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In this article, we study exact solutions of nonlinear of Burger’s Equation,
Symmetric Regularized Long Wave (SRLW) equation, and Whitham-Broer-
Kaup equations by using the variation of (G/G)-expansion method, respectively.
With the aid of mathematical software Maple, we can obtain the exact solutions
for the above equations. Here we use the variation of (G/G)-expansion method
by applying it to solve the above mentioned equations, some new exact
traveling wave solutions are obtained which include solitary wave solutions.
When the arbitrary constants are taken some special values, the periodic and
soliton solutions are obtained from the travelling wave solutions. The obtained
solutions are new and not found elsewhere. It is shown that the methods are
effective and can be used for many other nonlinear evolution equations
(NLEEs) in mathematical physics. This methods is effectual, uncomplicated and
can also be used to tackle a number of other differential equations related to
mathematical physics

1. Introduction

where 7,8 and A4 are nonzero arbitrary constants, we can
rewrite Eq.(2.1) as the following nonlinear ODE:

As we know, many phenomena’s of physics and
biology can be represented by Nonlinear PDEs [1-6]. We
extended the known (G'/G)-expansion method [7-9] to it, then
we find here its exact solutions.

A. R. Shehata, used the modified (G'/G) -expansion

method [10], (w/g) -expansion method [11], Geometrical
Properties and Exact Solutions of Three (3+1)- Dimensional
Nonlinear Evolution Equations in Mathematical Physics Using
Different Expansion Methods [12].
Here we use the variation of (G'/G)-expansion method by
applying it to solve the above mentioned equations; some new
exact traveling wave solutions are obtained which include
solitary wave solutions. It is shown that the methods are
effective and can be used for many other nonlinear evolution
equations (NLEESs) in mathematical physics.

2. Description of the variation of (G'/G)-expansion method

We use the variation of (G'/G)-expansion method [13,14] to
solve the above equations.
Let

P(u, uy, Uy, Uy, U, Up, Uy, Uy, Uy, ... ) = 0, (2.1)

Where P is a polynomial of u and its partial derivatives.
Step 1. Use the solitary wave variable and
transformation

ew,u,u"u",.)=0, where()= _f (2.4)
Step2. Suppose

u(®) =X, a;(G'/6) + X by(G'/G) " (F'/F), (2.5)
where G = G(§) and F = F(§) expresses the solution of

the coupled Riccati equation,

G'(§) =-GE&).F§), (2.6)
F'(§)=1-F&)? (2.7)
a;(i=0,1,..,m),b;(i=1,2,..,m) are constants to be
determined later.

These governing equations lead us two types of general
solutions:

G(§) = tsech($),F(§) = tanh(), (2.8)
G(§) = £ csch($), F(§) = coth($). (2.9)

Step 3. By considering the homogeneous balance
between the highest order derivatives and the nonlinear
terms appearing in Eq. (2.4), we can find the positive
integer m as follows:

D[Ur (3:';) ] =mr + s(q +m), where D denotes the
degree of the expression .

Step 4. Substituting Eq.(2.5) into Eq.(2.4) and using

ux,y,t) = U®), 2.2) Eq.(2.6) and Eq.(2.7), collecting all terms with th_e same
order of (G¢'/G) or (F) together, left-hand side of
§=tx+dy+iat, (23)  Eq.(2.4) is converted into another polynomial in (6'/6)
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or (F). Equating each coefficient of this polynomial to
zero, yields a set of algebraic equations for a;, b;, r; and
T,8and 4.

Step 5. Determining the constants a;, b;, r; and =, § and
A. by solving the algebraic equations in step 5. As the
general solutions of Eq.(2.6) and Eq.(2.7) are already
known to us ,then substituting a; ,b;, r;, 7, 8, A and the
general solutions of Eq.(2.6) and Eq.(2.7), we obtain the
exact solutions of Eq.(2.1).

