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Abstract

In this paper proposed equations are derived to calculate the factor of safety in
addition to the force required for reinforcement to achieve the desired factor of
safety in reinforced embankments. The equations are derived based on limit
equilibrium approach. Assuming the failure surface to be an arc of a circle,
solutions have been developed to take the effect of applied loads and the effect
of applying the reinforcement in layers into account. A typical example has been
analyzed to illustrate the use of the solutions. A comparison of the results is
made with the results of Bishop’s simplified method of slices through the
software PROKON, and good convergence was obtained.
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Introduction and scope:
The rotational stability often governs the design of reinforced embankments on
soft soils. The maximum required reinforcement force Pna, t0 achieve the target
factor of safety F, is usually calculated by limit equilibrium method and total
stress analysis.

Low et al. (1990) presented the solutions in the form of charts and equations.
The overall minimum factor of safety can be obtained by considering different

limiting tangents, (Kaniraj and Abdullah, 1992 a).



Rotational stability:
Embankment and reinforcement details:
Fig .1 shows the details of a reinforced embankment of height H on a soft soil
deposit. The height of tension crack in the embankment is H.. The value of H,
may vary from 0 (no tension crack) to H (full height tension crack). The tension
crack is assumed dry. The embankment has a stabilizing berm, the dimensions
of which are expressed in terms of the height of embankment. The height and
width of berm are k;H and k,H, respectively. If there is no stabilizing berm, then
ki= k,=0. The properties of the embankment and berm materials are
characterized by the shear strength parameters c, ¢, and the unit weight y.

The layers of reinforcement are placed at a;, a,,..., a, above the ground

surface. When the reinforcement is placed directly on the ground surface, a = 0.
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Fig. 1 Reinforced embankment on soft soil with berm and dry tension crack and
with applied load at a distance x from the toe of the embankment.



Procedure of rotational stability analysis:
The failure plane is assumed to be a circular arc. Fig. 1 shows an arbitrary
failure plane tangential to a limiting tangent at depth D.. The failure surface
encloses the berm. It terminates at the bottom of the tension crack.

The origin of the co-ordinate axes has been taken as the intersection of the
limiting tangent and a vertical line passing through the toe E, of the
embankment. X, and Y, are the co-ordinates of the center of the slip circle.

The factor of safety of the reinforced embankment F is defined as

F= Mrt (1)
I\/IO

where:
M+ = moment due to resisting forces in the foundation soil along the slip
surface.

M, = total overturning moment

Taking into account the effect of the applied loads and using reinforcement in
more than one layer will be carried out in deriving the equations for reinforced
embankment. These effects were not considered for in the previous studies, and
are not taken into account by the basic equation derived by (Kaniraj, 1994).
Therefore, this paper will satisfy the derivation of the equations for the location
of the critical circle and getting the force of reinforcement required for

maintaining the target factor of safety. For the arbitrary failure surface shown in



Figure (1), tangential to the limiting tangent at depth D, the factor of safety F is
given by equation (1). The total resisting moment in this case consists of three
components:
M,=M;+M, ,+M, (2
where: M, = moment due to reinforcement force P.
Equations (3) and (4) give Mt and My, respectively, (Kaniraj, 1994):

M, =3.06¢; D% v, 3)
where: ¢; = equivalent constant undrained cohesion at depth D,

D, = depth of limiting tangent below ground surface.

M, is expressed as (Kaniraj and Abdullah,1994):

" M., =153 (Ce +AyHtan ¢) At |_(De + H’)0'53 _ Deo.53]

where: ¢, = cohesion of embankment soil.
H'=H-H, ®)

H = height of the embankment.
H. = depth of the tension crack.
v = unit weight of the embankment soil.
¢ = angle of shearing resistance of the embankment soil.
A = averaging coefficient for frictional stress in the embankment

A is given by Low (1989) as follows:

=019 4 292N

for % >0.5 (6)
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The total overturning moment (M,) consists of four components and can be

written as:
My =Mge —Mgp + Mg _Moq (7)
where:
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9)
Studying the effect of water pressure in a tension crack on the position of

the critical circle was found by Spencer (1968) to be rather small, therefore it is

neglected in this derivation.
Moy = KKy H{MJFXO} (10)

Moq (overturning moment due to the applied load) can be written as follows:

Moq =a(x—Xo) (11)
Kaniraj and Abdulah (1992 b) have not taken this component into account.

In this paper, the moment caused by external load g (kN/m) acting at a distance

x as shown in Fig. 1 will be accounted for.

