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GENERALIZED FUZZY BICOMPLEX NUMBERS AND SOME
OF THEIR PROPERTIES
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ABSTRACT. At present time, theory of complex numbers is a very renowned
subject area in Mathematics as well as various other fields of science and tech-
nology. In nineteenth century, different number systems had been introduced
for examining algebra regarding multiple imaginary units. The notion of bi-
complex numbers, perhaps, would be the most important among those. Later
on, as an extension of this number system, generalized bicomplex number had
been introduced. On the other hand, the concept of fuzzy logic has been
considered to be significant in Mathematics to solve problems having impre-
cise spectrum of data. In this paper, our intension is to fuzzify generalized
bicomplex number. For this purpose, here we first define generalized fuzzy
bicomplex numbers from two alternative aspects and then, based upon these
we propose some basic mathematical tools such as generalized fuzzy bicomplex
norm, basic arithmetic operations etc. which help to study some fundamental
properties in this regard.

1. INTRODUCTION

The notion and the fundamental properties of bicomplex numbers were first
introduced by Corrado Segre in the year 1892 [12]. However, from time to time, this
theory has been enriched by the subsequent works of several mathematicians viz.
Spampinato, Dragoni etc. [3, 13, 14]. The most inclusive study in this regard would
probably be the book written by Price [9]. Afterwards, Karakus [6] introduced
generalized bicomplex numbers and their elementary theory as further extension
in this area. Recently, Belaidi et al. [2] discussed some other basic properties in
this regard which significantly extend some results of [7] and [11]. On the other
hand, in 1988, Buckley [1] published a paper on fuzzy complex numbers where he
revealed different algebraic properties of this class as a development of real fuzzy
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numbers based upon the extension principle. To know more in detail about real
fuzzy arithmetic, one may see [4, 5, 15]. Later on, Qiu et al. [10] came up with a
modified approach to fuzzy complex analysis and discussed its consequences. The
present paper is written to unveil generalized fuzzy bicomplex numbers with the
objective of fuzzification of generalized bicomplex numbers and studying some of
their algebraic properties which substantially reshape some works of [1] and [8].

2. PRELIMINARIES

Karakus [6] defined a generalized bicomplex number in the following way:
A generalized bicomplex number s is expressed as

§ =51+ S201 + 8312 + S4J,
where s1, 89, S3, 84 € R, the set of all real numbers and i1, 49, j are units satisfying

the following conditions:

-2 -2 -2
= _05722:_ﬂa.] :OZB,

i2ly = lide = J,i2] = jig = —fi1,01] = Ji1 = —aia,
where a, 5 € R.
The set of all generalized bicomplex numbers are denoted by Tg.
If s = 51+ s91i1 + 5312 + 547 € Taﬂ and t = tq +1to11 + 319 +t47 € Taﬂ7 then
the addition rule and multiplication rule are defined on T, respectively as:
s+t = (81 + tl) + (82 + tg)il + (83 + t3)’i2 + (84 + t4)j,
s-t = (s1t1 — asaty — Bsztz + afBssty) + (s1t2 + sat1 — Bsats — Bsats)is
+(Slt3 — a82t4 —+ Sgtl — ()é$4t2)i2 —+ (81t4 —+ Sgtg —+ 83t2 —+ S4t1)j.
Remark 1. From the definition of generalized bicomplex numbers, the following
special cases arise:
1) If a« = B =1, then Top forms the algebra of bicomplex numbers.

2)Ifa=1,8=0, then T,s is the algebra of complex numbers.
3) If o= =0, then Typ is considered as the field of real numbers.

Definition 2.1. For a generalized bicomplex number s = s1 + soi1 + 8302 + 847, the
real number

ls| = \/5% + as3 + Bs% + afs?

will be determined as the real modulus of s.

3. DEFINITIONS AND MAIN RESULTS

A generalized fuzzy bicomplex number 5 = §;+385i1+53i2+3547 is determined
by its membership function p (s|3) which is a mapping from T,z into [0, 1]. A weak
a-cut of 5 is defined as

5(a) = {s|u(s[s) > a},
where 0 < a < 1. By the notation 5(0) we represent the closure of the union of
5(a) for 0 < a < 1. A strong a-cut of 5 is defined as

5(@) = {qlp(s[s) > a},
where 0 < a < 1. We define 5 (1) = {s|u(s[5) = 1}.
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Now we are in the position to define generalized fuzzy bicomplex numbers along
the following lines:

Definition 3.2. 5 is a generalized fuzzy bicomplex number if and only if
i) 1 (s|3) is upper semi-continuous (u.s.c.)
it) (@) is bounded, open, compact and arcwise connected for 0 < a <1 and

iti) 5 (1) is non-empty.

