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Accepted: 2023-12-28 integral operators. These operators are applied to polynomial bases of
Online: 2024-04-29 complex conformable derivatives (GCCDB) and generalized complex

conformable integrals (GCCIB) in Fréchet spaces. We also investigate their

convergence properties within closed disks, open disks, open regions
surrounding closed disks, origin and for all entire functions, employing the
Cannon sum, order, type and T,-property as convergence criteria for our
study. The significance of this work lies in generalizing certain previous
studies and considering them as special cases of it. Additionally, this paper
concludes examples and applications that illustrate the concepts of GCCDB
and GCCIB.
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Theory of basic sets of polynomials (BPs) plays an important role in different
mathematical branches. It aids mathematicians and those involved in mathematical fields
simplifying studies in areas such as partial differential equations, mathematical physics,
and nonlinear analysis. In 20t"century mathematicians developed the notion of BPs ([1],
see also [2—4]). Their notion depends explicity on an analytic function f(z) which can be

expanded by the BP {B,(2)} as f(z) ~ X, a, B.,(z). Taylor series represents the first
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appearance of the BPs. It was later generalized and expanded to include polynomials such

as Lagendre, Euler, Bessel, Bernoulli, Chebyshev polynomials ([5-10]).

As an early study, authors ([1, 2]) study BPs in one complex variable for open and
closed disks. Previous studies ([11-19]) show that BPs extended and generalized in
numerous directions. One of them is produced thanks to Abul-Ez and Constales ([13, 16,
18, 19]). It’s noteworthy to say that their study contains variables of domains such as
closed hyperball, open hyperball, open hyperball containing closed ball, origin, whole
space in Clifford analysis. Another direction of study was pursued by Malonek ([17]),
Kishka et al. ([14]), El-sayed ([11]), Kumuyi and Nassif ([15]), El-sayed and
Kishka([12]), their researches explored domains such as polycylindrical, hyperspherical,

and hyperelliptical regions acrossmultiple complex variables.

Hassan et al. ([20]) give a new perspective of BPs of special monogenic polynomials
in Fréchet spaces. Because of the importance of the derivative of BPs (DBPSs) in topology
and algebra, mathematicians have been studied in different regions and spaces. DBPs one
defined for open disks and closed disks (resp., polyclinderical, hyperspherical and
hyperellitical regions) in one complex variable (resp., several complex variables), one can

see ([21-23]) (resp., [11], [12], [14], [15], [24]).

One of the crucial issues of the present moment is the fraction calculus (that is,
calculus of integrals and derivatives of arbitrary order). Fractional calculus has started to
be gained significant attention in a few fields of science and engineering. It has been
applied to breakdown numerous dynamical processes and complex nonlinear physical

phenomena in physics, electromagnetic, engineering, anomalous diffusion, chemistry,
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visco-elasticity, and electro-chemistry. Due to its extensive use in the aforementioned
domains, this topic has grown in relevance during the past few decades. Numerous recent

efforts have been made in this area, some of which are described in [25-27].

This paper introduces two new bases, denotes (GCCDB and GCCIB). It investigate
the convergence properties of GCCDB and GCCIB in the context of Fréchet spaces,

employing tools such as the Cannon function, order, type and T,-property. Further-more,

the paper includes examples and applications related to GCCDB and GCCIB.

2 Basic concepts
This section presents previous studies on basic sets, Cannon function, order, type and the

T,-property. Additionally, it introduces conceptes related to complex conformable
derivatives.

Definition 2.1. The mapping II. I: X — R, where X is a vector space and R is the set of

real numbers, is a seminorm if the following axioms are satisfied:

() Ifll = 0Vf €X,

(i)lf +gll <lIfll +llgllvf,g € X,

(ii)llafll = lallflI Vf € XVa € C

Any norm on X is a seminorm with the additional property that ||f|| = 0 if and only if

f=o0.

