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ABSTRACT

A nonlinear Hoo output feedback controller is proposed and coupled to a Pl controller to

regulate an UAV in the presence of aerodynamic force and moment perturbations. The
plant to be controlled is a Quadrotor helicopter described by nonlinear dynamics with
plant uncertainties due to the variations of inertia moments and payload operation. A
robust state estimation is considered under model uncertainties as well as
external/measurement disturbances. Performance issues of the controller are illustrated
in a simulation study made for an UAV prototype.
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INTRODUCTION

A Quadrotor UAV is usually required to move in different environments, following
specific tasks and providing good performance under parameter variations and external
disturbances. The aircraft dynamics is of 6 degree of freedom, it is nonlinear, and being
affected by aerodynamic forces, it is subject to parameter uncertainties. While
controlling an UAV, the following factors, relevant in practice, should be addressed in
combination: i) to ensure the stability, robustness and desired dynamic properties; ii) to
handle nonlinearity; iii) to be adaptive to changing parameters and environmental
disturbances. Since, in addition, incomplete and imperfect state measurements are only
available; the design of stabilizing controllers for Quadrotor UAV presents a challenging
problem.

Various methods such as sliding mode approach [1], backstepping technique [2],
input/output linearization [3] and nonlinear dynamic inversion [4] have recently been
tested to control UAV's. Since these methods required perfect state measurements
their practical utility remained limited. In this regard, potential applications of the

nonlinear f1, control techniques from [5], [6], [7], [8] to UAV's seem to be attractive for

handling all the above factors, including output feedback design. Such an application is
studied in the present work.

The nonlinear H_ output feedback control of a Quadrotor UAV to be developed is

inspired from [8]. A local 1, output feedback controller is derived by means of a certain
perturbation of the differential Riccati equations, appearing in solving the A, control

problem for the linearized system, when these unperturbed equations have positive
semi definite solutions. The local stabilizability/detectability conditions are thus ensured
by the existence of the proper solutions of the unperturbed Riccati equations. This

feature allows us to develop an F -design procedure with no a priori-imposed

stabilizability-detectability conditions on the control system. The procedure is opposed
to that of [5], [6], [7] where an extra non-trivial work on verification of these conditions is
required. In order to reenforce the compensation of the aerodynamical moment
perturbations a Pl regulator is additionally involved into the loop.

The paper is outlined as follows. The dynamic UAV model is introduced in Section 2.
The H, control synthesis is developed in Section 3. Simulation results are discussed in
Section 4. Finally, Section 5 presents some conclusions.

DYNAMIC MODEL

A Quadrotor UAV is a rotating rigid body of six degrees of freedom. Two diagonal
motors (1 and 3) are running in the same direction (anti-clockwise) whereas the others
(2 and 4) in the clockwise direction to eliminate the anti-torque. Varying the rotor
speeds, all with the same quantity, the lift forces affect the attitude thus enabling the
vertical take-off/on. Yaw angle is obtained by speeding up the clockwise motors or
slowing down dependent on the desired angle direction. Tilting around x (roll angle) axe
allows the Quadrotor to move toward y direction. The sense of direction depends on the
sense of angle whether it is positive or negative. Tilting around y (pitch angle) axe
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allows the Quadrotor to move toward x direction. The rotor is the primary source of
control and propulsion for the UAV. The Euler angles orientation to the flow produces
the forces and moments, controlling the altitude and position of the system. The
absolute position is described by three coordinates (xo, yo, z0),, and its attitude by Euler
angles(y, 6, ¢), under the conditions (-n< y<m) for yaw, (-(n/2) < < (w/2)) for pitch and (-
(n/2) < p< (w/2)) for roll.