If more than one layer of reinforcement is used, then:

M, = Pl(Yo -D, —a1)+ P,(Yo =D —ay )+...+ P, (Y, =D, —a,)

By more simplification, this expression becomes as below:



M =P +Py+ ...+ P Yo —(Py + Py + ...+ Pray )De + ...+ (Pray + Poay +...+ Pa,,)

or:

P1a; +|°2<3‘2Jr +Pnan)

M = I:)totaI(Yo - De)_ IDtotal(
IDtotal I:)total I:)total

Assuming that:

P,=P, =P, = —Plilog'

which is similar to the equation derived by (Kaniraj, 1996):

where: NO = number of reinforcment layers.

then:
ag ay an
M, =P Yo—-D, | — || = |[-..—| —
rr total( o} e [NO) (NO] (NOJ)
or.
a.
l\/lrr = F)total (Yo_De _Z:\g$) (12)

Substituting for My and M, from egs. (2) and (12), respectively in eq. (1) gives:

F M0: Mrt

M =F My - Myt -Mye

and rearrangement of the equation gives:



FMo—Mp —Mpe (13)

NO &
Yo —De _Zi=1N(I)]

Ptotal = (

The four components of the total overturning moment and their expressions are
the same as in the case of unreinforced embankment. The expressions for My, ,
M, Meand M, are substituted in eq. (13).

Partial derivatives of eq. (13) with respect to X, and Y, are obtained and
equated to 0. This gives two equations, the solution of which gives the equations

for the coordinates of the center of the critical slip circle as below:

al:’total
oX,
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where:



Fo =v¢A1St +Y.B1Se (16)

A, = 3.06(%]053 (17)
B, = 1.53[[% + Bjm - [%)0'1 (18)
(19)

S = y:—fH (20)

S, = Y‘:EH +atand (21)

Yo in each case is obtained by solving this equation by trial and error
process.
To find P (The maximum required force), substitute X, and Y, in equation
(13) and by simplification, the corresponding expression can be obtained as
follows:
CF(AL =AY + AL = AL)-HYBR Y

max. — NO ai
Y0 - De _Zi=1 NO

The values of Al', A2', A3' and A4' are given in equations (23), (24), (25)

P (22)

and (26), respectively. If the value of Pmax is known, a trial and error procedure
must be followed to find the factor of safety.

where:



’ ’ ’ 12
Al = YGZH {XO(nH’—XO)+[De +H7)(2Y0—(De +H7D— ':2 (an? +1)} (23)

, k, —nk
Al =k1kzyeH2[(le)H + xo}

A% =%(H—H’{6YO(De +H")=3(Dg +H’)? —3X2 +3nX0(H+H')—n2(H2 +H'2 +HH'H

(25)
A, =q(x-X,) (26)

Kaniraj (1996) gives the working reinforcement force (Pwr) as follows:

P
Pyr = =00 27
" ExNO 27)

Conditions for the validity of the solution:

For the equations derived in the previous sections to give valid solutions, three
assumptions made in the analysis should be satisfied. These are:

a) the center of the slip circle must lie at a level at or above the bottom of the
tension crack.

b) The entire berm should lie within the failure plane.

¢) The terminal point I' of the failure plane should lie below the crest and not

below either of the two side slopes, (see Fig. 1).



Comparison of the proposed solution with Kaniraj (1994) solutions:

To evaluate the accuracy of the proposed equations, the following case is solved
by using Kaniraj equations and then resolved using the proposed equations as
follows:

H=6m ce=20 kN/m2, $ = 00 , y =194 kN/m3, n=1.73, D=3 m. The
foundation soil has a uniform undrained cohesion of 20 kN/m2 . A comparison
of the results is given in Table 1.

The results are also compared with those obtained using Taylour’s method
(Taylor,1948). A comparison is also made with the results of Bishop’s
simplified method of slices. This was done through the software program
‘PROKON".

The program ‘slopbg’ is a part of PROKON . It is a slope stability computer
program which uses Bishop’s modified method of slices (1955) of analysis for
the evaluation of the stability of generalized soil slopes. The ratio of mobilizing
and resisting moments on individual slices is used to determine the factor of

safety.



Table 1 — A Comparison of the results for casel (without reinforcement).

Proposed Kaniraj(1994) Taylor’s method PROKON

Method Solution  Solution (1937 and 1948) program
Parameter

F 1.058 1.054 1.06 1.055
De/H 3/6 3/6 -- 3/6

If one layer of reinforcement is used in this embankment, the following results
are obtained (Table 2).

Table 2 - A Comparison of the results for casel (with reinforcement).

Method
Proposed Solution  Kaniraj (1994)  PROKON program
Parameter Solution
F 1.35 1.35 1.35
De/H 3/6 3/6 3/6
Pwr (KN/m) 109 111 103

Illustrative example:

This case iIs proposed to show the variation of Pmax. , with increasing the factor
of safety, and with the increasing of the distance (x) with constant applied load.
Fig. 2 shows the geometry of the problem. The properties for this case are given

in Table 3.
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Fig. 2 Geometry of the embankment analyzed in the example.

Table 3 - Material properties for the illustrative example.

Properties
Material type c (kPa) $° v (kN/m*>) H(@m) De(m) n
foundation 20 0 20

embankment 20 0 20 6 6 2

Fig. 3 shows the variation of the value of Pmax., (maximum reinforcement
force in KN/m) with the factor of safety under constant applied line load (g=10
kN/m) acting at a constant distance (x=14.5 m). In this part, the value of the

factor of safety before applying the reinforcement was (0.96).



Fig. 4 shows the variation of the value of Pmax with the distance (x) under a
constant applied line load (g=50 kN/m). The target factor of safety in this case
Is F=1.35 (when x = 12 m) while (FO) before applying the reinforcement was

(0.98).