Definition 2.2. A space X over C is an abelian group (X, t) with a mappingC X X -
X; (A, f) = Af suchthatforall A,p € X and f,r € C such that the following axioms
hold:

(i) A+ Wf =4f +uf;
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(i) CAWf = Auf);
(i) A(f + 1) = Af + Ar;

(iv) 1f = f.
Definition 2.3. Let W be a family of countable proper system of seminorms on X.

(i) W is called a proper system of seminorms on X, if vwq,wy,...,ws € W(s > 0),3Iw €
W and P > 0 such that, for all f € X, supg=y s Wi (f) < P, (f);

(i) X is a Fréchet space, if (X, W) is a seminormed Hausdorff topological space such
thatj <s = W;(f) (Vf €Xand f € U € X), thereare e > 0 and N > 0 such that

{g €eX: Wi(f —g) < e} c U (Vj < N),and X is complete metric topology;

(iii)Let (W) =0 be a sequence in a Fréchet space X, then (W,),,»¢ converges to an
element f € X iff vW; € W = lim,,_,, W;(f, — f) = 0.

Definition 2.4. A Banach space over X is an X space over C, which equipped with a
function |l.llc: € — [0,) suchthat Vf,g€ Cand A € X:

M Nf +gllc = lIflic + llglle;
(i) 1A fllc = 1A Nl
(iii) C is complete with respect to the metric d(f,g) = |If — gllc.

Given an open disk D (R), with it's closure D(R), D, (R) (any open disk enclosing the
closed disk D(R)) and D (€) (some disk surrounding 0). Then, we consider: (1[D(R)] =
{g € O[D(R)] : g(2) is an analytic function Vz € D(R)}; J[D(R)] = {g € O[D(R)] :
g(2) is an analytic function vz € D(R)}; T/[D;(R)] = {g € [[D+(R)] : g(2) isan
analytic function vz € D, (R)}; [1[0] = {g € [1[0] : g(2) is an analytic function vz €
D(€)}; U[oo] = {g € O[] : g(2) is an entire function Vz € D(n), where n < o}.
Then the Fréchet spaces of the sets which mentioned above are given respectively by:
lgll; = suppnlg(2)],z € CVr <R,g € U[D(R)]; llgllr = suppw)lg(2)l,z€ C g €
DR liglle = suppe)|g(2)|, € >0,z € C,vg € D[0]; lIglln = supsmylg(@),z €
C, g € [1[oo].

Definition 2.5. Let {B,(z)} be a sequence of Fréchet space X. Then {B,(z)} is a basg, if it
can be expressed in the form

z" = Z T,k Pr(2), myx €C, (2.1)
K

where
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Pn(Z) = Z pn,kzk' Pnk € (C' (2'2)
k
Il = (m,x) and P = (p,x) are the matrices of operators and coefficients of the base
{P.(z)}in C.

Remark 2.1 A simple base is a base of degree n. Also, Cannon set is a base if N,, (i.e.,
1
the number of non zero coefficients m,, , in (2.1)) satisfies lim,,_,{N,}» = 1.

Theorem 2.1 A necessary and sufficient condition for a sequence {£,(z)} to be a base in
D(r) is PII = IIP = I, where | is unite matrix.

Remark 2.2. The Cauchy inequality for the base (2.2) is given by

| P |l
[Pkl < 5 (2.3)
If g(2z) = Y, P.(2)a,(2) is an analytic function on a Fréchet space X, then
9D~ P(D(9), @4
k
where
,(9) = ) Tenti(9). 25)

k

Definition 2.6. A base {B,(z)} is effective for Fréchet space X, if the basic series (2.2)
converges uniformally to g(z) on X.

