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Abstract 

In this article, we study exact solutions of nonlinear of Burger’s Equation, 

Symmetric Regularized Long Wave (SRLW) equation, and Whitham-Broer-

Kaup equations by using the variation of (G'⁄G)-expansion method, respectively. 

With the aid of mathematical software Maple, we can obtain the exact solutions 

for the above equations.   Here we use the variation of (G'⁄G)-expansion method 

by applying it to solve the above mentioned equations, some new exact 

traveling wave solutions are obtained which include solitary wave solutions. 

When the arbitrary constants are taken some special values, the periodic and 

soliton solutions are obtained from the travelling wave solutions. The obtained 

solutions are new and not found elsewhere. It is shown that the methods are 

effective and can be used for many other nonlinear evolution equations 

(NLEEs) in mathematical physics. This methods is effectual, uncomplicated and 

can also be used to tackle a number of other differential equations related to 

mathematical physics 
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1. Introduction 

As we know, many phenomena’s of physics and 

biology can be represented by Nonlinear PDEs [1-6]. We 

extended the known (   ⁄ )-expansion method [7-9] to it, then 

we find here its exact solutions. 

A. R. Shehata, used the modified (   ⁄ )  -expansion 

method [10],  (   ) -expansion method [11], Geometrical 

Properties and Exact Solutions of Three (3+1)- Dimensional 

Nonlinear Evolution Equations in Mathematical Physics Using 

Different Expansion Methods [12]. 

Here we use the variation of (   ⁄ ) -expansion method by 

applying it to solve the above mentioned equations; some new 

exact traveling wave solutions are obtained which include 

solitary wave solutions. It is shown that the methods are 

effective and can be used for many other nonlinear evolution 

equations (NLEEs) in mathematical physics. 

2. Description of the variation of (   ⁄ )-expansion method 

We use the variation of (   ⁄ ) -expansion method [13,14] to 

solve the above equations. 

Let  
 

 (                                )                    (2.1) 

Where   is a polynomial of   and its partial derivatives. 

Step 1.  Use the solitary wave variable and 

transformation 

 

 (       )   ( )                                                                                                                  (2.2) 

             (2.3) 

where      and    are nonzero arbitrary constants, we can 

rewrite Eq.(2.1) as the following nonlinear ODE: 
 

 (                )    ,        where ( )  
 

  
 . (2.4) 

Step2. Suppose   

    ( )  ∑   ( 
   )  ∑   ( 

   )   (    ) 
   

 
     (2.5) 

where     ( ) and    ( )  expresses the solution of 

the coupled Riccati equation,   
 

  ( )    ( )  (   )     (2.6) 

  ( )     ( )   (2.7) 

  (         )   (         )  are constants to be 

determined later. 

These governing equations lead us two types of general 

solutions: 

 

 ( )       ( )  ( )      ( )    (2.8) 

 ( )       ( )   ( )      ( )  (2.9) 

Step 3. By considering the homogeneous balance 

between the highest order derivatives and the nonlinear 

terms appearing in Eq. (2.4), we can find the positive 

integer    as follows:  

 

 *  (
   

   )
 

+      (   )   where   denotes the 

degree of the expression . 
 

Step 4. Substituting Eq.(2.5) into Eq.(2.4) and using 

Eq.(2.6) and Eq.(2.7), collecting all terms with the same 

order of (   ) ⁄ or ( )  together, left-hand side of 

Eq.(2.4) is converted into another polynomial in (   ⁄ ) 
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or ( ). Equating each coefficient of this polynomial to 

zero, yields a set of algebraic equations for          and 

  ,   and  . 

Step 5. Determining the constants          and   ,   and 

 . by solving the algebraic equations in step 5. As the 

general solutions of Eq.(2.6) and Eq.(2.7) are already 

known to us ,then substituting        ,    ,  ,  ,   and the 

general solutions of Eq.(2.6) and Eq.(2.7), we obtain the 

exact solutions of Eq.(2.1). 