The set of all generalized fuzzy bicomplex numbers is denoted by the symbol
TE,.

One may define the norm |[[S|| of a generalized fuzzy bicomplex numbers § in
terms of strong a-cut in the following way:

Definition 3.3. The generalized fuzzy bicomplex norm ||3|| is defined as

p (r[ [[3]]) = sup {p (s[s) : [s| =7} (1)
where s € ’]I‘SB.

3.1. The basic arithmetic operations on the set of generalized fuzzy bi-
complex numbers.
Let f (s1,52) = r be any mapping from Tog X Top into Teg. We can extend f
to ']I‘gﬁ X ’JT(I;B into ']I‘gﬂ using the extension principle. We write f (51,32) =T, if
pu(r|r) = sup [min {p (s1[51) , p (s2[52)} [ f (51, 82) = 7]. (2)
As for examples one can obtain 7 = §; + 35 or ¥ = 31353, by using f(s1,82) = s1+ 52

or f(s1,82) = s182, respectively.
For subtraction we first define —3 as

p(s| =) = p(=s[3), 3)
and then set
51— 32 =31+ (—52). (4)
In order to define division, it is essential to first define reciprocal 37! of 5 as
p(sl5) = i (571) 5)

in some open disk D (0,¢) with center at 0 (= 0+ 0iy + 0iz + 05) € Typ such that
D(0,e)Ns (6) = ¢, an empty set. Moreover, if 5 (6) is unbounded away from 0,
then 57! remains undefined. When zero belongs to the closure of 3 (6) , then the
closure of 371 (0) will not be bounded and by the definition of generalized fuzzy
bicomplex numbers, 371 ¢ ']I‘gﬁ. Otherwise, the division of two generalized fuzzy
bicomplex numbers can be defined as
S1 _ 1
o 51545 - (6)
3.1.1. The addition and multiplication of generalized fuzzy bicomplex numbers using
strong a-cuts:
We define two sets S (a) and P (a) based upon the idea of strong a-cut in the
following way:
S ((l) = {51 + 82‘ (817 52) S 51 (a) X §2 (a)}, (7)
P (a) = {8152‘ (817 52) €35 (E) X 89 ((_l)} . (8)

Theorem 3.1. Let 51,52 € ’H‘gﬁ. If T = 51 4+ 5o, then 7(a) = S(a). Also, if
T = 3152, thenT (@) = P (a) .
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Proof. Case-I First we assume that 0 < a < 1.

If r € 7(@), then by (7) we may find sy, s3 so that s; + s2 = r and

min {p (s1|31) , 1 (82]32)} > a, since p (r|F) > a.

This implies that p (s;|3;) > a, for ¢ = 1,2, which implies that
(s1,82) €31 (@) xS2 (@) and r € S (a).

Now if r € S (a), then by (7), r = s1 + so with p(s;]5;) > a for i = 1,2.

Therefore min {y (s1[51), 1 (s2|S2)} > a and it follows that u (r|F) > a.

SoreT(a).

Hence 7 (a) = S (a), for 0 < a < 1.

Case-II Now let a = 1.

If r € S(1), then by (7), there are s; and s so that r = s1 + s3 and

min {4 (s1(51) , pt (s2(52)} = 1.

Hence p (r|F) =1 and r € 7 (1) .

Now suppose that r € 7 (1) .

Therefore for each n = 2,3, ... we can find a sequence s1, in 3; (6) and S9, in
3o (6) so that s, + o, = r and min {u (51,|51n) , 1 (S2n|S2n)} > 1 — %

Since 37 (@) and 35 (@) are compact for 0 < a < 1, we may choose subsequences
{s1n, } and {s2,,} both converging to s; and sy respectively with s; + s3 = r
and min {u (s1]51), 1 (s2]32)} > 1 because each p(s1[31), 1 (s2|S2) is upper semi-
continuous.

