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BEST PROXIMITY FOR TWO PAIRS OF MAPPINGS IN
MULTIPLICATIVE METRIC SPACE

THOKCHOM CHHATRAJIT SINGH

ABSTRACT. One of the research gaps in the study of best proximity for two
pairs of mappings in multiplicative metric spaces may lie in the exploration
of its applications in specific fields such as computer science or biology, where
understanding the behavior of mappings is critical for modeling and analysis.
Emphasizing the significance of proximity in multiplicative metric spaces, the
investigation seeks to unveil insights into the behavior and interaction of map-
pings, thereby offering valuable contributions to the broader field of mathe-
matical analysis. Through rigorous theoretical analysis and computational ex-
perimentation, the study endeavors to provide actionable insights and method-
ologies for optimizing proximity in multiplicative metric spaces, thereby ad-
vancing the theoretical foundations and practical applications within this spe-
cialized domain. Many issues in many fields, including differential equations,
optimisation, and computer science, may be modelled by fixed-point equations
of the type fr = x. In this work, two pairs of proximally commuting map-
pings in a complete multiplicative metric space are given the idea of optimal
proximity. An example is also given to support the results.

1. INTRODUCTION

Fixed-point theory’s significance as a technique for solving nonlinear equations is the
reason for its growing popularity. A lot of issues may be expressed as fx = x nonlinear
equations, where f is a self-mapping. However, there may not always be a solution to
this kind of problem if f is a non-self mapping. Researchers experimented with several
strategies in this instance, establishing an approximative solution that was the point x
that was closest to fx in the metric sense. More universal than the fixed point, this
approximation point was thought to be the ideal proximity point. It is observed that so-
lution « is optimum in the sense that there is least distance between fz and x. Recently,
graph theory has been coupled with the best proximity point and fixed-point theories.
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Jachymski [8] carried out the first initiative. He examined metric spaces with a graph-
like structure as a region where the fixed-point theory of mappings of the contractive
type preserves the symmetry constraint. The underlying idea behind his work is that,
in certain pairs of locations connected by graph edges, the fixed point need only be met.
Numerous fields, including computer science and engineering, use fixed point and best-
proximity-point theory on metric spaces with graphs. In actuality, complicated neural
network stability analysis is done using fixed-point theory. Researcher attention is drawn
to the value of multiplicative calculus and its applications by Bashirov, Kurpnar, and
Ozyapc [2], particularly to those in the department of analysis. In this particular kind
of calculus, multiplication and division take the roles of addition and subtraction. Refer
to Baohirov, Kurpnar, and Ozyapc’s research article [2] and the references therein for
more information on multiplicative derivatives, multiplicative integrals, and multiplica-
tive spaces. The topological features of multiplicative metric spaces are examined by
Ozavsar and Cevike [7] in order to further the study of multiplicative calculus. They
established several fixed point theorems in full multiplicative metric space, which laid the
foundation for the idea of multiplicative contraction mapping. Please see [7,12,13,17,20]
for further findings on multiplicative metric space. ( [3-5,7,9-11,15,16,18,19,21] and
references therein) has applications for multiplicative calculus. Ky Fan [6] proposed the
best-proximity-point idea. Inspired by the significance of fixed-point theory and its ap-
plications, particularly in conjunction with graph theory, we concentrate in this work on
the optimal proximity point theorems on a partial metric space equipped with a graph
that goes beyond fixed points. The measure between two nodes, x and y, such that x =y
is not zero, makes the partial metric very helpful in real-world work. One may see this
work as a theoretical foundation for applying to actual instances. Understanding the
best proximity for two pairs of mappings in multiplicative metric spaces holds significant
theoretical and practical importance. The determination of optimal proximity measures
facilitates a deeper comprehension of the behavior and relationships between functions,
aiding in mathematical analysis and optimization problems. Moreover, such knowledge
can enhance modeling techniques in various applied sciences, including physics, engineer-
ing, and economics, where the accurate representation of mappings is crucial for predicting
behaviors and designing effective interventions. Investigating this topic thus contributes to
advancing both theoretical understanding and practical applications across diverse fields.