The Newton law-based equations, describing the attitude and position of the UAV, are
partitioned into kinematic equations and dynamic equations [9], [10] and they generate
a MIMO nonlinear system given by

x=FX)+G,x)w+G,X)u
y; =H,x)+K,(x)u (1)
¥, =H,(x)+ K, x)w

In the above equations the state vector x € R'* is as follows

. . . o\
x:(x()’yOJZo’l//’e’(oaxo’yOJZo’é/:éjlJl//597¢> (2)

The control input & € R* is formed by means of the real control signals (u,,u,,u,,u,)
through the relations

u, =¢ +mg
f,
S = 3)
u, =u,
”3:Z
u4:Z

(i.e., for ensuring the system controllability the scalar control signal u, has been
delayed by double integrating whereas the others (u, ,u,,u,) have remained the same),
y, € R is the controlled output, y, e R* is the available measurement, the perturbation

vector (w,,w,) e R' consists of the measurement imperfection w, = (w,,w,,w;,w,)"

no

and external disturbances w, = (Ax,Ay,AZ,Ap,Aq,Ar )T .The external disturbancew,,
that affects the UAV, is composed by aerodynamical forces disturbances (AX,A),,AZ)[ and

aerodynamical moment disturbances(Ap,Aq,A,)T. Being computed from the

aerodynamical coefficients C, i=x,y,z,p,q,r these disturbances AF%PWC,WZ

appear to depend on the air density p,. , the velocity W of the UAV with respect to the
air whereas C, depends on several parameters such as the angle between airspeed

and the body fixed reference system, the aerodynamical and geometric form of the
wing. The other parameters, governing the state dynamics (1), are given by
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Fx) =[£,() fr1 Ky () =0, L] Ky =[l, 0]

T
06x4 06x3 06><3
0 M, 0 0 = r
G, (x) = 3x4 1 3x3 ,G,(x) = |: 10x4 } H, (x) [OaO,O,Oa xO,yO’ZO;l//]
0,0 0,5 0, P, Hz(x):[xoayoazoal//]
03><4 03><3 Pl
While the state vector being represented in the form
x =[x "'x14]T
the above relations are specified with
f,(x)=x;,1,(x) = X, £5,(x) = Xo, £, (X) = X, {5 (x) = X3, fi(X) =X,
K K
£,00=g] (x,0 +me)+ (1 . £,00 =g (x, +mg) + (K5 ),

K
fy(x)=g+g/(x,, + mg)+( %)Xw flo(x)=x,£,(x)=0
Ko L 10 0 0
f12(x) J y 0 gy dg, 0 0 g g~
3 4
S (xX) | = 5] x5 |, M, =%/113x3’])1 =%g 0 g? dgy P, = 0 0 13 13
f (x) K x g14 g14 dgl4 g3 g4
14 6 ]Z x14 2 3 4 0 g;4 g;4 gi4
g/ = ——/(cosx, cosx, sinx, +sinx,sinx, ); g = ——(cos x, sin x, sin x, —sinx, cos x, );
m
2 =—i(cosx sin x ) gl :i ST dsinx, 3 _ dcosx, 4 _ d sin x; sin x;
: m ’ o= 1.7 : I, cosx; » o3 I, $ o3 I, cosxs
1 _ COSXg 43 sinxg o, SiNX; COSXg
&4 I cosx, * I, ~ ) 1. cosx;

-2
Where g is the gravity constant (8 =2-31"5") d is the distance from the center of mass
to the rotors. U1 is the resulting thrust of the four rotors defined as
u, =(F +F, + F, + F,). U2 is the difference of thrust between the left rotor and the right

rotor defined asu, =d(F, - F,). U3 is the difference of thrust between the front rotor
and the back rotor defined asu, = d(F, — F,). U4 is the difference of torque between the

two clockwise turning rotors and the two counter-clockwise turning rotors defined as
u, =C,(F,—F,+F,—F,), With C, being the force moment scaling factor and F,,F,,F,

and F, are the thrust forces of the rotors. 7,1 ,I_ represent the diagonal coefficients of
inertia matrix of the system. K, , are drag coefficients.
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NONLINEAR H,A CONTROL SYNTHESIS

For stating the nonlinear H_ -regulation problem we recall the following.
A causal dynamic feedback compensator

i =K(y) (4)

With internal state& € R*, is said to be a globally (locally) admissible controller if the
closed-loop UAV (1), (2) is globally (uniformly) asymptotically stable when w=0.

