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CERTAIN CLASS OF BI-UNIVALENT FUNCTIONS
ASSOCITATED WITH CHEBYSHEV POLYNOMIAL AND
Q-DIFFERENCE OPERATOR

B. M. MUNASSER, A. O. MOSTAFA, T. SULTAN, NASSER A. EL-SHERBENY AND S. M.
MADIAN

ABSTRACT. Using Chebyshev polynomials and g-differential operator, we in-
troduce a novel class of bi-univalent functions within the open unit disk. Initial
coeflicient bounds for this class are established, emphasizing their significance
in complex analysis. Analyticity ensures the representation of these functions
through convergent power series, offering a robust tool for comprehending their
behavior. The condition of univalence guarantees the one-to-one nature of
these functions, preventing multiple mappings of the same point. Researchers
employ bi-univalent functions to delve into diverse aspects of complex analy-
sis, unraveling their properties and applications across various mathematical
contexts. The exploration encompasses the investigation of geometric proper-
ties, including Fekete-Szego inequality and coefficient bounds, unraveling the
intricate interplay between analytic and geometric characteristics. In sum-
mary, the study of bi-univalent functions contributes to the depth of complex
analysis, providing a nuanced understanding of the relationships between ana-
lyticity and univalence. This exploration lays the foundation for advancements
in mathematical theory and applications.

1. Introduction

Let A be the class of functions:

E(x) :%JrZak%k, (1)
k=2

which are analytic and univalent in U= {5r € C : |5 < 1}.
Every univalent function E has an inverse E~! satisfies (Duren [19])

Eil(E(%)):% (sc=0), and E(Eil(w)):w lw| < ro(f),r(f) >

DO | =

)
(2)
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It is easy to see that the inverse function has the form

B (w)

Gw)=w-— asw? + (2(1% - a3) Wi — (5a§ — bagas + a4) whe . (3)

A function E € A is called bi-univalent in U if both E and E ~!are univalent in U.
For more study see([8], [9], [25] and [28] ).

Denote the class of such functions by 3.

For examples of classes of bi-univalent functions see [2] and [26].

Mason [24] and Doha [18] defined the first and second kinds of Chebyshev poly-
nomials by ( see also [3], [20])

sin(k + 1)6

sin 0
where k denotes the polynomial degree and ¢ = cosfl. The Chebyshev polynomials
of the first and second kinds are orthogonal for ¢ € [—1,1].

The function

Ti(t) = cos kb and Uy (t) =

1
H(t) = —— U.
(%) 1 — 2tsc + 52 €
o0 . k 1
= 1+ Z SHI<,—+)a%k =14 2cosasx + (3cos® a — sin? @) + ...,
~ sina
(4)

if t = cosa, a € (F, %).

Whittaker and Watson [19] also wrote the function H (s, t) in the form

H(s,t) =14 Ui(t) + Us(t)s* + .. € U,t € (—1,1)), (5)
where Uy_1 (t) = %, for k € N = {1,2,...}, are the second kind the
Chebyshev inequality. They obtained that relationships

Uk (t) = 2tUp—1 (1) — Ug—2 (1), (6)
and
Uy (t) =2t, Us (t) = 4% — 1,Us3 (t) = 8t> —4t, Uy(t) = 16t* —12t> +1,... . (7)
For 0 < ¢ < 1 the Jackson’s q - derivative of E(») € Ais, given by [22] (see also [4], [10], [11], [12], [13], [14])
E(x)-E(qx)
DyE (32) = (=) ’ ##0 (8)
E (%) , =0
From (8) ,we have
DyE (30) = 1+ > _[k], apx""", (9)
k=2
where
1-— qk
k], = 10
R (10)
as ¢ — 17 then [k], — k, hence we have
lim D,E () = E (5). (11)

qg—1—
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For E € A, Aouf and Madian [5], [[6], with p = 1], [23] and [7] defined the
g-differential Catas operator by:

I (A 0) E (5) = %+iwg (kM €) ags, (12)
k=2
where
140, + 2 (lk+0, - [1+4,) .

U7 (kA 0) = i (13)

(neNyg=NU{0}, \,£>0,0<¢g<1),

and satisfies
I'AOE () = (L= A I (M0 B (50) +

Note that I (A,
)

A

£ n—1
q

E (5) generalizes many operators such as the following;:

0)
(@) I3 (A, 0) E () = Dy \E () (see Aouf et al.[15];
(i) I} (1,0) E(x) = I”E( ), see ( [21] and [14]);
(i41) llmq_)l I3 (M) E (30) = 1™ (N, £) E () (see Catas et al. [17]);
(iv) limg_q- I (A, 0) E (32) = DYE () (see Al-Aboudi [1]);
(v) limqﬂlfl (1,0) E () = I™E (>2) (see Saligean [27]).