This implies that s; € 5; (T) for i = 1,2 and thus, 7 € S (1) by means of (7).

Hence 7 (T) = S (1).

The second part of the proposition may be derived in the same way as the first
part has been proved. O

Theorem 3.2. If 51 and 352 are generalized fuzzy bicomplex numbers such that
either 7 =51 + So or T = 351353, then T (@) is open.

Proof. First we consider 7 = 31 4+ 35 and let r € 7 (@) for some 0 < a < 1.

From Theorem3.1, there are s; € S; (@) for i = 1,2 such that s1 + s = 7.

Since 39 (@) is open, an open disk O (s2,¢) at center at sy and radius € > 0 can
be chosen, which is contained in 33 (@) .

Then s; + O (s2,€) is an open set, containing r, wholly inside 7 (@) since 7 (a) =
S (a).

Therefore 7 (@) is open.

If 7 = §155 then with minor modification in the argument of the first part,
for example, s1s9 = 7 and 1.0 (s9,¢) replacing s1 + s2 = r, and s1 + O (s2,¢)
respectively, it can be shown that 7 (@) is open. O

Theorem 3.3. Suppose that 7 =351 + 352 or T = 5152, where 51 and S are general-
ized fuzzy bicomplex numbers. Also suppose that for r, € T (6), the sequence {r,}
converges to r and p (r,|F) converges to X in [0,1]. Then p(r|F) > A.

Proof. First we suppose that 7 = 351 + 35.
So, for every £ > 0 there is a sequence {s1,} in 33 (O) and a sequence {sa,} in
52 (0) such that sy, + s2, = 7, and

o (rn]7) = min {1 (s1n[51 (0)) , 1t (s20[32 (0)) } > o (rn]7) — e 9)

Now all the s1,, all the s2, and all the r,, belong to 51 (0),5 (0) and 7 (0) which
are compact sets.
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So a subsequence may be chosen such that si,, — s1,52n, — 82,7, — ™ and
s1+ s2 =7 and A > min{u(s1]51),p(s2[52)} > A — &, because min function is
continuous. As ¢ is arbitrarily chosen, we see that A = min {u (s1[51), p (s2[32)}
which implies A < p (r|F).

The next case, i.e., T = §152 may similarly be derived in the line of the first
case. u

Theorem 3.4. If 51 and So are generalized fuzzy bicomplex numbers, then so are
51 + S2,5182,51 — So and 31/52.

Proof. a) First we consider that 7 = 31 + 3. We show that u (r|T) is upper semi-
continuous.
Let {r,} be a sequence chosen in 7 (0). As pu(r,|F) € [0,1] we can have a
subsequence f (ry,, [T) converging to some A € [0,1].
Now we know that
liminf u (r,|7) < A < limsup p (r,|7) . (10)

n—0o0 n—00

So there is a subsequence 1 (ry, |F) converging to limsup u (r,|T) .
n—oo

Theorem 3.3 implies that
p (r[7) > limsup p (rp|7) . (11)

n— 00

So from (11), we conclude that p (r|7) is upper semi-continuous.

Next we prove that 7 (@) is compact and arcwise connected for 0 < a < 1.

Since 31 (@) and 33 (@) are compact, arcwise connected, so is 51 (@) x 32 (@), for
0 <a <1.As S (a) is continuous image of 31 (@) x 3 (@), it follows that 7 (@) = S (a)
is compact and arcwise connected, for 0 < a < 1.

Hence 7 satisfies all the conditions of a generalized fuzzy bicomplex number.

b) The proof of ¥ = 513, is similar as that of 7 =31 + 5, so it is omitted.

¢) If 5 is a generalized fuzzy bicomplex number, then so is —5 and therefore
S1 — S is also a generalized fuzzy bicomplex number.

d) Since the mapping s — s~1, s # 0, is continuous and 37 ' (@) = (3(a))
we see that 371 is a generalized fuzzy bicomplex number. Therefore 3; /3 is a
generalized fuzzy bicomplex number. [

-1

Theorem 3.5. ||5]|(a) = [|5(@)]|, for 0 <a <1, wheres € ']I‘gﬂ.