The Cannon function A, (), which determines the effectiveness of bases in X, given by

1
Ap(r) = limsup{w,, (N}, (2.6)
n—-oo
wp, () = ) |l 1Pl @7)
k
1Bl = suplP.(2)]. (2.8)
D)

Theorem 2.2. A necessary and sufficient condition for a base {P,(z)} to be effective for
Fréchet spaces (I[D(R)], T[D(R)], O[D+(R)], [1[0], ([oo] is Ap(r) < R,Vr < R;
Ap(R) =R; 2p(RY) = R; 2p(07) = 0; Ap(R) < o0, VR < oo, respectively.
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Definition 2.7. The order pp and type 7, of a base {B,(z)} of analytic functions are given
by

o log wp, (R)
Pr = AP Tnlogn @9
1
e wp, (R) ™
Tp = gim —limsupM. (2.10)

®©Pp noowo

Let a base {P,(2)} is of order pp (resp., type tp), then it represents every analytic
function in D(R) of order pi (resp., type Ti).
P P

Definition 2.8. T,-property of a base {P,(z)} in [/[D(R)] and "/[D(R)] (where 0 < p <
oo ) means that {P,(z)} represents all entire functions of order less than p in the same
domain.

Theorem 2.3. A base {B,(2)} has T,-property in [/[D(R)] and [[D(R)] iff wp(r) <
% Vr < R, respectively, where

logwp_ (R)
=li —
wp(R) msup— e n

(2.11)
In [28], the complex conformable derivative of a function f is defined as follows:

Definition 2.9. Let f: C — C be a function. The complex conformable fractional
derivative of f of order « € (0,1] is given by

flz+ez™%) - f(2)

To(f)(2) = lim . (2.12)

Theorem 2.4. Let f;, f, be two complex conformable derivative of order « € (0,1] ata
point z € C. Then

() Ta(arfi + aafz) = a1 To(f1) + axTa(f2) for ay, a; € R,
(ii) Ty (2P) = pzP~* forp € R,

(iii) T, (f) = 0, where f(z) is a constant function,

(V) T, (f1f2) = AT (f2) + f2Ta (f1),

f f2Ta(f)—f1Ta(f2)
(T (B) = EPER (2 # 0,
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(i) To(f)(2) = 2472, £, is differentiable.
Example 2.1. Let « € (0,1]. Then

(i) T,(e?) = cz17%e%,c € C,

(ii) T,(sin bz) = bz'~%* cos bz, b € C,

(iii) T, (cos bz) = —bz'~*sinbz,b € C.

3 Generating new bases using GCCD and GCCI
This section provides two new bases using GCCD and GCCI.

Definition 3.1. Let T,, be a complex conformable derivative of order a € (0,1]. Then the
generalized complex conformable derivative is given by

N
Gy(Dy) = z oD}, (3.1)
j=1
where
DY = zWN-DaTl = vz e (. (3.2)

As TV = TN-1T,, it follows by Theorem 2.4 that

Toz™ = nz""¢,

T2z" = n(n — a)z" %%,

T2z" =n(n— a)(n — 2a)z" 3¢,
0

TN z" = 8, yz" N, (3.3)
where 8, y = n(n— a)(n — 2@) ...[n — (N — 1)a]z"""* So
N
Gy (Dg)z™ = z ajbp,; |27 (3.4)

J=1
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n+a
Definition 3.2. Let I, (I,z" = i:) be a special case of Riemann improper integral

(&) (2) = fzﬂdt) and « € (0,1]. Then the generalized complex conformable

atl-a

integral is given by

N
Gy(Ly) = z b, (3.5)
j=1
where
LY = zA=Nal " vz € C. (3.6)

Since 1Y = I¥=11,, we deduce that

Zn+a
Igz" =
o =T a
Zn+2a
IZZn —
« n+a)(n+2a)’
Zn+3a
I3Zn — ,
* (n+ a)(n+ 2a)(n+ 3a)
O
Ié_,VZn — nn,NZnHVa: (3.7)

1
(n+a)(n+2a)...n+Na)’

where n, v =

N
Gy(Ly)z™ = ijnn_j znte, (3.8)
j=1

Definition 3.3. Let {P,(2)} be a set of polynomials defined in (2.2). Then the

corresponding generalized conformable derivative set {P¢P (z)} is given by

PnGD (2) = Z pgll,)(zk_“, (3.9
k

Z"% = Z nih PEP(2), (3.10)
k

where pSh = po i Bin, Tlh = Z—'; and iy = X1 ;8 for all k € N.
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Definition 3.4. Let {BP,(z)} be a set of polynomials defined in (2.2). Then the
corresponding generalized conformable integral set {P%!(2)} is given by

PSI(z) = z pll Z+e, (3.11)
g = z Sl PE(2), (3.12)
k

GI __ GI _ Tnk — 'V
where pyx = PniVin: T = ﬁ and yn = Xj=1 bjny,; forall k € N.
n,

Theorem 3.1. If the set {P,(2)} is a base of polynomials. Then {P¢P (2)} and {B¢(2)}
are bases of polynomials.