In this work, we establish a number of distinct common fixed point theorems for two
sets of mapping pairs that commute proximally in a complete multiplicative metric space.
To bolster the findings, an example is also provided.

We recall some basic definitions and related results on the topic in the literature.

Definition 1.1. [2] Let X be a non-empty set. A multiplicative metric is a mapping
d: X xX—R"

satisfying the following conditions:
(1) d(u,v) > 1 for all u,v € X and d(u,v) =1 if and only if u = v;
(2) d(u,v) =d(v,u) for all u,v € X
(3) d(u,v) < d(u,w).d(w,v) for all u,v,w € X (multiplicative triangle inequality).

Example 1.1. [2] Let R} be the collection of all n-tuples of positive real numbers. let
d* : R X R} — R be defined as follows:

* *

. uy | U
d (u,v) = 2] |22 Un
U1 V2 Un
where u = (u1,...,un), v = (v1,...,v,) € R} and | . |: R+ — R4 is defined as follows:

b[* = b, ifb>1;
T3 ifb< L
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Then d* is a multiplicative metric on R’}.
The following notations and results are given by Ozavsar and Cevike [7].

Definition 1.2. [7] Let (X,d) be a multiplicative metric space, x € X and € > 1. Define
the following set:
B.:={y € X :d(z,y) < e},
which is called the multiplicative open ball of radius € with center x.
Similarly, one can define the multiplicative closed ball as follows:

B.:={ye€ X :d(z,y) <&}

Definition 1.3. [7] Let (X,d) be a multiplicative metric space, {zn} be sequence in X
and x € X. If, for any multiplicative open ball B, there exists a natural number N such
that, for allm > N, x,, € Be, then the sequence {x,} is said to be multiplicative convergent
to the point x, which is denoted by

ITp — T aS N —r OO.

Lemma 1.1. [7] Let (X,d) be a multiplicative metric space, {xn} be sequence in X and
x € X. Then zn, — x as n — oo if and only if d(zn,z) = 1 as n — 0.

Lemma 1.2. [7] Let (X,d) be a multiplicative metric space and {x,} be sequence in
X. If the sequence {xyn} is multiplicative convergent, then the multiplicative limit point is
unique.

Definition 1.4. [7] Let (X,d) be a multiplicative metric space and {x,} be sequence in
X. The sequence {xn} is called a multiplicative Cauchy sequence if for all € > 1, there
exists No € N such that d(xm,xn) < € for all m,n > Np.

Lemma 1.3. [7] Let (X,d) be a multiplicative metric space and {x,} be sequence in X.
Then {xn} is a multiplicative Cauchy sequence if and only if

d(zn,Tm) = 1 as m,n — oco.

Theorem 1.1. [7] Let (X,d) be a multiplicative metric space. Let {xn} and {yn} be two
sequences in X such that v, - x € X, y, € X asn — oco. Then

d(Tn, yn) — (z,y) as n — oco.

Definition 1.5. [7] Let (X,d) be a multiplicative metric space and A C X. Then we call
x € A a multiplicative interior point of A if there exists an € > 1 such that Bex C A. The

collections of all interior points of A is called multiplicative interior of A and denoted by
int(A).

Definition 1.6. [7] Let (X,d) be a multiplicative metric space and A C X. If every
point of A is a multiplicative interior point of A, i,e, A = int(A), then A is called a
multiplicative open set.

Definition 1.7. [7] Let (X,d) be a multiplicative metric space. A subset S C X is called
multiplicative closed in (X,d) if S contains all of its multiplicative limit points.

Proposition 1.1. [7] Let (X, d) be a multiplicative metric space. A subset S C X is called
multiplicative closed in (X,d) if and only if X\S, the complement of S, is multiplicative
open.

Theorem 1.2. [7] Let (X,d) be a multiplicative metric space and S C X. Then the
set S is multiplicative closed if and only if multiplicative convergent sequence in S has a
multiplicative limit point that belongs to S.