Proof. Here two cases arise.
Case-1. First we assume that 0 < a < 1.
If r € ||3]| (@), then by (1), there exists a generalized bicomplex number s such
that |s| = r and p (s|5) > a. Therefore r € ||5(a)|| .
Thus,
re sl @ =rels@l. (12)
Next suppose that » € ||5(@)|| . Then using the definition of strong a-cut and (1)
there exists an s € T, so that |s| = r and p (s[3) > a.
This implies that sup { (s|35) | |s| = r} > a and as such r € ||5]| (@) .
So,
relF@l=re sl @ (13)
Therefore, from (12) and (13), it follows that

5l @) =[5 @], for 0<a<1. (14)
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Case-2. Next suppose that a = 1.
If 7 € |[5 (T)|| then by (1), there is an s € Tqp such that r = |s| and u (s[5) = 1.
Then the supremum of p (s|S) over all s such that |s| = r is also one and r €

151 (3).

Now let r € ||5]| (T) . For each n = 2,3, ... there is an s, in 5 (0) so that |s,| =r
and /i (sp|s) > 1 — . Then s, belongs to the compact set 5 (a) for 0 < a < 1, so
there is a subsequence s,,, — s with |s| = r and y (s|5) > 1. Therefore r € ||5 (T)||.

Hence

51 (T) =15 (M1 (15)
Thus the theorem follows from (14) and (15). O
Theorem 3.6. Lets be any generalized fuzzy bicomplex number. Then
=51l = 1I5l -
Proof. From Theorem 3.5, it follows that
151l @) = [[s @) = {Is| : s € 5 (@)} (16)
Again, in view of Theorem 3.5, we have
=51l (@) = |-5 @) = {l-s| : s €5(a)} (17)
Hence the result follows from (16) and (17) as |—s| = |s]|. O
Theorem 3.7. Let s1 and sy be two generalized fuzzy bicomplex numbers. Then
31 + Sall < [I50l] + [I52] -

Proof.

151 + 52| (@) (51 4 52) @)
= |51 (@) +352 (@)
{|81+82‘:Siegi(a),i:LQ}. (18)
and

5111 @) + I[32]| (@)
31 @I + [I52 @)]|
{|81|+‘32|:Siegi(a),i=1,2} (19)
Since, |1 + s2| < |s1]| + |s2], we get the result from (18) and (19). O

(152l + 1321 (@)

Theorem 3.8. If s1 and sy be two generalized fuzzy bicomplex numbers, then
5152 < 27 |51l ISl -

Proof. We wish to show that the set ||51352]| (@) is less than or equal to
(2% [51]1 %11} (@) for 0 < a < 1. Tn view of Theorem 3.5 and Theorem 3.1, we
obtain that

5152/ (@) = [(5152) (@]

151 (@) 52 (@)
= {|8182| : (81,82) €351 (6) X So (6)} (20)
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Also, from Theorem 3.5 and in view Theorem 3.1, we get that

(IsalM5211) (@) 1511l (@) [[52]] (@)
51 @)l 52 (@)

= Als1llsz2]: (s1,52) €51 (a) x5z (@)} (21)
Hence, the result follows from (20) and (21), as |s1s2| < v/2|s1]|s2] . O

3.2. Alternative definition of generalized fuzzy bicomplex numbers.
A generalized fuzzy bicomplex number 3 = 51 + S2i1 + S3is + 547 is defined by
its membership function w (s|$) which is a mapping from T,z — [0, 1] such that

1 (s[3) = min { (s1[51) 1 (s2[52) 1 (s3[33) » g1 (s4[54) ), (22)

where p (s1[31), p (82]52) , it (83/33) , 1 (s4]S4) all are fuzzy real numbers usually rep-
resented by S1,52,53 and 54 respectively, i.e., 51,52,53,54 € Rp.

Based upon the above definition of generalized fuzzy bicomplex numbers the
following theorems can be established:

Theorem 3.9. For every s € Tgﬁ, there exists s € Top such that pu(s[3) =1, i.e.,
every generalized fuzzy bicomplex number is normal.

Proof. Let 5¢€ Tgﬁ. Then 3 = (31, 32, 33, 54) Where 51, 35,353,54 € Rp. Since every
fuzzy real number is normal, there exists s1, s2, 83, 84 € R such that

p(s1]31) = p(s2[32) = pu (s3[33) = pu(s431) = 1.
Let s = s1 + s2i1 + S3i2 + 547 € Top. So we conclude that p (s[5) = 1. O

Theorem 3.10. For every s = s; + sai1 + s3iz + s4j € Tap, 5(@) = 51 (a) x
52(5) ><§3(6) ><§4(6),f07“0§a§ 1.

