODUCTION

“+ o0
Let f = > anz"™ be an entire function defined on C, the set of all fi-
n=0

nite complex numbers. The maximum modulus function M ¢ (r) and the maxi-

mum term function us(r) of f, are respectively defined as M; = lmlax |f (2)] and
z|=r

py = max (lan|r™). The central index v¢(r) of an entire function f is the greatest
n

exponent n for which |a,|r™ = pus(r). Clearly, like My (r) and s (r), v¢(r) is also
real and increasing function of r. Though v;(r) is much weaker than M; (r) and
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g (r) in some sense, from another angle of view ’;i—é:; is also called the growth
of f with respect to g in terms of the central index. Order and lower order are
classical growth indicators of entire and meromorphic functions in complex analy-
sis. Several authors have made the close investigations on the growth properties of
entire and meromorphic in different directions using the concepts of order, iterated
p-order [9, 10], (p, ¢)-th order [7, 8], (p, q)-¢ order [11] and achieved many valuable
results. The standard notations and definitions of the theory of entire functions are
available in [12, 13] and therefore we do not explain those in details. To start our
paper, we just recall the following definition:

Definition 1.1. The order py and the lower order Ay of an entire function f are
defined as:

log log M (r) log log M ()

=1 d Ay = liminf
Ps iIE-qS—l;f log r ané Ay =0 -&golo logr
He and Xiao [5] gave the alternative definitions of order and lower order of
entire function f in terms of its central index which are as follows:

pr = limsup 2820 gy, = lim g 282 )
ro+too logr r—+oo logr

First of all, let L be a class of continuous non-negative on (—oo, +00) func-
tions « such that a(z) = a(xg) > 0 for z < xy with a(z) T +o00 as g < x — +o0.
We say that o € Ly, if & € L and a(a+b) < a(a)+a(b)+cforall a,b > Ry and fixed
¢ € (0,+00). Further we say that & € Lo, if « € L and a(x+0O(1)) = (1+0(1))a(x)
as x — +oo. Finally, « € L3, if « € L and a(a +b) < ala) + «a(b) for all a,b > Ry,
i.e., a is subadditive. Clearly L3 C L;.

Particularly, when o € L3, then one can easily verify that a(mr) < ma(r),
m > 2 is an integer. Up to a normalization, subadditivity is implied by concavity.
Indeed, if a(r) is concave on [0, 4+00) and satisfies «(0) > 0, then for ¢ € [0, 1],

alte) = altzx+(1—-1t)-0)
> ta(a) + (1 - )a(0) > ta(a),
so that by choosing ¢ = ﬁb ort = a;jrb’
a b
ala+b) = a+ba(a—|—b)+a—+ba(a+b)

< a(aib(a—kb))—koz(aib(a—&-b))

= a(a)+ ad), a,b>0.

As a non-decreasing, subadditive and unbounded function, «(r) satisfies

a(r) < a(r+ Ro) < a(r) + a(Ryp)
for any Ry > 0. This yields that a(r) ~ a(r + Ry) as r — +oo. Throughout the
present paper we take aw € Ly, 8 € Lo, v € Ls.
Heittokangas et al. [6] introduced a new concept of ¢-order of entire function
considering ¢ as subadditive function. For details, one may see [6]. Recently, Belaidi
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et al. [1] have extended this idea and have introduced the definitions of (a, 8,7)-
order and («, 8, v)-lower order of an entire function f in terms of maximum moduli
in the following way:

Definition 1.2. [1] The (a,3,7)-order denoted by p(a, 5. |f] and (a, B,7)-lower
order denoted by A(a.p.)[f]; of an entire function f, are defined as:

o a(log®P (M )
P(a.mLS] I S0P 5 llog(7(r))

and)\(aﬁﬁ)[f] = liminf

Further Belaidi et al. [1] have also introduced the equivalent definitions of
(o, B,7)-order and («, B, y)-lower order of an entire function f in terms of its central
index which are as follows:

Definition 1.3. [1] The («, 8,7)-order denoted by pia,p[f] and (o, B,)-lower
order denoted by A(a,p.)[f] of an entire function f are defined as:

— fimsup o8 ()
Pasmlfl = 1T~>+O<I>) B (loa(1(1))
and Napplf] = lim infw

r=+o0 B (log(y(r)))
Remark 1. Let a(r) = B(r) = r, the Definition 1.3 coincides with the definition
of order and lower order given by He et al. [5].

In this paper, we have studied some growth properties relating to the com-
position of entire functions on the basis of («, 8, v)-order and («, 3, )-lower order
in terms of central index. In fact some works in this area have also been explored
in [2, 3].

2. MAIN RESULTS

In this section, the main results of the paper are presented.

