
 958 

 

      

         
          Journal of Al Azhar University Engineering Sector 

                     Vol. 14, No. 52, July 2019, 958-967 
  

 

AN ALGORITHM FOR EXTRACTING THE GEOMETRIC 
PARAMETERS OF A RIGHT CIRCULAR CONE FROM THE 

COEFFICIENTS OF ITS ALGEBRAIC EQUATION 
 

Mohamed Ali Said 
Math. and Physics Dept., Faculty of Eng., Zagazig Univ., Egypt 

mmamsaid@hotmail.com  
 

ABSTRACT 
A right circular cone is an important geometric primitive that is used in many applications. 
The geometric parameters of the cone are the coordinates of its vertex, the direction of its 
axis, and the semi-angle of its vertex. These geometric parameters do not appear explicitly in 
the cone’s algebraic equation which is widely used because of its simplicity. So, in this paper 
an algorithm is introduced to extract the cone’s geometric parameters from the coefficients of 
its algebraic equation. A solid theoretical frame work is given through three propositions. The 
algorithm is tested on an eleven cases and proves reliability and simplicity. The algorithm can 
also detect non right circular cone cases. 
Key Words: Cone, geometric parameters, algorithm. MSC2010:  97G70, 65D18, 68U05,  
                      68W99. 

 الملخص 
البارامترات الجبریة للمخروط ھي . المخروط الدائري القائم ھو مجسم ھندسي أولي یستخدم في العدید من التطبیقات

. البارامترات الجبریة لیس لھا معنى ھندسي مباشر. تستخدم بكثرة نظرا لبساطتھامعاملات معادلتھ الجبریة ، وھي 
في ھذا البحث تم تقدیم . البارامترات الھندسیة للمخروط ھي إحداثیات رأسھ ، إتجاه محوره ، ونصف زاویة رأسھ

ي قوي للخوارزمیة من خلال تم إرساء إطار نظر.  خوارزمیة لإستخلاص البارامترات الھندسیة من البارامترات الجبریة
تم إختبار الخوارزمیة على إحدى عشر حالة متنوعة ، أظھرت إعتمادیة وبساطة . وضع وبرھنة  ثلاث نظریات

  .یمكن أیضا للخوارزمیة أن تكتشف الحالات التي لیست مخاریط قائمة.  الخوارزمیة
  ھندسیة بارامیترات  ،  قائمة دائریة إسطوانة ، خوارزمیة :  دالة كلمات 
 

1. INTRODUCTION 
A circular cone is one of the most important geometric primitives used in applications; a 95% 
of industrial objects can be described by spheres, planes, cones, cylinders, and tori [1]. 

A right circular cone is a cone whose cross-section, by a plane perpendicular to its 
axis, is a circle. 

The geometric parameters of a right circular cone are: the vertex 
coordinates , the direction of the axis   , and the vertex semi-angle   

The geometric equation of a right circular cone is given in [2, 3] as 

                                           (1) 
While the algebraic equation of a right circular cone as a quadric surface is given in [4] as 

       (2) 
The conditions, under which equation (2) represents a right circular cone, are given in [5].  
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The cones are still live in research and attract attention in different research directions. Fitting 
of cones to data  [6, 7, 8, 9, 10].  Extraction of  cones from minimal point-sets [11]. Cone 
identification [12]. Geometric modeling [13].  
The problem addressed in this paper is how to extract the geometric parameters of a right 
circular cone from the coefficients of its algebraic equation. 
The remaining of the paper is arranged as follows: in section 2, a comparison is made between 
the coefficients of the algebraic and geometric equations. In section 3, the extraction of the 
vertex coordinates is given. In section 4, extraction of the axis direction is introduced. In 
section 5, the semi-angle of the vertex is extracted. In section 6, the proposed algorithm is 
introduced. In section 7, the algorithm is tested on eleven cases. Finally, section 8 is devoted 
for conclusion. 
 
2. COMPARING COEFFICIENTS OF THE CONE’S ALGEBRAIC AND  
GEOMETRIC EQUATIONS 

Expanding the geometric equation, the result is 

      (3)                                                                                 
Comparing the coefficients of equations (2) and (3), the result is 

                                                                              (4) 

                                                                              (5) 

                                                                             (6) 

                                                                                                               (7) 

                                                                                                               (8) 

                                                                                                              (9) 

                                     (10) 

                                    (11) 

                                     (12) 

           (13)                                                                                                                    

3. EXTRACTING THE VERTEX COORDINATES;  
Solving equations (10), (11), and (12) simultaneously for , , and  using Cramer’s rule, 
the result is  

  ,                ,                                                                (14) 

where 

 ,                                                   (15) 
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,                                                            (16) 

If  then the surface is not a cone. 