Theorem 1.3. [7] Let (X,d) be a multiplicative metric space and S C X. Then the set
S is complete if and only if S is multiplicative closed.
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Theorem 1.4. [7] Let (X, dx) and (Y, dy) be two multiplicative metric spaces, f : X —Y
be a mapping and {x.} be any sequence in X. Then f is multiplicative continuous at the
point © € X if and only if f(zn) = f(z) as n — oo for every sequence {x,} with x, — x
asn — o0o.

Definition 1.8. [7] Let (X,d) be a multiplicative metric space. A mapping f : X — X
is called a multiplicative contraction, if there exists a real constant o € [0,1) such that

d(f (ur), f(u2)) < d(u1,u2)®
for all u,v € X.
For a given non-empty subsets A and B of a complete multiplicative metric space

(X, d), the following notions are used through out this section:

d(A, B) = inf{d(u,v) :u € A and v € B}

Ao ={u € A:d(u,v) =d(A,B) for some v € B}

By ={v € B:d(u,v) =d(A, B) for some u € A}
Definition 1.9. [17] A subset A of a multiplicative metric space (X, d) is said to be ap-

prozimately compact with respect to B if every sequence {un} of A satisfying the condition
that d(v,un) — d(v, A) for some v in B has a convergent subsequence.

Tt is evident that every set is approximately compact with respect to itself. If A inter-
sects B, then AN B is contained in both Ag and By. Further, it can be seen that if A is
compact and B is approximately compact with respect A, then the sets Ap and By are
non-empty.

Definition 1.10. [17] Let A and B be nonempty subsets of a multiplicative metric space
(X,d). A mapping T : A — B is said to be proximal contraction if there exists a non-
negative o € [0,1) such that, for all u,v,z,y in A,

d(u,Tx) = d(A, B)

d(v, Ty) = d(A,B)} = d(u,v) < {d(z,y)}"

Definition 1.11. [17] Let A and B be nonempty subsets of a multiplicative metric space
(X,d). A point x € A is called a best proximity point of a mapping T : A — B if it
satisfies the condition that

d(z,Txz) = d(A, B).

It can be observed that a best proximity point reduces to a fixed point if the underlying
mapping is a self-mapping.

Definition 1.12. [7] Suppose that S, T are two self-mappings of a multiplicative metric
space (X,d). Then S, T are called commutative mappings if it holds that for all

ze X, STx =TSz.

Definition 1.13. [7] Suppose that S,T are two self-mappings of a multiplicative metric
space (X,d). S,T are called weak commutative mappings if it holds that for all

z € X,d(STz, TSz) < d(Sz,Tzx).

Remark 1. Commutative mappings must be weak commutative mappings, but the con-
verse s not true.

Definition 1.14. [1] Let A and B be nonempty subsets of a multiplicative metric space
(X,d). The mappings f: A — B and g : A — B are said to be commute prozimally if for
each x,u,v € A

d(u, fx) = d(v,gz) = d(A, B) = fv = gu.
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2. MAIN RESULTS

First we define the following.

Definition 2.15. Let A and B be nonempty subset of a multiplicative metric space (X,d).
If Ao # ¢ then the pair (A, B) is said to have P—property if and only if for any x1,x2 € Ao
and y1,y2 € Bo

d(z1,y1) = d(A, B)

d(2,y2) = d(A, B)} = d(@1, 22) = d(y1, 92)-

Definition 2.16. Let A and B be nonempty subset of a multiplicative metric space (X,d).
An element uw € A is said to be common best proximity point of the non-self-mapping
fi,f2,... fn: A — B if it satisfies the condition that

d(u, fru) = d(u, fou) = ...,=d(u, fou) = d(A, B).
We prove the following theorems.

Theorem 2.5. Let A and B be non-empty subsets of a complete multiplication metric
spaces (X, d). Moreover, assume that Ay and By are non-empty and Ao is closed. Let the
non-self-mappings f,g,5,T : A — B satisfy following conditions:

(1) {f,S} and {g,T} commute prozimally;

(2) the pair (A, B) has the P-property;
(3) f,9,5 and T are continuous;
(4) f,9,S and T satisfy

d(fu, gv) < [max{d(Su, Tv),d(fu, Su),d(Tv, gv),/d(Su, gv).d( fu, Tv)}]*

forallu,v € A and 0 < A < 1;
(5) f(Ao) € T(Ao), g(Ao) C S(Ao) and f(Ao) C Bo, g(Ao) C Bo.