3. Applications of the method:

3.1. Example 1: The Burgers’ Equation [15]:

u, + auu, + bu,, =0, (3.1.1)

It can be observed that the transform:

u(x,t) =U($),
where T and A are constants, permits us to reduce the
Equation (3.1.1) into an ODE. After integrating once, we
have the following form:

C+AU+§ruz+erU’:0,

E=tx+ At, (3.1.2)

(3.1.3)

where C is a constant of integration. Now by considering

the homogeneous balance between the order of U’ and

U? in Eq.(3.1.3), we obtain m = 1.

By using step 2 the solution of Eqg. (3.1.3), can be

written as,

UR) = ao +a1(6'/6) + by (F'/F)
=ay—a;F+by(F1-F),

Substituting Eq. (3.1.4) into Eq. (3.1.3) , collecting the

coefficients of (F)i(i = 0,+1,+2), and letting it be zero,

yields a set of simultaneous algebraic equations for

ag,aq, by, rand 2 as follows:

(3.1.4)

1
F%:C + Aay + = taay® — taa;b, — tab,* — t2ba, =0, (3.1.5)

2

Fll —aapaq T — aaobl'l' - ).al - )'bl = 0,

(3.1.6)

FZ:%raal2 +taab, + %‘tablz +7%bay + t2bb, = 0, (3.1.7)

F_ll aa0b1T + lbl = 0, (318)

1
F‘Z:i‘tabl2 — 72bby = 0. (3.1.9)

After solving these algebraic equations for
ay,a,, by, T and A with the help of software Maple,
yields the following results.
Case 1:
117(a’ay® — 4b*1?) 2th
=3 a A= —aayt, ay=-—-
b, =0,

where aq,T are arbitrary.
Case 2:
1a2by(ap? - b1*) 1=— 1a%ayh,
4 b ! 2 b

(3.1.10)

C —
lab,
2 b’

where by, a, is arbitrary.

, a1=—b1,1:=

(3.1.11)
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Substituting Egs. (3.1.10), (3.1.11) into Eq.(3.1.4) we
get two types of the exact solutions of Eq.(3.1.1) as
follows:

According to case 1.

Type 1:
Class I: Ui (x,t) = ay +? tanh(tx — aaytt) . (3.1.12)
Classll:  Ujp(x,t) =ag+ ?coth(tx —aaytt) . (3.1.13)
According to case 2.
Type 2:
Classl: Uy (x,t) =ag+ b, coth(az—lz:x - %t) . (3.1.14)
2

Class Il: Uz (x,t) = a + by tanh(tx —2%t).  (3.1.15)
3.2. Example 2: The SRLW equation:

Upp + Uyy + Uy + Uy Uy + Uy = 0, (3.2.1)

which arises in several physical applications including
ion sound waves in plasma. It arises in many nonlinear
problems of mathematical physics and applied
mathematics. Periodic wave solutions of SRLW have
been given by using the Exp function method [16], and
(G'/G)-expansion method [17].
It can be observed that the transform:
ulx,t)=U¢), §=1x+ At
where T and 4 are constants, permits to reduce the
Equation (3.2.1) into an ODE. After integrating twince,
we have the following form:
(22 + T2)U + 34 TU% + 2*72U" +C =,
Balancing the order of U” and U? in Eq.(3.2.3), we
obtain m = 2.
By using step 2 the solution of Eq. (3.2.3), can be
written as,
U(§) = ag +a,(G'/6) + a(G'/G)* + by (F'/F)

+ by(G'/G)(F'/F)

(3.2.2)

(3.2.3)

(3.2.4)
=ayg— a,F + ayF? + by(F 1 —F) — by(1 - F?)

Substituting Eq. (3.2.4) into Eq. (3.2.3) , collecting the

coefficients of (F)i(i = 0,4+1,+2,+3,+4),and letting it

be zero, yields a set of simultaneous algebraic

equations for ay, a4, ay, by, by, T and 4 as follows:

1 1
F*:o Tay® +5 TAby? +61%2%a, + 6 T21%h,

+ Tﬂ.azbz = 0, (325)

F3: -2T Zﬂ.zal - 2T lebl - T}.alaz - T}.albz

- T}.azbl — T}.blbz = 0‘ (326)

F2:§ T Aa,? +% TAby? — T Ab,? —812%2%a, —

8121%b, + Tt Aa by + T dagh, + T daga; —
T}.azbz + az‘[z + bz}.z + szZ + azlz =0,