 

4. Extracting the Direction of the Axis;  

Cases where the cone-axis is parallel to one of the principal axes is treated in the following 
proposition.  
Proposition (4.1): 
For the right circular cone  
with axis direction , let  and  then 
Case 1: 
If  and  then the cone-axis is parallel to z-axis with , , 

 . If  then the cone’s equation is multiplied by (-1) and the resulting 
coefficients are used. 
Case 2: 
If  and   then the cone-axis is parallel to y-axis with , , 

.  . If  then the cone’s equation is multiplied by (-1) and the resulting coefficients 
are used. 
Case 3: 
If  and  then the cone-axis is parallel to x-axis with , , 

 . If  then the cone’s equation is multiplied by (-1) and the resulting coefficients 
are used. 
Proof: 
Case 1:  
Substitute by   in equations (7-9) then 

, ,                                                                                             (17) 
Since , , and  can’t be all zeros in the same time, then there are 3 possible solutions: 
{ , }, { , }, or { , }                      (18)   
Set  in equations (4- 5) implies  
                                                                                                          (19) 
Substitute from equation (19) in equations (17) then 

, ,                                                             (20) 
Using equations (20) in equations (4 – 6)    

                                                                                                               (21) 
                                                                                                              (22) 

 =                                                           (23) 
Using equations (21- 23)  

                                                                  (24) 
Using equations (21-23) then 

                                                                       (25) 
Thus the cone axis is parallel to z-axis with , , , where .  
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Proofs of case 2 and case 3 are similar to that of case 1 ♦ 
Note (4.1): if the condition  is not satisfied, then multiply the cone’s equation by 
 (-1) and use the resulting coefficients. 
Note (4.2): without loss of generality, the positive root can be used in the three cases 
mentioned in propositions (4.1). 
 
Cases where the cone-axis is parallel to one of the principal planes is treated in the following 
proposition. 
Proposition (4.2): 
For the right circular cone , 
let the axis direction be  then 
Case 1: 
If D≠0, E=0,  F=0,and  then the cone-axis is parallel to the xy-plane with , 

, and . If  then the cone’s equation is multiplied by (-1) and 
the resulting coefficients are used. 
Case 2: 
If D=0, E≠0,  F=0, and  then the cone-axis is parallel to the xz-plane with 

, , and . If  then the cone’s equation is 
multiplied by (-1) and the resulting coefficients are used. 
Case 3: 
If D=0, E=0, F≠0, and  then the cone-axis is parallel to the yz-plane with , 

, and  . If  then the cone’s equation is multiplied by (-1) 
and the resulting coefficients are used. 

Proof: 
Case1: 
Substitute D≠0, E=0, and F=0 in equations (7-9) ⇒ 

  ⇒  ,    , and   
⇒ the cone-axis is parallel to the xy-plane. 
Substitute  in equations (4-6) gives 

   
⇒ C is negative, otherwise multiply the cone equation by (-1). 
Also,    and  . 

 and    should satisfy   . So take  and   . 
Proofs of case 2 and case 3 are similar to that of case 1♦ 
 

The following proposition deals with the general case. 
Proposition (4.3): 
For the circular cone  with 
axis direction   , let   , ,  , and   then 
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If    then the cone’s equation is multiplied by (-1) and the resulting coefficients are 
used. 
Proof: 
Equations (7-9) give  ,         ,         
Solving these equations for , , and  , the result is 

,        ,        

This leads to              
The signs are chosen so that equations (7-9) are satisfied. The following table solves the 
problem of signs. 
Note that  ⇒ sign( ) sign( ) sign( ) = + 

 
Table (4.1): Relations between signs 

sign( ) sign( ) sign( ) sign( ) sign( ) sign( ) sign( ) sign( )sign( ) 
+ + + + + + 
+ - - - - + 
- + - - + - 
- - + + - - 

 

Setting        ⇒ 
 ,    ,      as required ♦ 

5. Extracting the vertex semi-angle    
The semi-angle of the vertex is obtained using equation (4-6), that is, by using any of 

the following formulas  

  

  

  
All the above forms should give the same result. If they are not equal, multiply the cone’s 
equation by (-1) and use the obtained coefficients. If also they are not equal then the surface is 
not a right circular cone. 
6. The Algorithm  
START 
 
‘ Step 1:   Input the coefficients of the cone’s algebraic equation 
INPUT  A, B, C, D, E, F, G, H, I, J 
 
‘ Step 2:  Extracting the cone vertex  
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IF  THEN OUTPUT  “not a cone”  and  STOP 
 
ELSE IF    THEN 
 

    :  :     
     