(Pmax, KN/m)

0 100 200 300 400 500 600 700 800
0.9 ’-\ L L L L L L J
> | T —
S 1.4 - \\‘\\
Y— —.
3 T~
5 1.9 A \\\\c
— \\\
(@] S~
+—
C 2.4 1 \\
LL
2.9 4

Fig. 3 Variation of the factor of safety, with the maximum
reinforcement
force, (=10 kN/m, x=14.5 m).
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Fig. 4 Effect of the distance of the applied load on the maximum
reinforcement
force.



Conclusions:

A new solution for the rotational stability analysis of reinforced embankments
on soft soils has been presented. The general case of the embankment has a
partial height dry tension crack, a berm has been considered. A limit equilibrium
method assuming circular slip surface and total stress analysis has been used.
Solutions for the location of the critical slip circle and the minimum factor of
safety for a given limiting tangent have been presented for reinforced
embankments first.

Then the solutions for the location of the critical slip circle and the
maximum required reinforcement force for a given limiting tangent have been
presented for reinforced embankments. The solutions are expressed in the form
of equations. The new approach can take into account the effect of externally
applied loads and the reinforcement can be used in more than one layer.

The use of the proposed solution has been verified using example problems.
The results obtained using these equations and those obtained using the
computer program (PROKON) which incorporates Bishop’s simplified method
of slices have been compared. The results have also been compared with
previous analyses. It was found that the proposed equations presented in this

paper give good results.



References:

Bishop, A. W., The use of the slip circle in the stability analysis of earth
slopes, Geotechnique, 1955, 4, 148 — 152.

Kaniraj, S. R., Rotational stability of unreinforced and reinforced
embankments on soft soils), Journal of Geotextiles and Geomembtanes,
1994, 13, 707 — 726, Elsevier Science Limited.

Kaniraj, S.R., Directional dependency of reinforcement force in reinforced
embankments on soft soil), Journal of Geotextiles and Geomembranes, 1996,
14, 507- 519, Elsevier Science Limited.

Kaniraj, S. R. and Abdullah, H., Reinforcement force in embankments on
soft soil), (1992a) Proceedings of the International Symposium on “Earth
Renforcement Practice”, edited by H. Ochiai, S. Hayashi and J. Otani,
Balkema, Rotterdam. The Netherlands, 1, 245 250.

Kaniraj, S. R. and Abdullah, H., Stability analysis of reinforcement
embankments on soft soils), Journal of Geotextiles and Geomembtanes,
(1992b), 12, 112, 1994 — 1999.

Kaniraj, S. R. and Abdullah, H., The effect of berms and tension cracks on
the maximum reinforcement force in embankments on soft soils), Journal of
Geotextiles and Geomembranes, (1994), 13, 101 — 117, Elsevier Science
Limited.

Low, B.K., Stability analysis of embankments on soft ground), Journal of

Geotechnical Engineering Division, ASCE, (1989), 115, 2, 211-227.



Low, B.K., Wong, K. S., Lim, C., and Broms B.B., Slip circle analysis of
reinforced embankments on soft ground), Journal of Geotextiles and
Geomembranes, (1990), 9, 165 — 181, Elsevier Science Limited.

Spencer, E., A Method of analysis for the stability of embankments assuming
parallel inter-slice forces”, Geotechnique, (1968), 17, March, 11-26.

Taylor, D. W., Fundamentals of soil mechanics, 1948, John Wiley and Sons,
New York.

NOTATION:

a level of reinforcement above ground surface

b crest width

C. cohesion of embankment material

Cs equivalent undrained cohesion of foundation soil in depth De

D. depth of limiting tangent below ground surface

F  target factor of safety.

H  height of embankment

H. height of tension crack

'H  uncracked height of embankment = H- Hc

k;  ratio of berm thickness to embankment height.

ko  ratio of berm width to embankment height.

M, total overturning moment

Moo Overturning moment due to soil mass in the berm



Mo overturning moment due to soil mass in the embankment in the zone of
tension crack

Moe oOverturning moment due to soil mass in the embankment in the zone of
tension crack

M, overturning moment due to soil mass in the embankment below the zone of
tension crack

My  moment due to resisting forces in the foundation soil along the slip
surface .

M, resisting moment due to reinforcement force P

N1 stability factor for foundation soil.

N, stability factor for embankment soil.

NO  number of reinforcement layers.

n side slope of embankment (n horizontal to 1 vertical).

P reinforcement force

Pmax Maximum required reinforcement force

Pwr  working reinforcement force

q applied load . (kN/m)

Se normalized embankment strength parameter.

St normalized foundation strength parameter.

Xi x-coordinate of point i of the slip circle(m)

Xo  X-coordinate of the center of the slip circle. (m)

x  distance form the origin point(toe of the embankment) to the applied load



Y, Yy-coordinate of the center of the slip circle (m)

B ratio of uncracked height to total height of embankment.

vy unit weight of soil .(KN/m®)

A averaging coefficient for frictional stress in the embankment.

b angle of internal friction (°)