Given a real numbery >0, it is said that UAV (1), (2) has L, gain less than if the
response z, resulting from w for initial state x(z,) = 0; #(0) = 0, satisfies:

[l de < [we)]"d (5)

for all ¢, > ¢, and all piecewise continuous functions w(t). The nonlinear H  regulation
problem is in finding a globally admissible controller (2) such that L, -gain of the closed-
loop UAV (1), (2) is less than y . In turn, a locally admissible controller (2) is said to be a
local solution of the nonlinear H  -control problem if there exists a neighbourhood U of
the origin such that inequality (5) is satisfied for all ¢, > ¢,and all piece-wise continuous

functions w(t) for which the state trajectory of the closed-loop UAV starting from the
initial point x(z,) = £(0) remains in U for all z [t,,7,] .

In the above problem statement, we have assumed for simplicity that the origin is the
desired destination of the UAV. If it is not the case one should rewrite the UAV
equations in terms of the state deviation from the desired destination and then
reformulate the problem for the resulting deviation equations.

Our subsequent local analysis involves the standard linear H_-control problem for the
UAV linearization

x=Ax+Bw+Bu

z=Cx+D,u (6)
y=Cyx+D,w
where
oF oH oH
A4, =—(0); B, = G,(0); B, =G,(0);C, :_1(0); C, = _2(0);D12 =K,(0); D,, =K,,(0)
Ox Ox ox

Such a problem is well-understood if the linear system (6) is stabilizable and detectable
from u and vy, respectively. Under these assumptions, the following conditions are
necessary and sufficient for a solution of this problem to exist:
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(A1) there exists a positive semi definite symmetric solution of the algebraic Riccati
equation P4, + A/ P+ C/ C, + PT,P =0; specified with T, =y BB/ — B,B, such that the
matrix 4, —I',P is Hurwitz.

(A2) there exists a positive semi definite symmetric solution of the algebraic Riccati
equation AZ + ZA" + B\B] +ZI',Z=0;  specified with A=4 +y7BB'P and
[, =y °PB,B] P—C, C,;such that the matrix 4+TZ, is Hurwitz.

According to [8], conditions (A1) and (A2) ensure that there exists a positive constant
g, such that the system of the perturbed algebraic Riccati equations

P A+ AP, +C/C +PI\P, =& (7)
AZ,+Z, A" +BB +Z.1,Z, =—e (8)

has a unique positive definite symmetric solution (P.,Z,) for eachge(o,go). In the

sequel, equations (7), (8) are utilized to derive a local solution of the above nonlinear
H _-regulation problem. The following result is extracted from [8].

Theorem1 Let (P.,Z,) be a positive definite symmetric solution of (7), (8) under some
y>0 and ¢ >0. Then the output feedback

¢=F @+ 76,6 ©e -GG ©ps+ 2.0 -1, ©) o)
=Gl (§PE
is a local solution of the H_ -regulation problem, with

A T
§ :(x05y072071//79:(07x05y07z'oaé/7§17‘//597(0)

Proof. It is straightforward to verify that the following hypotheses hold:

1. The functions F(x),G,(x),G,(x),H,(x),H,(x),K,,(x),K,,(x) are piecewise Continuous
2. F(0)=0, H,(0)=0,H,(0)=0;

3. H/ (0K, (x)=0,K}(0)K,,(x) = 1,K,,(x)G (x) = 0,K,, (x)K 5, (x) = ]

Thus, Theorem 3 from [8] turns out to be applicable to the system in question. The
validity of the present theorem is then established by applying Theorem 3 of [8] to the
UAV dynamics (1). The proof of Theorem 1 is completed.