(3.2.7)

F1:27%22%a, + 2t %2A%b, — T Aaga, — T Aagh, +
T}.albz + T}.azbl + 2t Ablbz -7 2(11 - szl -
A.Zal - A.Zbl = 0,

(3.2.8)
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FO: —t da;by — 7 Aagb; + C +3 T Ab," — T by +

2t22%a, +27%2%b, + % TAag? +agr?+ a2 -  (3.29)
bz‘[z - bzlz = 0,
F_1: —27 Z)'Zbl +T ).a()bl -7 ﬂ.blbz +7 2b1 + Azbl =
0, (3.2.10)
F2:27b," =0, (3.2.11)
F3:2t%2A%p, = 0. (3.2.12)
After solving these algebraic equations for
ag,aq,az by, by, t,2and € with the help of software
Maple, yields the following results.
Case 1:
C= —% T Aag? + T Aagh, —% TAby? —agt? + byt ? —
aolz - bzﬁ.z ,aq = 0,112 = —bz rbl = 0, (3213)
where 7,4,ay,b, are arbitrary.
Case 2:
o 1t1et*at—tt-27%222 - 2*
T2 Tl ’
81242 +1Aby— 12— 2% (3.2.14)
%o = TA $ &
=0,a2=—12‘tl—b2, b1=0,
where 7,4,b, are arbitrary.
Substituting Egs.(3.2.13),(3.2.14) into Eq.(3.2.4) we
get two types of the exact solutions of Eq.(3.2.1) as
follows:
According to case 1.
Type 1:
Class I: Ull(x, t) =ap— bz . (3215)
C|aSS 1: Ulz(x, t) =Qag— bz . (3216)
According to case 2.
Type 2:
Class I:
Uz =8tA-1-2—127Atanh?(xx+At). (3.2.17)
Class Il:
T (3.2.18)

Uy (x,t) = 8‘:1—;—%— 127 A coth? (tx + At).

3.3. Example 3: The Whitham-Broer-Kaup equations
[18,19]:

{ Uy + uuy + vy + puy, =0, (33.1)

Ve + (UD)x — PUsy + QUyex = 0,

where u = u(x, t) is the field of horizontal velocity,
v = v(x, t) is the height deviating from the equilibrium
position of liquid, p and q are real constants that
represent different diffusion powers.

For our purpose, we use the following transformation:

{u(x,t) =U(¢§), &=1x—1t,

v(x,t)=V(E¢), &=1x—-1t,

where 4 # 0 and 7 +# 0 constants. Then by using
Eq.(3.3.2), Eq.(3.3.1) can be turned into an ODE:

(3.3.2)
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—AU' +TUU + V' + ?pU" =0,
— AV +T(UV) —*pV"’ +13qU"" =0 ,

where U' = dU/d & .By integrating once and setting
the constants of integration to be zero, we obtain

2

UZ
—AWW+t—+V+t*pl =0,
— AV +TUV — ?pV’ + t3qU" =0,

balancing the order of U% and U’, UV and U" in
Eq.(3.3.4),we obtain:

m=1n=2.

By using step 2 the solutions of Egs. (3.3.4) can be
written as,

U@ = a0+a1(%)+b1(%),
=ay—a;F+by(F1-F),

4 ! 2 ! ! !

V@) =coter(G)+er(Z) +ai(F)+a(3) (7).

=Co— C1F + C2F2 + d1(F_1 - F) - dz(l - FZ) ,
substituting Egs. (3.3.6),(3.3.7) into Egs.(3.3.4),
collecting the coefficients of (F)i(i = 0,+1,42,43),
and letting it be zero, yields a set of simultaneous
algebraic equations for ay, a4, by, ¢o, €1, €2, d4, d,, T and
4 as follows:

1
FO:—2ay + Etaoz —1b? + ¢y — Td; — Tayby — 2pay
=0

F1: —Qogaq T — aoblT + all + blﬁ. — 1T — d1T =0
2 2 2 1 2
F*:ta;bq + t°pa, + t°pbq + td, +§Tb1 + TCy