Using the operator 7. fftn A and Chebyshev polynomials, we define the following
class:

Definition 1.1 For 0 < v < 1, a function E € ), is said to be in the class
Ty A4 if the following subordination hold:
=Dy (I3 (M 0) E (5)) N (%Dq (Zg (A0 E(5)))

Iy (D E () D, (17 (1.0 i <x>>

(1—7) < H (5,t), (14)

Dy (I (A, 0) G (w D, (wD, (I,
(1 -y 2Pl G OC @) | Do (D ILOOCE) i,y 45
I (A 0) G (w) Dy (11 (X, G (w))
where >, w € U and G is given by (3).
Note that
(i) If v = 0, then Ty = 72" 0 B e TP™M satisfying

2Dy (I (A €) E () Dy (I (A 6) G ()
I (N0 E () (00 G (w)

< H (5,t) and < H (w,t),

(#) If v =1, then qu,’gl’)‘ L= pendt s B oe 9 Msatisfying
Dy (2Dg (I (A, £) E (52))) Dy (wDq (I} (A, 0) G (w)))

D, ([;z \OE (%)) < H (»,t) and D, (I;L 00 G (w)) < H (w,t),
(idi) If n =0 then TP = T, -
(1=1) “DE () | Dy bDE () (5, 1), (16)

E(x) 7 DyE()
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and
wD,G (w) D, (wD,G (w))
Gw T DGW

(I—7) < H (w,t). (17)

2. Main Results
Unless indicated, assume that n € Ng, \,£ >0, 0 < ¢ <1, t € (—1,1) and
E()ed.
Theorem 2.1 Let E (x) € Tg”t"’)"l. Then
4t\/t
a(1—v+702)7) (w5 20.0)°

2[_"_([3}(1_1)(1_74_73)\? (3,\,9)
— (4% 1) ¢> (1 +79)* (V2 (2,\,0)°

|az| <

and
2t 2 2t

<q(1 +q) (U7 (2,A,€))) i ([3]q - 1) (1 P [3]”) o (3,0, 0)

Proof. Let E (5) € T%"»*. From (14) and (15), we have

%Dy (I"(\O E (%)) Dy (3D (It (A, £) E (%))

las| <

U TROEG) T D 0BGy )
and
R (I( e . @
for
p(5¢) = e3¢+ e3¢ + ...(3 € U), (21)
q(w) =diw +dow? + ... (we ), (22)
such that |p(x)| <1 (2 € U) and |¢g(w)] <1 (w € U), hence
;] <1and |dj| <1forall jeN. (23)
From (19), (20), (21), and (22), we have
»xD, (I" E (5 Dy (3D (I
(1=7) qlgg (QA,(?)’Q(KS Do qu ;(/\, 0E ) -

(1
=1+Uy (t)crse+ (Ur(t)ea + Us () €f) 6 + ..

L+ 3702 (K], O (B, A, ) ags ! . L+ 3000, (K2 W2 (A, £) agse
T+, U (X o T3 (K], W (ko A, £) a1
= 1+U1 (t)Cl}f-l- (Ul(t)CQ+U2 (t) C%) %2+..., (24)

= (1-1)
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and
(1- )wD ¢ (I (M 0) G (w)) D, (wD (17 (A, E)G(w)))
VI N0 G (w) D, (I (1, 0) G (w))
:1+U1(t)d1w+(U1(t)d2+U2() )w + ..

— 2], 97 (2, 0) agw + [3], (2a2 az) U (3, A, 0) w? + ...
Ur(2,\,0) agw + (203 — a3) U (3, A, £) w? +

1-—
a
. [] U (2, M, 0) apw + [3]7 (203 — a3) U7 (3, X, 0) w? + ..

(1—)

q

o
17[2] % (2)\€)a2w+[] (2a2 — ag)\If”(?))\E)wQ
(

=1+ U (t) dyw + (Ur(t)ds + U (t) dy°) w? . (25)

)
By equating the coefficients in (24)and (8), we have
(1 + PYQ) \I}Z‘(L (2, )‘a e) ag =U; (t) C1, (26)