In order to apply the synthesis procedure, resulting from Theorem 1, one should utilize
a certain perturbation of the algebraic Riccati equations that appear in solving the
standard H_ control problem for the linearized system. Since the local stabilizability
and detectability are then ensured by the existence of a proper solution of the
unperturbed algebraic Riccati equations ([8] for details) an extra work on the
stabilizability/detectability is thus obviated.
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Due to the nature of the nonlinear H_ control approach, the closed loop UAV is robust

against the measurement imperfections and aerodynamical force perturbations. We
must emphasize that drag forces and moments has been taken as output perturbations.
However, the closed-loop system becomes extremely sensitive if it is affected by
aerodynamical moment perturbations whose influence on the system dynamics (1) is
amplified by a nonlinear state-dependent gain. This fact has been confirmed by
simulations since the matching condition is not satisfied. To address the latter
perturbations a modification of the H_ control law was proposed. Since 4,,4,, and 4,
affecty,,x,,and  respectively, a Pl control law is added into the loop to enhance

robustness against these disturbances and drag forces and moments. So the internal
state vector is modified as follows (Fig-2):

A AT
¢ :(foaﬁoefoﬂ/}+€w9+exe@Jfeyaffoai’o,Z'oeCan/'/ﬁe(Pj (10)

e = (O—xO)LKX +TLSJ,6); = (O—yo)(Ky +TLS}6W = (O—l//)(KW +TLS] (11)

Y v

X

SIMULATION RESULTS

The controller performance was studied by simulation made for the laboratory prototype
of the Quadrotor UAV with the constant parameters m=1Kg, Ix=ly=0.0996N.m/rad/s?,
1z=0.1219N.m/rad/s?, d=0.17m, g=9.81m/s?, K1..6=0.04.

In the simulations performed with MATLAB the Quadrotor was required to move from
the initial point

%,(0) =Lx,(0)=0,»,(0) =1, y,(0)=0,2,(0) = -1,2,(0)= 0,
w(0) = 1,y (0)= 0,0(0) = 0,6(0)= 0, p(0) = 0,¢(0)= 0, to the origin.

To design the nonlinear H_ controller (9) the following positive definite symmetric
solutions of the Riccati equations (7),(8) were numerically found for y =55, £ =0.2:
The parameters of the Pl regulator (11) were tuned to

K, =10"T, =0.3333sec, K, = 107,T. =0.3333sec, K, =10‘2,Tw =1.6667sec
The aerodynamic force and moment perturbations were applied for:

Ax =02+ K x, +Af;Ay =02+ K, x; + Af; Ax = 0.2+ K xy + Af;
Ap=0.01+K,x, +Aa; Aq = 0.01 + K x,; + Aa; Ar = 0.01+ K x,, + Aa;

with Af,Aa are random variations of period 60sec and magnitude 50% and 20% of the
mean values of force and moment perturbations respectively.
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The measurement noise signals used in all the simulation runs were uncorrelated,
white, zero mean, and of 0.01 variance. To better demonstrate robustness features of
the proposed synthesis various scenarios of the force perturbations were also played.
Results for this case are presented in Figs(3,4,5,6). It is concluded from these figures
that aerodynamical force and moment perturbations are better attenuated by the H

controller when combined with Pl.

CONCLUSION

A nonlinear H_ output feedback synthesis is developed to control a Quadrotor UAV,

operating under uncertainty conditions. The controller consists of a nonlinear
compensator and disturbance attenuator, being robust against external disturbances,
measurement imperfections, and aerodynamical force perturbations. For enhancing
robustness margins towards aerodynamical moment perturbations the controller is
coupled to a PI controller. Theoretical results are supported by numerical simulations
that demonstrate efficiency of the proposed combined PI/ H_ -controller design.
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