Then f,g,S and T have a unique common best proximity point

3
4

Proof. Fix ug in Ao, since f(Ag) C T'(Ap), then there exists an element u; in Ag such
that f(uo) = T'(u1). Similarly, a point uz € Ao can be chosen such that g(u1) = S(u2),
continuing this process, we obtain a sequence {u,} € Ap such that

f(u2n) = T'(uzn+1) and g(uzn+1) = S(uzn+2)
Since f(Ao) C By and g(Ao) C By, there exists {z,} € Ao such that

d(@2n, f(uz2n)) = d(A, B), d(2nt1,g(uznt1)) = d(A, B) (1)
Since the pair (A, B) has P-property, by 1 we have
d(z2n, Tant1) =  d(fu2n, guan+i1)

< [max{d(Suzn, Tuznt1), d(fuzn, Suzn), d(Tuzn+1, guznt1),
Vd(Suzn, guzns1).d(fuzn, Tuzns)}]
[maz{d(z2n-1,T2n), d(@2n, Tan—1), d(T2n, Tani1),
Vd(z2n—1,22n41)-d(T20, T20) }]
< [maz{d(mzn_l,xzn),\/d(ﬂcgn_l,x2n+1).d(x2n,x2n)}])‘

If d(l‘zn_l, l’zn) S \/d(xzn_l, l’zn.t,.l).d(flign, xzn)}]k, then we have

{d(@ansr, w2n)} 3 {d(z2n_1,220)} 2

A
= d(x2n+1,-752n) > d(x2n717552n)}27A

IN

A A

= d(Tant1,220) < d"(T2n-1, T2n) (2)
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where h = % < 1.
Similarly,

d(z2n+1,T2nt2) =  d(fuzni2, guzni1)

< [maz{d(Suzn+t2, Tu2n+1), d(fuznt2, Susnt2), d(TUu2n+1, Guant1),

VA(Suznta, guzni1).d(fuznsa, Tuznt1)}]
[max{d(z2n+t1, T2n), AX2n+2, Tant1), d(T2n, T2nt1),
VAd(@ani1, v2nt1).d(@2nt2, v20) 1
[maz{d(T2n+1, T2n), d(T2n+1, T2nt2),

V91d(z2nt2, v2nt1)-d(T2n41, T20)

IN

IA

If
d(2ms1, T2n) < {d(@2nt2, T2ns1)} 2 {d(@2ms1, T20)} 2

then we have

P A
{d(z2n+1, 372n+2)}1 2 < {d(zon,Toant1)}?
A
= d(T2nt1,T2nv2) = {d(2n, T2ni1)} 73
= d(zan+1, Tant2) < dh(mn, Ton41) (3)

where h = % < 1. Therefore, by 2 and 3, we have
d(xns xn+1) d" (In71, xn)

n

d"" (zo, x1).

ININCIA

for alln > 2
Let m,n € N such that m < n, we have

d(@m,zn) < d@m,Tmt1)-ATmt1, Tmt2) ... A(Tn—1,Tn)
2

S dhm_l (1‘1, :L‘o).dhm_ (wh .CL‘()) .
< d" (21, 20)
< dTR (z1,z0)

This implies that d(zm,zn) — 1 as m,n — co. Hence {z,} is a multiplicative Cauchy
Sequence.

Since {zn} C Ao and Ay is a closed subset of the complete multiplicative metric space
(X,d), we can find = € Ap such that limp— o0 zn = u.