—q (1= +7120) (g 2 0)7 a3+ (18], — 1) (1 =7+ [3],7) W5 B, A, O s
= (Ui(t)e2 + Us (t) ) (27)
and
—q(1+79) Vg (2,A,0) az = Uy (1) du, (28)

q(l—’y+’y[2 ) 2A€))2a
( )(1—7+73]q)\1123>\€
—([3] )(1—7+ )\IJ (3,\,0) as
= (Ui(t)d2 + Us (1) d?) - (29)
From (26) and (28) we have
Cc1 = _dlv (30)
and
2 (1+7¢)> (U (2,1, 0))% a3 = U2 (1) (3 +d.2) . (31)
Also from (27)and (29), we have
—2q (1= +7122) (w7 @A 0) a3 +2 (18], - 1) (1= 7+ 73], ) 395 (3,1,0)
=U1()(02+d2)+U2()(Cl-‘rdl). (32)
By using (31) ,we get
~2g (1= 7+7127) (92 (2,1,0)"a
+2 ([3]q 1) (1 vty [3]q) wr (3, A,é)

— 20, (£) ¢* (1 4+ 79)* (U2 (2,\,0))* a3
= U3(t) (c + da), (33)

U? (t) -
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that is
3
a% = Ul ( ) (02 + d2) . (34)
| e (e’ ] 0
2(t) —
+ (B, = 1) (1= +[8l,) w2 32,0
—Us () ¢ (14 79)* (U7 (2,1, 6))*.
Now, substitute (7) in (34) and using (31), we have
Jaa] < sl L @)
| e eail) (mean® |
+ (B3], - 1) (1—7+7 J) V530
— (42 = 1) 2 (1 +79)* (¥ (2,1, 0))°
By subtractlng ( 7), from (29)and using (30) and (31), we get
2
d _
a3: 261+ 1 ) + U1 (t) (62 dg) ) (36)
v (wp@20)" 2(8),—1) (1-7+0],7) ¥ 3,20
Applying (23 )once again to the coefficients ¢y, ca,d1, and da, then
2
2t 2t
|as| < < ) + - (37)
q (1+7q) (02 (2,1,0)) (13, =1) (1= +131,7) ¥z (3.2,

Theorem 2.2. Let F (x) € T,;’:ZL’)"Z and 7 € C, then
2t 1
,0 <A ()] <
az —Ta3| < { (81, 1) (1=7+31,7) ¥ 3:A0 " — A< 2(181,—1) (1=+03],7) ¥4 (3.A.0)

1
4t |A(7)], IA(T)] = 2(8],—1) (17 +B1,7) P2 B A0

(38)

_ Ui (t)(ca—d2) 2
Proof. From (36)we have a3 = 2B, 1) (1= +11,2) 97 G + as.
Using (34), we have

az — Ty = U1(02_d2) —T)a
2o 2([3],171) (177+[3]q7) wr (3,),0) H=na
a3 — Ty = Ul (62 7d2)
TR (18, ~1) (1= +18,7) ¥ 3.0
+(1—7) UR (ca + do) ’

a(1=v+702;) (w5 2.0.0)° )
+ (B, -1) (1=7+78,) v A0 |
“Uag? (1 -7 +702),) (¥ 2 0.0)°

2
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by simple calculations we get
1

2(18l,-1) (1-v+13,7) v (3,A,£)) ”
1

2 ([3]q - 1) (1 oyt [3]q7) wr (3,1, 0)

ag—Ta%:Ul (A(T)-l—

+U1 A(T)_ d27

where
(1-7)UF .
) _q (1 —7+7[2]j) (U7 (2,1, 0)° o
+ ([S]q - 1) (1 -7+ [3]q) vy (3,40
~Uag® (1 +79)” (U7 (2,1, 0))”

So, we conclude (38).

For 7 =1, in Theorem 2.2, we have.
Corollary 2.1. If E (x) € Tg”f’)"z, then

2t
2 ([3}q - 1) (1 oyt [3]”) wr (3,0, 0)

For v =1, in Theorem 2.2, we have.
Corollary 2.2. If E (x) € TZ™™, then

lag — a3 < (39)

2t . 0<A(M) < 1
’a3 _ m%‘ < {{ 3], ([3],—1) w2 (3,2,0) 2[3]q([3]q—1)1+\1/q(3,x,e)
4t |A1 (T)‘ ) |A (T)| 2 2[3]4([3][]71)\1,2(3’)\’07
(40)
where
1—-7)U?
A () = et L (a1)
2 —al2l, (¥ (2 1.0) U2 — Uy [2)2 2 (W7 (2,0, 0))
+8l, (18, - 1) wr @A | e R
Taking ¢ = 17 in Theorem 2.1, we have
Corollary 2.3. If E (x) € T;L”f"e, then
4Vt
laz| < (42)

2 [f (14 37) (U7 (2,1, 0))2 + 2 (1 + 27) U™ (3, A, e)} At2

— (482 = 1) (1 +9)° (I™ (2, ), 0))°.

and
2
las| < ( 2t > N 2t
TN @A) T 202 (B0
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