+iza2=0
ZTal =0,

F_1: a0b1T - blﬂ. + dl‘l' = 0,
1
F~2:—1?pb, + Etblz =0,

FOI szcl + TaogCo — Taodz - Ta1d1 - Tblcl — 2Tb1d1 —
ACO + ).dz = 0,

F':2a,73q + 2b,13q — 2¢,7%p — 2d,7T%p — agc T —
aodl'[ —aq1€pT + aldz'l' - b1COT + b1C2T +
Zbldz'[ + }'Cl + Adl =0,

FZZ _Cl'[zp - dl‘[zp + aogC,T + aodz'l' +acqT+ alle
+ b1C1T + bldl'l' - A.CZ - Adz =0,

F3:-2a,73q — 2b,73q + 2¢,7%p + 2d,7T%p — ayc,T —
aldzt - b1C2‘t - bldzf = 0,

F_ll —2b11'3q + a()le + b1COT - bldzf - Adl = 0,

F_ZZ dl'l'zp + bldz'l' = 0,

F3:273%qb, = 0.

After solving these algebraic equations for
ay,aq,bq,cy,€q,63,dq,d,, T and 4 with the help of

software Maple, yields the following results.
Case 1:

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)
(3.3.12)

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)
(3.3.18)
(3.3.19)
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A

A
a0=;,a1=—;,b1=0,co
1-2A7%p + 2d,7% + 42
= E 1,'2 ,C1 = 0 ,C2
1-2At%p + 2d,7% + 22

=72 =z 4
= 0’

1-47*p?+2?

T4 T ’

where 4,t,d,,p are arbitrary.

Case 2:

_ 4 _ _ A . _ _ _
ag —;,al —0,b1 = iEl'CO —dz,Cl =0,c, =
1-2d,7%+4* _ _ A, _

2 72 'dl_o’p_iZ\/frzl'q_o'

where 1,d,,tare arbitrary.

substituting Eqgs.(3.3.20),(3.3.21) into
Egs.(3.3.6),(3.3.7) we get two types of the exact
solutions of Eq.(3.3.1) as follows:

According to case 1.

Type 1:

Class I:

Upr(x8) = % + %tanh(tx -

(3.3.20)

(3.3.21)

(3.3.22)
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_ 2 2 2
Vi t) = (ZEEZETE _ g, )(1 - tanh? (zx + A0)).
Class I1: Uga(x,t) =%+%coth(tx—lt),
242 2,92
Via(x,8) = (ZEEZETE g, )(1 - coth? (zx + At)).
According to case 2.
Type 2:
Class I:
Up1 =21 -1 (coth(tx — At) — tanh(Tx — At)),
_ 2,92
Var = (25 + dy)tanh? (1 + At) .
Class II:
Up =222 (tanh(tx — At) — coth(tx — At))
=—1T—Ll(tann(tx — — Co X — ,
22 T ‘\/E‘[
_ 2,92
Var = (255 + dy)coth? (Tx + At) .

(3.3.23)
(3.3.24)
(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

4. Numerical solutions for the exact solutions of the above

NPD equations:

We can study the behavior of the travelling wave solutions

which obtained above by illustrating the following figures:

(Figure 1): The exact solution of(3.1.12)
Whenay=0,a=b=17=1

(Figure 2): The exact solution of (3.1.14)
Whenay =0,by =2,a=b=1t=1

(Figure 3): The exact solution 0f(3.2.17)
WhenA=1t=1
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(Figure 4): The exact solution of (3.2.18)
Whenl=1t=1

(Figure 5): The exact solution of (3.3.23)
Whenl=-1,t1=p=1,d,=0

(Figure 6): The exact solution of (3.3.26)
Whendl=7=1
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5. Conclusion

Here we use the variation of (G’/G)-expansion method to
solve some NLPDES, namely nonlinear of Burger’s Equation,
Symmetric Regularized Long Wave (SRLW) equation and
Whitham-Broer-Kaup equations. This method is reliable and
efficient and gives new solutions.

And it can be used for many others nonlinear partial
differential equations in mathematical physics.
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