Proof. The matrix of coefficients (resp., operators) of {B¢P(z)} is given by P¢P =
GD n,
(PRk) = @nxBen) (resp. T = (Z29). Then

PePTIoP = ng? e | = zpn,j”j,k =1
J

Similarly

GD pGD _ GD.,.GD | _ ﬁk,N _
m==p - z n]p]k - nn,jpj,k =1L
; B -

Using Theorem 2.1, we conclude that {P¢? (z)} is also a base.

Similarly, one can deduce that {P¢/(z)} is a base, as {P,(z)} is a base.

4 Effectiveness of PP (z) and P§!(z)

This section discusses the effectiveness of {P¢P(z)} and {P%!(z)} in Fréchet spaces.

Theorem 4.1. If the base {P,(2)} is efffective for [[D(R)], then the bases {P¢? (2)} and
{PS!(z)} are also, effective for (/[D(R)].

Proof. Since {P,(z)} is a polynomial base, for all » < R we have ||B,]|, =
Supﬁ(r)lpn(z)l and ”PrfD”r = Supﬁ(r)lpnGD(Z)l-

As
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IPZP I, = sup|BP (2)]
D(r)

= sup pn,kﬁk,NZk_a‘
D(r)

< ||}:,nCJ|TZﬁk,N (%)k
k

= Y|P Iz, (4.1)

k
where 1 = % B (%) < oo, it follows by (2.7) and (4.1), that
argo() = ) [ERIPE),
k

N A
Bn,N %

14
n,N
This, together with (2.7), implies that
Apep(r) < Ap(R). (4.3)

Since {P,(2)} is an effective base for [I[D(R)], we must have A,ep(r) < R forall r <R.
Now by Theorem 2.2, we also have that {P¢? (2)} is also effective for (1[D(R)].
In a similar way, one can prove that {P¢/(z)} is also effective for [1[D(R)].

Theorem 4.2. The base {B¢P (z)} is effective for (1 [D(R)], if the following conditions
hold:

(i) {B.(2)} is effective for (1 [D(R)],
(ii) limn%o{Un}% = 1, where U, is the highest degree of (2.1).
Proof. Like in the proof of Theorem 4.1, we have ||P, ||z = suppx)|P.(2)| and

I127°1lr = sup|F (2)]
D(R)
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oy n”R

< —a PunUn +1), (4.4)
where u,, < U,.

This, together with (2.7) and (4.4), implies that

wpgn (R) = Z|n 2lllege],

=5 RQZInnklnpkuRﬁukN(Uk +1)

_ Buun
B ﬁn,NRa

(Up + Dwp, (R), (4.5)
and hence 1,60 (R) < R. But, since A,ep(R) = R = Apep(R) = R, we have {BFP(2)} is
effective for (1 [D(R)].

The next example shows that the condition of (ii) in Theorem 4.2 is necessary.

Example 4.1. Let {P,(z)} be a base of polynomials, defined as

z", nis even,

Fa(2) = { z"+2%60 =2" nisodd.

If nis odd, then

1
"= Py(2) — Py(2) = wp, (R) = R" + 2R? = wp, (1) = 3 = limsup,_,o{wp, (1)}"=1.
Hence {P,(z)} is effective for (1 [D(1)].

The corresponding generalized complex conformable derivative base {P%P (z)}, is given by

Punz™ %, nis even,

Bunz™ % + By nz?7% 0 = 2", nisodd.