Proof. Case-I. Assume 0 < a < 1.

If s €35(a), then min {p (s1[31) , 1 (82]52) , 1t (83[33) , 1t (84]54) } > @ implying that
each membership function exceeds a and therefore (s1, $2, 83, $4) € 51 (@) X 32 (@) X
53 (@) x 54 (@), where 5 =51 + 52i1 + S3iz + 525 € Thy.

Now suppose that (si,s2,$3,54) € 51 (@) X 52 (@) X S3(a) x S4(a). Then each
membership function exceeds a. Therefore the minimum of the membership func-
tions of $1,32,33,34 exceeds a, so that u(s[s) > a and hence s € 5(@), where
§ =81 + 8201 + 8312 + 547 € Tag.

Case-II. Now let a = 1. If (s1,52,83,51) € 51 (1) x 52 (1) x 55 (1) x 54 (1),
then we easily verify that p (s|S) = 1 for some s = s1 + s2i1 + s3i2 + s4j € Top and
therefore s € 5 (1)

Next s €5 (T) .

Then there are s1, $2, 83, S4 € R so that s = 51+ 8211 + 302 + 847 and p (s1[31) =
1 (s2[52) = 11 (s3[83) = pu(saf5a) = 1.

Therefore (s1,52,53,54) €51 (1) x 52 (1) x 53 (1) x 54 (1) .

Hence the result follows from Case-I and Case-II. O

Theorem 3.11. For every s € ’]I‘gﬁ, S is a convex fuzzy set, i.e.,
i (s + (1= A)¢f5) > min {p (s[5) ,  (£19)}
where s,t € Top and A € [0,1].
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Proof. Let s = (s}, sh,85,84),t = (t),t5,t5,t)) and § = (51,352,53,54) . We know
that 51,352,53,54 € Rp are fuzzy real numbers. Thus

pAsy+(L=Nt1E1) > min{u(sis1), p(t51)},
prsh+ (L= N th[52) > min{pu(sh[s2) 1 (th]52)) .
A+ (1= A thf55) > min {ju (s4[5a) , o (£5155)}
pAsy + (1 =N ty[5s) > min{p(sh[5a), p (¢)]50)} -
Therefore
pAs+ (L =Nt5) = p(A(s1, 85,85, 85) + (1= X) (81,15, 5,84) [5)

= (st + 1 =N1), (Asy + (1 = A)ty),
(Asz 4+ (L= A)t5), (Asi + (1 = A) t)) [35)
= min {p(As] + (1 = A) t1[51), p(Ash + (1 = N) t5[32),
o (Asy 4+ (1= X) t5]53) , p (Asy 4+ (1 — A) t4[54) }

> min {u (s1[31), 1 (t1[51) , 1 (53[32)
H (tl2|§2) y s (821|§4) » (t21|§4)}
> min{pu(s[5),p(t[5)}-

O
Theorem 3.12. Ifs € Tg and v1,72 € (0,1] with v1 < y2, then 5(F,) 2 5(7,) -

Proof. Let s € 5(7,) where s = s1+5911 +53i2+547 € Top and 5 = (51,32,33,54) €
’]I‘gﬁ. So according to Theorem 3.10, s; € 31 (F5),S2 € 52 (F3),53 € 53 (F3),54 €
34 (7o) - Since 41 < y2 then 31 (71) 251 (72), 52 (F1) 2 52 (72),53 (1) 2 33 (V=) »
54 (Y1) 254 (F2) - Thus s1 €51 (71), 52 €352 (1) 83 €33 (T1) , 84 €354 (71) -

So s € 3(7,) - Hence the result. O

4. CONCLUSION

In recent development of Mathematics, result of applying the notion of fuzzy
logic as a tool has been proved to be promising. In this paper we have tried to go one
step further by proposing the concept of generalized fuzzy bicomplex numbers which
can be considered as the extension of fuzzy bicomplex numbers and discussed some
of their properties. However, some works of [1] and [8] may still be reinvestigated
in this area and left for readers as a scope of future research.

Acknowledgement. The authors are very much thankful to the reviewer for
his/her valuable suggestions to bring the paper in its present form.
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