            :               :              
ENDIF       
  
‘ Check 
 IF     
THEN   OUTPUT “ not a cone” and STOP 
 
‘ Step 3:  Extracting the axis direction vector  
                     :    :     
FOR k =1, 2 
IF  AND  AND  AND  
       THEN 
                    OUTPUT “the cone axis is parallel to the z-axis” 
                     :    :     
ELSE IF    AND  AND   AND  
             THEN 
                    OUTPUT “the cone axis is parallel to the y-axis” 
                     :    :     
ELSE IF  AND  AND    AND  
             THEN 
                   OUTPUT “the cone axis is parallel to the x-axis” 
                    :    :     
ELSEIF   AND   AND   
           THEN  
             OUTPUT “the cone axis is parallel to the xy-plane” 
                    :    :     
ELSEIF   AND    AND    
           THEN  
              OUTPUT “the cone axis is parallel to the xz-plane” 
                    :    :     
ELSEIF   AND    AND   
              THEN  
                OUPUT “the cone axis is parallel to the yz-plane” 
                    :    :     
ELSEIF   
                   THEN  
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               :    :     
ELSE  :  :  :  :  :     
ENDIF 
NEXT k 
IF       THEN  OUTPUT “not a cone” and STOP 
 
‘ Step 4:  Extracting the vertex  semi-angle   

IF  =    =     THEN   

ELSEIF  =    =    THEN   
ELSE OUTPUT “ not a right circular cone” and STOP 
ENDIF 
 
‘ Step 5:  Output the cone’s geometric parameters 
OUTPUT   ,   ,    ,    ,    ,    ,     
 
STOP 
 
7. Test Examples 
7.1.     . 
 , , . 
 ,    ⇒ . 
              O.K. 
           , ,   ⇒ the cone-axis is parallel to -axis 
                    ,    ,     
          =    =     = 1 ⇒ O.K. 

           . 
 
7.2.     . 
 , , . 
 ,    ⇒ . 
The conditions  and  are not satisfied, so the cone’s equation is multiplied 
by (-1) giving , then 
 , . 
 ∴ The cone axis is parallel to -axis. 
 ,     . 

           . 
 
7.3.   
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       , , , , , , , . 
        , , ,   ⇒ , , . 
          O.K. 
        ,  ,  and  
      Then the cone-axis is parallel to z-axis. 
                     :    :    . 
       =    =     = 3  O.K. 

     . 
 
7.4.      . 
       , , , , . 
      ,    ⇒ . 
The condition  is not satisfied, so the cone’s equation is multiplied by (-1) giving   

, then  
      , , , , . 
      The cone axis is parallel to the -plane. 
       ,     ,     . 

 =    =     = 15  O.K. 

Then,   . 
 
7.5.     . 
        , , , , , , , , . 
         , , ,   ⇒ , , . 
          O.K. 
       ,   and  ⇒ the cone-axis is parallel to -plane. 
                    ,    ,     
       =    =     = 1  O.K. 

       . 
 
7.6.  . 
      , ,  
       ,   ⇒ . 
      but  is not satisfied, so multiply the cone’s equation by (-1) giving      
      ⇒ , , 
      . 
     Then, the cone axis is parallel to the -plane. 
                    ,    ,     
      =    =     = 1  O.K. 

           . 
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7.7.      . 
      , , , , , , . 
       ,   ⇒ . 
        O.K. 
      ,    ,    
      =    =     O.K. 

      . 
 

7.8.     . 
  , , , , , , , , , . 
   , , ,   ⇒ , , . 
    O.K. 
     O.K. 
               :    :    
    =    =       O.K. 

    . 
 

7.9.     . 
     , , . 
      , , ,   ⇒ , , . 
       O.K. 
       O.K. 

               ,    ,    
     =    =       O.K. 

     . 
7.10.  Not a Cone Case 

. 
, , , , , , 

 . 
 ⇒ Not a Cone. 

 

7.11.   Not a Right Circular Cone Case 
. 

, , , , , , , , , . 

 , , ,   ⇒ , ,  

. 

   O.K. 
 O.K. 
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               ,   ,    
 =2,     =10,      ⇒  Not a Right Circular Cone. 

 
8. CONCLUSION 
The right circular cone is an important geometric primitive that appears in many applications 
and still live in many research directions. The geometric parameters of the right circular cone 
are the vertex coordinates, the axis direction, and the vertex semi-angle. These parameters are 
hidden in the coefficients of the algebraic equation of the cone. In this paper an algorithm is 
introduced for extracting these parameters from the coefficients of the algebraic equation. A 
solid theoretical ground is set through three propositions. The first proposition is concerned 
with right circular cones whose axes are parallel to one of the principal axes. The second 
proposition is concerned with right circular cones whose axes are parallel to one of the 
principal planes. The third proposition is concerned with right circular cones whose axes are 
in general positions. The algorithm is tested on eleven cases and proves reliability and 
simplicity. The algorithm can also detect non right circular cone cases.  
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