PP (2) = {
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If n is odd, then

7 = 2L (B () — PP(2)} = wpen(R) = R™= + 2 (E2) RO~< Taking R = 1,N
nN n nN
1

2n+1 . z
=la=1> wpgp(l) =1+ — = hmsupn_)oo{a)PTcl;D(l)} =2.
Hence {P%P (2)} is not effective for (1 [D(1)].
Remark 4.1. Theorem 4.2 is still true if we replace the base {P%? (z)} by {B¢!(2)}.

Theorem 4.3. The base {P¢P (2)} and {P¢!(z)} are effective for © [D.(R)], [ [0] and
"] [oo], whenever the base {B,(z)} is effective for 71 [D,(R)], 11 [0] and (1 [oo].

The proof of Theorem 4.3 is similar to [29] and the proof of Theorem 4.1.

Authors in [5,9] have shown that the Bessel polynomials {P,(z)} and general Bessel
polynomials {Q,,(2)} are effective for L) [D(R)]. Furthermore, in [10] the authors proved the

effectiveness of Chebyshev polynomials {T;,(z)} for (1 [D(1)]. As an application of Theorem
4.2 and Remark 4.1, we obtain the following:

(i) The GCCD and GCCI of Bessel ({PF° (z)} and {P{!(2)}) are effective for [ [D(R)].

(ii) The GCCD and GCCI of of general Bessel ({QSP (2)} and {Q%!(2)}) are effective for
1 [DR)].

(iii) The GCCD and GCCI of Chebyshev polynomial {T,¢? (2)} is effective for 1 [D(1)].

5 Order, Type and T ,-property of the generalized bases

This section provides a study of the order ppep (resp., type tp6p) of {BEP(2)}. It also
investigates the T,,-property of {B¢" (2)}.

Theorem 5.1. Let the base {B,(z)} be of order pp and type tp, satisfying U, = O[n].
Then the following axioms achieved:

(i) {BEP (2)} is of order pyep < pp and type 60 < Tp Whenever ppep = pp,

(i) {B¢' (2)} is of order pper < pp and type Tp61 < Tp Whenever per = pp.

Proof. From (4.5) and (2.9), we deduce that:

Bu,n
log w,ap (R) log—ﬁ R (Unp + 1) + log wp, (R)
lim limsup———"—— < lim limsup z
Roo e nlogn R>® 5o nlogn

which shows that pep < pp.
Now using (2.10) and taking into account p,ep = pp, We get

(B
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1

NPpGD

e {wpen(R)}"? ’

lim ——limsup < lim —limsup
R—>© pp6D n-ow n R->0pp nooo

This implies that 7,60 < 7p. So (i) is proved.
In a similar way, one can prove (ii).
The following example gives a base which has the same order and type of its
corresponding GCCD base.
Example 5.1. Let {P,(z)} be a base of polynomials in LI [D(R)] such that
5n+3)"+ 2" n#0,

B2 = { n =0.

= P,(z) — (5n+ 3)"Py(2), so a)pn(R) =2(5n+3)"+R"=>

1
lwn, (RO}rer (:)} ” (5.2)

1

A (wry R _
o = 1 and = limg_,e — hmsupn_)Oo - —
Constructing the corresponding GCCDB {P¢P (Z)} as follows:
Sn+3)"+ funz™%  n#0
PGD — {( n,N ] ,
n (Z) 1, NP

2" = 2 (BEP(2) = (5n+ 3BEP (D)), S0 wpgn(R) = 2520
B n Bn.N

limg_, o limsup,, e

+ R™ % Taking

N =1,a; = 1. Then wpen(R) = X 4 pnea = p cp = 1 and 7,60 = Se.

We conclude that the two bases {P,(z)} and {P°? (z)} have the same order and type.
Next example shows that the condition U,, = O[n] in Theorem 5.1 is necessary.
Example 5.2. Let {P,(z)} be a base of polynomials in [ [D(R)] such that

zm ) nis even,

— K
Pn(Z) { Zn + lZ_KZZK‘K‘ = nn'R = l, nis odd.