By 1 and because of the fact that {f, S} and {g,7} commute proximally,

fron—1 = Szron and gra, = TTont1.
Therefore, the continuity of f,g,S and T and n — co ascertain that
fr=gx=Tx = Sx.
Since f(Ao) C Bo, there exists u € Ay such that
d(A, B) = d(u, fz) = d(u, gz) = d(u, Sz) = d(u, Tx)

As {f,S} and {g,T} commute proximally, fu = gu = Su = Tu. Since f(Ao) C By,
there exists z € Ap such that

d(A, B) = d(w, fu) = d(w, gu) = d(w, Su) = d(w, Tu)
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Because the pair (A, B) has the P-property

d(u,w) = d(fz,gu)
< [max{d(Sz, Tu),d(fz, Sz),d(Tu, gu,)\/d(Sz, gu).d(fz, Tu)}]*
< [ma{d(u, w), d(u, u), d(w, w)y/dw, w).dw, w)}
< {d(w,w)}
which implies that u = w. Thus, it follows that
d(A, B) = d(u, fu) = d(u, gu) = d(u, Tu) = d(u, Su) (4)

then u is a common best proximity point of the mappings f,g,S and T.
Suppose that v is another common best proximity point of the mappings f,g,S and T, so
that

d(A, B) = d(v, fv) = d(v, gv) = d(v, Tv) = d(v, Sv) (5)
As the pair (A, B) has the P-property, from 4 and 5, we have
d(u,v) < A{d((u,v)}
which implies that © = v. O

Example 2.2. Let X =R be a metric space. Define the mapping
d: X xX - R"

be as follows
d(u,v) = elv v’

for all u,v € X. Clearly, (X,d) is a complete multiplicative metric space. Let

A={1u):1<u<2}
and

B={(1,v):1<v <3}
Then

d(A,B)=1,A0 = A,By = B.
We consider the mappings
Su = §u+ %uQ,Tu:2u2—u,gu:u2,fu:u
forallue X.
(i) {f,S} and {g,T} are commute prozimally;

) the pair (A, B) has the P—property;
) S, T, f and g are all continuous mappings;
(iv) f(Ao) € T(Ao), 9(Ao) € S(Ao) and f(Ao) C Bo, g(Ao) € Bo;
iv)

d(fu, gv) < [maz{d(Su,Tv),d(fu, Su),d(Tv, gv), \/d(Su7 gv).d(fu, T1J)}]A

for all u,v € A. and the conditions of example 2.2, we can know

"1 < [{max{d(Su, Tv), d(fu, Su), d(Tv, gv), \/d(Su, gv).d(fu, Tv)}]> (6)

= [max{d(2u + 2u,2v v),d(u,2u + 2u),

d(20% — v,0?), \/d(%vﬂ + %u, v2).d(u, 2% — v)}]5

3
_ | utot+Lu?—202 [Lu—L102] |02y \/ Lyu24 192 _oy2
= {max{e 2 2 ,ce'2¥T2V e , elz 3 | elutv—2v2]
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Since v = Inwu is an increasing mapping, so
1,1 1 5

“u+v+ 2w’ — 07,

(6)<:>|u—v2| < max{3 3 5

|

% \vz—v\,é | %uz—‘,—%u—vQ |,% |u+v— 20|}
There are three situations:

D) u>v>>1o0rv?>u>1;

(2) v <u<loru<o®<l;

(3) u>1,v2<1loru<l,v?>1.
No matter what kind of situation, inequality 6 is true. So the inequality of Theorem 2.5 is
also true. Therefore, all the conditions of Theorem 2.5 are satisfied, then we can obtain
fl=9g1=851=1T1, sol is a common fixed point of f,g,S and T. In fact 1 s the unique
common fized point of f,g,S and T.

Theorem 2.6. Let (X,d) be a complete multiplicative metric space. Let
9,857 : X - X
be given continuous mappings satisfying
d(fu, gv) < [max{d(Su, Tv),d(fu, Suv),d(Tv, gv), /d(Su, gv).d(fu, Tv)}]x (7)

for allu,v € X and 0 < XA < 1.
Further, S and T commute with f and g, respectively, and T(X) C f(X), S(X) C g(X),
then f,g,S and T have a unique common fixzed point.