Theorem 2.1. Let f and g are entire functions such that 0 < \app[f] <
Pla,8.f] < +oo and Ao g ) [f 0 g] = +00. Then

a(log(vyog(r)))

r—+o0 a(log(vf(r)))

Proof. If possible, let the conclusion of the theorem does not hold. Then we can
find a constant A > 0 such that for a sequence of values of r tending to infinity

a(log(vfog(r))) < A - a(log(vg(r))). (1)
Again from the definition of p(q,g,,)[f], it follows for all sufficiently large values of
r that

= +o00.

a(log(vy(r))) < (p(a.pq [f] + €)Bog(y(r))). (2)
From (1) and (2), for a sequence of values of r tending to +oo,we have
a(log(veg(r))) < Alp(a,p,mLf] + €)Bog(y(r))),

a(log(vrog(r)))

e., W < A(p(a,ﬁ,'y) [f] + 6)7
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liminf a(log(vfog(r)))
r—+oo B(log(v(r)))
i.e., ANa,gf og] < +oo.

< 00,

This is a contradiction.
Thus the theorem follows. O

Remark 2. If we take 0 < Ao )9 < papylg] < +00” instead of 0 <
Mag) ] < peaplf] < 400” and other conditions remain same, the conclusion
of Theorem 2.1 remains true with “a(log(vye(r)))” in place of “a(log(vs(r)))” in
the denominator.

Remark 3. Theorem 2.1 and Remark 2 are also valid with “limit superior” instead
of “limit” if “N.pqf o gl = +o0” is replaced by “p(a.p[f © gl = +00” and the
other conditions remain the same.

Theorem 2.2. Let f and g are entire functions such that 0 < A\py[f ©g] <
P s lf © 9] < Hoo and 0 < Ao py)[f] < papylf] < +oo. Then

Aa,gnlf 0 gl < Timinf® a (log(vyog(r)))
Papmll] - rotee a(log(vs(r))
< min { Aaslf o9l plasy }
- Nagnlf] P(a,ﬁ w)
< max { Aasmlfogl pasq }
- Nagnlf] P(a,B ylf
(log(Vfog(T))) < Pasylfod]
< lme . Toglr 0N S sl

Proof. From the definitions of X ) [f © 9], pPra.8.9)f © 9], Magylf]s Pla.sylf]
and we have for arbitrary positive € and for all sufficiently large values of r such

that

) = (Aa,gylf 0 9] — ) Bllog(v(r))), (3)

a (log(vfog(r))) < (p(a.smlf © gl +€) Blog(~(r))), (4)
a (log(vs(r))) = (Na.pylf] =€) Blog(v(r))) (5)

) (6)

)
and a (log(vf(r))) < (P(a,8,7 [f] +¢) Blog(v(r 6
Again for a sequence of values of r tending to infinity,

a (log(vfoq(r)))

))-

a (log(vfog(r))) < (Ma,s.f © 9] +€) Blog(~(r))), (7)
o (10g(Vsoq (1)) = (P(a.p.yf 0 9] =€) Blog(v(r)), ®)
a (log(v4(r))) < (Ma,p. [f] + €) Bllog(7(r))) (9)
and o (log(vy(r))) = (p(a,5,f] — €) Blog(y(r)))- (10)
Now from (3) and (6) it follows for all sufficiently large values of r that
a (log(vog(r))) o Mapsylfogl —¢
a(log(vs(r)) = papmlfi+e
As e (> 0) is arbitrary, we obtain that

liminfa (10g(l/fog(7‘))) S A(a,ﬁﬁ) f og]. (11)

r—+00 a(log(l/f(r))) - P(a,ﬁ,’y)[f]
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Combining (5) and (7), we have for a sequence of values of r tending to infinity
that

a (log(vog(r))) _ Mapsylfog+e
a(log(vs(r) = A@pmlfl—¢
Since € (> 0) is arbitrary it follows that
A
lim jnf & 008Wses (1)) _ Awsmlf © 9]
r—+oo a (log(vs(r))) Mg f]
Again from (3) and (9), for a sequence of values of r tending to infinity, we get
@ (08(v1oy (1)) Ml 2] =<
a(log(vs(r))) = Mapmlfl+e
As e (> 0) is arbitrary, we get from above that

a (log(vro4(r))) o Atapnlf © 91

(12)

lim sup > (13)
r—too o (log(vg(r))) A, [f]
Now, it follows from (4) and (5), for all sufficiently large values of r that
o (log(vog(r))) < PlaB) [fogl+e
a(log(vs(r))) = Aapmlfl—¢
Since € (> 0) is arbitrary, we obtain that
1 o a
limsupa( 0g(Vfog(r))) < Ao ,ﬁﬁ)[fog]. (14)

r—+oo O (IOg(Vf (7‘))) )‘(aﬁﬂ) [f]