 

 

3. Applications of the method: 

3.1.   Example 1: The Burgers’ Equation [15]: 

                                                                                                                                          (3.1.1) 

It can be observed that the transform:  

 (    )   ( )                                                                                                                     (3.1.2) 

where   and    are constants, permits us to reduce the 

Equation (3.1.1) into an ODE. After integrating once, we 

have the following form: 

 

     
 

 
                                                                                                             (3.1.3) 

where   is a constant of integration. Now by considering 

the homogeneous balance between the order of    and 

   in Eq.(3.1.3), we obtain       

 

By using step 2 the solution of Eq. (3.1.3), can be 

written as, 
 

 ( )       (   ⁄ )    (   ⁄ ) 

                   ( 
    )    

 (3.1.4) 

Substituting Eq. (3.1.4) into Eq. (3.1.3) , collecting the 

coefficients of ( ) (         ), and letting it be zero,  

yields a set of simultaneous algebraic equations for 

            and     as follows: 

 

          
 

 
     

             
            (3.1.5) 

                               (3.1.6) 

   
 

 
    

         
 

 
    

                    (3.1.7) 

                   (3.1.8) 

    
 

 
    

             (3.1.9) 

After solving these algebraic equations for 

           and    with the help of software Maple, 

yields the following results. 

Case 1:   

 

  
 

 

 (    
       )

 
                  

   

 
  

       
(3.1.10) 

where         are arbitrary. 

Case 2:  
 

  
 

 

    (   
      

  )

 
        

 

 

      

 
            

 

 

   

 
             

(3.1.11) 

where        is arbitrary.  

Substituting Eqs. (3.1.10), (3.1.11) into Eq.(3.1.4) we 

get two types of the exact solutions of Eq.(3.1.1) as 

follows: 

According to case 1. 

Type 1: 

Class I:            (   )     
   

 
     (         ) . (3.1.12) 

Class II:          (   )     
   

 
    (        ) . (3.1.13) 

According to case 2. 

Type 2: 
 

Class I:            (   )           (
   

  
  

      

  
 ) . (3.1.14) 

Class II:           (   )            (
   

  
  

      

  
 )   (3.1.15) 

 

3.2.   Example 2: The SRLW equation: 

                                 (3.2.1) 

which arises in several physical applications including 

ion sound waves in plasma. It arises in many nonlinear 

problems of mathematical physics and applied 

mathematics. Periodic wave solutions of SRLW have 

been given by using the Exp function method [16], and 

(   ⁄ )-expansion method [17].  

It can be observed that the transform: 

 

 (    )   ( )                   (3.2.2) 

where     and    are constants, permits to reduce the 

Equation (3.2.1) into an ODE. After integrating twince, 

we have the following form: 

 

(     )  
 

 
               C = 0,  (3.2.3) 

Balancing the order of     and    in Eq.(3.2.3), we 

obtain       

By using step 2 the solution of Eq. (3.2.3), can be 

written as, 

 

 ( )       (   ⁄ )    ( 
   )    (   ⁄ )

   (   ⁄ )(   ⁄ ) 

                      
    ( 

    )    (    ) 

 (3.2.4) 

Substituting Eq. (3.2.4) into Eq. (3.2.3) , collecting the 

coefficients of ( ) (               ),and letting it 

be zero,  yields a set of simultaneous algebraic 

equations for                   and    as follows: 

 

   
 

 
      

  
 

 
      

                     

             
 (3.2.5) 

                                     

                     (3.2.6) 

   
 

 
      

  
 

 
      

       
            

                                    

                   
     

      
     

                                  
 (3.2.7) 

                                     

                                     

                                                                                                                                                            

 (3.2.8)   
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(3.2.9)   

                                         

                                                                    
 (3.2.10) 

     
 

 
      

        (3.2.11) 

                                                                                                                                                          (3.2.12) 

After solving these algebraic equations for  

                   and    with the help of software 

Maple, yields the following results. 

Case 1:   

 

   
 

 
      

          
 

 
      

      
      

  

   
     

                                       
(3.2.13) 

where                 are arbitrary. 

Case 2:  
 

   
 

 

                     

   
  

   
                   

   
    

                         

(3.2.14)    

where            are arbitrary. 

Substituting Eqs.(3.2.13),(3.2.14) into Eq.(3.2.4) we 

get two types of the exact solutions of Eq.(3.2.1) as 

follows: 

According to case 1. 

Type 1: 

 

Class I:              (   )        . (3.2.15) 

Class II:            (   )        . (3.2.16) 

According to case 2. 

Type 2: 
 

Class I:          

                       
 

 
 

 

 
            (     ) . (3.2.17) 

Class II: 

            (   )       
 

 
 

 

 
            (      )  

(3.2.18) 

 

3.3. Example 3: The Whitham-Broer-Kaup equations 

[18,19]: 

  {
                 

   (  )               
  (3.3.1) 

where    (   ) is the field of horizontal velocity, 

   (   ) is the height deviating from the equilibrium 

position of liquid,    and   are real constants that 

represent different diffusion powers. 