If nis odd, then
2" = By(2) -

X Ppe(z) = wp (R) = R™ + ZK( )ZK, but R=1= wp (R) =R"+
log{R™+2k}
nlogn -
Hence {P,(z)} is of order 1 in [ [D(R)].
Constructing the corresponding GCCDB {P¢? (2)} as follows:

Punz™ %, nis even,

12K

2K = pp = limg_,4 limsup, e

PfP(2) =
v (2) Bnnz" " + lz_xﬁzx,NZZK_a,K =n",R =1, nis odd.

If n is odd, then
2 = 2 {PP(2) — S PSP (D)} = wpgn (R) = R + (55) (F22) R

ﬁn,N ﬁnN
Taking R=LN=1a,=1> a)PED(R) =nR" Y +4n*" 1R = poep =
. . log{nR™"~ %4+4n2n-1g-a}
limg_ e limsup,, e Tlogn = 2.

Hence {PSP(z)} is of order 2 in T [D(R)].

Theorem 5.2. The bases {B"(z)} and {B{'(z)} have T,-property in D(R), R > 0, if the
following conditions hold:
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(i) The base {B,(z)} has T,-property in D(R), R >0,
logUp

(i) lim,,_, o mlogn = 0
Proof. If wpep (R) is given by
2 < i log wpan (R) 53
wpen(R) = msup = em (5.3)
then (4.5), (2.11) and Theorem 5.2. we have
1
wpan(R) < wp(R) < s (5.4)

Likewise, one can prove the T,-property for the base {PS1(2)}.
The following example shows that the condition (ii) in Theorem (5.2) is necessary:
Example 5.3. Let {P,(z)} be a base of polynomials in 7] [D(R)] , such that
_(z nis even,
Ba(2) = { z" + hz" h = 2n)?", nisodd.
If n is odd, then
z" = P,(z) — hPy(z) = wp, (R) = R™ + 2hR" = wp, (1) =1+ 2h = wp(1) =
. log{1 + 2h}
limsup——=2
n—oo nlogn

The base {P,(z)} has T1 for [ [D(1)].
Constructing the correszponding GCCDB as follows:

Panz™ %, nis even,
PnGD (Z) = {

Bunz™* + hBpnz""% h = (2n)?", nisodd.
27 = L (BEP(2) — hPEP (1)} = wpgo(R) = R™< + 2h (222) e,
ﬂn,N n ﬁn,N
2
Taking R=1N=1a =12 wy(1) =1 +% =14 24+l o g (1) =
10g{1+24n+1n4n—1} _

nlogn 4.
The base {P¢P (z)} has T. for 0 [D(1)].

limsup,_ e

This example shows that the two bases have not the same T,,-property.

In [8], the authors establish that Bernoulli polynomials {B, (z)} are of order 1 and type
%. Furthermore, Euler polynomial {E,,(z)} are order 1 and type % As an

Application of Theorem 5.1, we obtain the following:

(i) The GCCD and GCCI of Bernoulli ({BEP (2)} and {BS!(z)}) are of order 1 and type
1

2n’

(ii) The GCCD and GCCI of Euler ({ESP (2)} and {ES!(2)}) are of order 1 and type %
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In [8], the authors demonstrate that Bernoulli polynomials {B,,(z)} and Euler polynomials
{E,,(z)} exhibit the T, -property. According to Theorem 5.2, we obtain:

(i) The GCCD and GCCI of Bernoulli ({B£P(2)} and {BS!(z)}) have T,-property.
(ii) The GCCD and GCCI of Euler ({ESP (2)} and {ES!(2)}) have T,-property.
6 Conclusion

In this study, we have established new polynomial bases in Fréchet spaces by employing
generalized complex conformable derivatives and integrable mappings. These generated
bases are regraded as a generalization of the work in [29]. Notably, when we set j =
1,a, = 1,N =1, the previous studies become special cases of our work. We also have
convergence criteria such as effectiveness, order, type and T,-property are used for our
study. Additionaly, this paper includes applications of Bessel, Bernoulli, Euler and
Chebyshev polynomials are added to the paper.
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