Now from (4) and (10), it follows for a sequence of values of r tending to infinity
that
a (log(vyog(r))) _ Papylfoglte
a(log(ve(r))) = pasmlfl —¢
As € (> 0) is arbitrary, we obtain that

i @108 (Vo () _ Plasnlf © 4]
M Tog s ) = prap ]

So combining (6) and (8), we get for a sequence of values of r tending to infinity
that

. (15)

o (10g(V5o4(r))) o Plapmlfogl—¢
a (log(v¢(r))) Plapylf]+e
Since € (> 0) is arbitrary, it follows that

a (log(Vfog(r))) S Plapm) [fog].

lim sup > 16
P20 (og(s (1)~ preso ] 1o
Thus the theorem follows from (11),(12),(13), (14), (15) and (16). O

Remark 4. If we take 0 < A9 < papylg] < +00” instead of 0 <
Mag )] < peaplf] < 400” and other conditions remain same, the conclusion
of Theorem 2.2 remains true with “Na.)[9]”, “Pra,p.[9]” and “a(log(vy(r)))”
in place of “Na,pnf]"s “Pla,snlf]” and “a(log(vs(r)))” respectively in the de-
nominators.

Acknowledgement. The authors are very much thankful to the reviewer for
his/her valuable suggestions to bring the paper in its present form.



(1]

2]
(3]

[4

(5]
(6]

(7]
(8]
9
(10]

(11]

(12]

(13]

T. BISWAS, C. BISWAS, S. K. PAL JFCA-2024/15(2)

REFERENCES

B. Belaidi and T. Biswas, Study of complex oscillation of solutions of a second order linear
differential equation with entire coefficients of (a, 3,~)-order, WSEAS Trans. Math., 21, 361-
370, 2022, doi: 10.37394/23206.2022.21.43.

T. Biswas, Estimation of the central index of composite entire functions, Uzb. Math. J., 2018,
2, 142-149, 2018, doi: 10.29229/uzmj.2018-2-14.

T. Biswas, Central index based some comparative growth analysis of composite entire func-
tions from the view point of L*-order, J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math.,
25, 3, 193-201, 2018, https://doi.org/10.7468 /jksmeb.2018.25.3.193.

I. Chyzhykov and N. Semochko, Fast growing entire solutions of linear differential equations,
Math. Bull. Shevchenko Sci. Soc., 13, 68-83, 2016.

Y. Z. He and X. Z. Xiao, Algebroid functions and ordinary differential equations, Science
Press, Beijing, 1988 (in Chinese).

J. Heittokangas, J. Wang, Z. T. Wen, H. Yu, Meromorphic functions of finite ¢-order
and linear g-difference equations, J. Difference Equ. Appl., 27, 9, 1280-1309, 2021, doi:
10.1080,/10236198.2021.1982919.

O. P. Juneja, G. P. Kapoor and S. K. Bajpai, On the (p, q)-type and lower (p, q)-type of an
entire function, J. Reine Angew. Math., 290, 180-190, 1977.

O. P. Juneja, G. P. Kapoor and S. K. Bajpai, On the (p, ¢)-order and lower (p, g)-order of an
entire function, J. Reine Angew. Math., 282, 53-67, 1976.

L. Kinnunen, Linear differential equations with solutions of finite iterated order, Southeast
Asian Bull. Math., 22, 4, 385-405, 1998.

D. Sato, On the rate of growth of entire functions of fast growth, Bull. Amer. Math. Soc.,
69, 411-414, 1963.

X. Shen, J. Tu and H. Y. Xu, Complex oscillation of a second-order linear differential equation
with entire coefficients of [p,g]-¢ order, Adv. Difference Equ., 2014 : 200, 2014, 14 pages, doi:
10.1186,/1687-1847-2014-200.

G. Valiron, Lectures on the general theory of integral functions, Chelsea Publishing Company,
New York , 1949.

L. Yang, Value distribution theory, Springer-Verlag, Berlin, 1993.

T. BISWAS

RAJBARI, RABINDRAPALLY, R. N. TAGORE ROAD

P.O.-KRISHNAGAR, P.S.-KATwALI, DIST.-NADIA, PIN- 741101, WEST BENGAL, INDIA.
E-mail address: tanmaybiswas math@rediffmail.com

C. Biswas

DEPARTMENT OF MATHEMATICS, NABADWIP VIDYASAGAR COLLEGE
NaBabpwip, DisT.- NADIA, PIN-741302, WEST BENGAL, INDIA.
E-mail address: chinmay.shib@gmail.com

S. K. PAL

DEPARTMENT OF MATHEMATICS, JANGIPUR COLLEGE

P.O.-JANGIPUR, DIST.-MURSHIDABAD, PIN-742213, WEST BENGAL, INDIA.
E-mail address: palsudipto2017@gmail.com