For our purpose, we use the following transformation: 

 

 {
 (    )   ( )               

 (    )   ( )               
  (3.3.2) 

where     and     constants. Then by using 

Eq.(3.3.2), Eq.(3.3.1) can be turned into an ODE: 
 

{
                        

       (  )                     
  (3.3.3) 

where         ⁄  .By integrating once and setting 

the constants of integration to be zero, we obtain 
 

{
      

  

 
            

                        

  (3.3.4) 

balancing the order of    and       and      in 

Eq.(3.3.4),we obtain: 
 

                                              (3.3.5) 

By using step 2 the solutions of Eqs. (3.3.4) can be 

written as,  
 

 ( )       (
  

 
)    (

  

 
)                                                                              

                    ( 
    )   

 (3.3.6) 

 ( )       (
  

 
)    (

  

 
)
 
   (

  

 
)    (

  

 
) (

  

 
)                                                   

                    
    ( 

    )    (    )                                                  

 (3.3.7) 

 

substituting Eqs. (3.3.6),(3.3.7) into Eqs.(3.3.4), 

collecting the coefficients of ( ) (            ), 

and letting it be zero,  yields a set of simultaneous 

algebraic equations for                           and  

  as follows: 

 

        
 

 
   

     
                     

   
 (3.3.8) 

                                   (3.3.9) 

                          
 

 
   

     

 
 

 
   

     
(3.3.10) 

                     (3.3.11) 

           
 

 
   

     (3.3.12) 

                                        
         , 

(3.3.13) 

       
       

       
       

         
                              
                        , 

(3.3.14) 

       
      

                          
                        

(3.3.15) 

        
       

       
       

         
                   , 

(3.3.16) 

         
                              (3.3.17) 

       
            (3.3.18) 

              (3.3.19) 

After solving these algebraic equations for  

                          and   with the help of 

software Maple, yields the following results. 

Case 1:   
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(3.3.20) 

where              are arbitrary. 

Case 2:  
 

   
 

 
            

 

√   
                   

 

 

     
    

  
           

 

 √    
             

(3.3.21) 

where            are arbitrary. 

substituting Eqs.(3.3.20),(3.3.21) into 

Eqs.(3.3.6),(3.3.7) we get two types of the exact 

solutions of Eq.(3.3.1) as follows: 

According to case 1. 

Type 1: 

 

Class I:            (   )  
 

 
 

 

 
    (     )   , 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(3.3.22) 

   (   )  ( 
           

    

       )(       (     )) . (3.3.23) 

Class II:          (   )  
 

 
 

 

 
    (     ) , (3.3.24) 

   (   )  ( 
           

    

   
    )(       (     )) . (3.3.25) 

According to case 2. 

 Type 2: 
 

Class I:  

                
 

 
 

 

√   
  (    (     )      (     ))  

(3.3.26) 

          (
     

    

      )     (     ) . (3.3.27) 

Class II:       

    
 

 
 

 

√   
  (    (     )      (     ))  

(3.3.28) 

          (
     

    

      )     (     ) . (3.3.29) 
 

4. Numerical solutions for the exact solutions of the above 

NPD equations: 

We can study the behavior of the travelling wave solutions 

which obtained above by illustrating the following figures: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(Figure 1): The exact solution of(3.1.12)    
  When 𝑎0    𝑎  𝑏  𝜏  1 

  When 𝑎0    𝑏1  2 𝑎  𝑏  𝜏  1 

 
 

(Figure 2): The exact solution of (3.1.14) 

 

 
 

(Figure 3): The exact solution of(3.2.17) 

                    When λ  τ  1 

 
 

(Figure 4): The exact solution of (3.2.18) 

                    When 𝜆  𝜏  1 

When 𝜆   1 𝜏  𝑝  1 𝑑2    

 
 

(Figure 5): The exact solution of (3.3.23) 

 
 

(Figure 6): The exact solution of (3.3.26) 

                    When 𝜆   𝜏  1 
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5. Conclusion     

Here we use the variation of (   ⁄ )-expansion method to 

solve some NLPDEs, namely nonlinear of Burger’s Equation, 

Symmetric Regularized Long Wave (SRLW) equation and 

Whitham-Broer-Kaup equations. This method is reliable and 

efficient and gives new solutions. 

And it can be used for many others nonlinear partial 

differential equations in mathematical physics.  
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