Proof. We take the same sequence {z,} and z as in the proof of Theorem 2.5. Due to the
fact that S and T" commute with f and g respectively, we have

fron—1 = Sxon, gron = TTont1
By continuity of f,g,S5,T and n — oo we have
fr =Sz, gx =Tz (8)
From 7 and using 8, we have
d(fz,gx) [max{d(Sz, Tx),d(fz,Sz),d(Tx, gz), /d(Sz, gx).d(fz, Tx)}]*
(max{d(fz,gx),d(fz, fr),d(gz, gz), \/d(f, gz).d(fz, gz)}]*

<
<

We have
d(fr,gr) < d(fz,g7).
Therefore, fx = gz, and fx = gr = Sx = Txz.

We set z = fo = gx = Sz = Tx. Because of the fact that 7' commutes with g we
obtain
gz =gl'x =Tgxr =Tz,
and
d(z,92) = d(fx,g2)
< [max{d(Sz,Tz),d(fz,Sx),d(T>,g2), /d(Sz, g2).d(fz, Tz)}]*
< [maz{d(z, g2), d(z, 2), (g, 92), V/d(z, g2) Az, g2) )]

Therefore, d(z,gz) < d*(z, gz) and consequently

z=gz="Tz 9)
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Similarly, we can show that
z=fz=2Sz (10)
Hence, by 9 and 10 we deduce that z = fz = gz = Sz = Tz. Therefore, z is a common
fixed point of f,g,S and T'.
In order to prove the uniqueness of the fixed point, if possible let p and ¢ be two
common fixed points of p = fp =gp = Sp=Tp and ¢ = fqg =99 = Sq=Tqbut p #q
such that

d(p, q)

d(fp,99)
[max{d(Sp, Tq),d(fp, Sp), d(Tq, 9q), \/d(Sp, 9q).d(fp, Tq)}]*
[max{d(p, q), d(p, p), d(q,9), Vd(p, q)-d(p,q)}]"

consequently d(p, q) < d*(p,q) and 0 < X < 1; then d(p, q) = 1, which is a contradiction.
Therefore f,g,S and T have a unique common fixed point. O

<
<

Example 2.3. Let X = R. Define the mapping

d: X x X - R"
by

d(u,v) = e/

for all u,v € X. It is easy to check that (X,d) is a complete multiplicative metric space.
Let

1
fu:u,guzau,Su:3u,Tu=2u.

(i) S, T, f and g are all continuous mappings;
(i1) {f,S} and {g,T} are commutative mappings and T(X) C f(X) and S(X) C
9(X);

(iii) Let A = % according to the inequality of Theorem 2.6:

d(fu,gv) < [max{d(Su,Tv),d(fu,Su),d(Tv,gv),
Vd(Su, gv).d(fu, Tv)}*

and the conditions of example 2.3, we can know

e < [{max{d(Su, Tv), d(fu, Su), d(Tv, gv), (11)
Vd(Su, gv).d(fu, Tv)}*
< [max{el™ 2 ol2u B0 /oyl oy

_ max{e|3u72v\)\7e\Qu\)\’e\%v\)\’e|2v7u\%’e\3u72v|%}
Since v = Inw is an increasing mapping, so
3 A A
(11) & <max<q|3u—2v]|A|2u]A,] iv\/\,|2v—u\ §,|3u—2v| 5(

u—lv
2

There are three situations:

(1) uZ%vZOor%vZuZO;

(2) Jv<u<0oru< iv<o0;

(3) u>0,u<0oru<0,v>0.
No matter what kind of situation, inequality 11 is true. So the inequality of Theorem 2.6
is also true. Therefore, all the conditions of Theorem 2.2 are satisfied, then we can obtain
fO0=g0=50=T0=0, so0 is a common fixed point of f,g,S and T. In fact, 0 is the
unique common fized point of f,g,S and T.
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CONCLUSION

The concept of best proximity for two pairs of proximally commuting mappings in a
complete multiplicative metric space is presented in study. Furthermore, it was demon-
strated that some unique common fixed point theorems for two pairs of proximally com-
muting mappings in a complete multiplicative metric space.
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