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ABSTRACT

The cyclic plastic behaviour of thin walled tubes subjected

to internal pressur's and cyclic radial thermal gradient is
investigated. Such structural problems find many applications
in high temperature auclear plants, conventional power plants

‘and chemical industrles where the integrity of mechanical

components is governe? by growth of inelastic strains due to
plastic ratchetting and time dependent creep as well as the
interaction between creep damage and low cycle fatigue damage.

'The tube problem is treated analytically with the aid of an
approximate uniaxial model which compensates the effects of
axial stress by magnifying the thermal stress in the hoop di-
rection. The model is shown to provide conservative estimates
of observed strains. Linear kinematic hardening material
model is used in the plastic analysis and an approximate tech-
nique is employed to account for the cyclic hardening pheno-
mena. Emphasis is placed upon the effects of the non-linear
temperature distribution since ratchetting tests on thin tubes
have shown that the observed temperature distribution is far
from linear. The results of the analysis show that the bi-
linear form of radial temperatures introduces new modes of
cyclic deformation in which cyclic plasticity is confined to
the inner skin of Fhe tube wall.

The results are compared with test data on AISI 304 stainless
steel tubes under internal pressure and cyclic thermal shocks
between 1100 °F and 800 °F with hold periods of 160 hr/cycle
at 1100 °F. The stress fields obtained from rapid cycle solu-
tions are used to estimate upper bounds for creep deformations
which accumulate during the hold periods. The predictions of
plastic and creep strains are seen to provide moderate conser-
vative estimates of test results.
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INTRODUCTION

Many pressure vessels and pipes are subjected to mechanical
- loads due to pressure or dead weights upon which cyclic ther-
mal loads are superimposed. The cyclic thermal loads are
caused by fluctuations in the temperature of the fluid within
the vessel. Research into the inelastic behaviour of struc-
tural components under cyclic thermal sStresses has witnessed

a growing interest in recent years due to its vital importance
to the design of the components of high temperature nuclear
plants. The ultimate goal of this research is to provide the
designer with rules which enables him to assure a level of
structural integrity consistent with the high levels of safety
required for nuclear equipment.

Recent work [l1] into the effects of combined mechanical and
thermal stresses on the behaviour of structural components

has shown that such situations lead to a variaty of responses.
The simplest response is the elastic one which occurs for low
magnitudes of stresses. If the stresses exceed yield,several
possibilities arise. First, the structure may shakedown to

an elastic state of deformation after an initial excursion
into the plastic regime during the first few cycles; the beha-
viour during subsequent cycles is purely elastic. Second ,
the structure may incur cyclic alternating plasticity in which
plastic strains are applied and removed and failure eventually
occurs due to low cycle fatigue. Finally, the third possibi-
lity is that ratchetting could occur. This results in accu-
mulation of plastic strain increments during each load cycle.
This may eventually lead to unacceptable changes in the di-
mensions of tie component. Hence, operating stresses should
be chosen such that ratchetting is minimized.

The origin of the ratchetting phenomenon described above lies
in the cyclic interaction between elastic and plastic strains.
Hold periods at elevated temperatures cause additional accu-
mulation of inelastic strains due to time dependent creep
strains. Creep may also enhance plastic ratchetting due to
the accompanying stress relaxation. Further, creep damage is
superposed upon existing fatigue damage and consequently the
failure of the component is enhanced. ‘

Early theoretical work into the ratchetting problem utilized
simple structural models such as two bar analogues and per-
fectly plastic materials as adopted by Parkes [2] in his
investigation of aircraft Wings. Miller [3] , Burgreen [4]
and Bree [5] considered a thin tube under cyclic linear ther-
mal gradient across its wall. Approximate uniaxial model and
perfect plasticity assumptions are used in order to facili-
tate analytical treatment. However, tubes used in high tem-
perature reactor applications are made from Austenitic stain-
less steels which exhibit considerable strain hardening as
well as cyclic hardening, cyclic creep and cyclic relaxation
under conditions of reversed strain [6]. Mulcahy [7] and
LMegahed [8] investigated the influence of hardening models on |
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the ratchetting behaviour using two « . the most commonly used
plasticity theories; viz; isotropic nardening and kinematic
hardening. Isotropic hardening rep:esents a full cyclic
hardening material while kinematic ardening represents a
material which does not harden due to load cycles but exhibits
the observed Bauschinger effect.

Experimental work into the ratche:-ting problem has been in
progress over the last decade in J.S5.A, U.K, Japan and France.
Uga [9] tested stainless steel s;:ecimens which simulate two-
bar structures under cyclic thernal stresses. Corum et al
[10] tested thin walled tubes uider internal pressure and
cyclic thermal shocks across its wall. Yamamoto et al [11]
tested thin steel tubes under zxial stress and cyclic thermal
gradient across the wall. Megahed et al [12] , [13] conduc-
ted a number of tests on simulated two bar structures made
from commercially pure copper and AISI 316 stainless steel.
These tests have shown that cyclic creep induces an additional
rcomponent of ratchetting which does ncot decay with lcad cycles
as predicted by classical theories of plasticity. Cyclic har-
dening has been shown to have some undesirable effects on the
ratchetting limits predicted by classical theories.

Previous work has illucidated the effects of work-hardening

-[7,8] and the cyclic phenomena of metals [12,13] on the rat-

chetting behaviour. Hence, reliable predictions of the rat-
chetting response must take these aspects of the material be-
haviour into account. 1In the present work, a thin tube under
cyclic non-linear radial temperature distribution is consi-
dered. The non~-linear distribution of temperature is approxi-
‘mated by means of bilinear relation which represents in a
faithful manner the observed temperature distributions in
ratchetting tests on thin tubes [10]. The problem is investi-
gated analytically by reducing the two-dimensional elasto-
plastic problem into a uniaxial one which is shown to yield
conservative estimates of ratchet strain. Linear kinematic
hardening plasticity theory and an associated approximate
method which accounts for cyclic hardening are used in the
analysis. The cyclic plastic strains are governed by a set of
recurrence relations which are evaluated numerically. The
‘cyclic plastic solutions for the stress fields are used to
estimate upper bounds on creep deformations which accumulate
during hold periods at elevated temperatures [14,15].

The results of the present work are compared with test data
[10] on thermal ratchetting of 304 stainless steel tubes sub-
jected to thermal shocks between 1100 °F and 800 °F with

160 hr hold period per cycle at 1100 °F. The predictions are
shown to provide moderate conservative estimates of observed

; ratchet strain. The origin of the conservatism is traced back

to the reduction of the biaxial problem.into an approximate
‘uniaxial one.
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THE THERMO-ELASTIC PROBLEM

A thin-walled tube of inner radius a, outer radius b is sub-
jected to an internal pressure p and a cycle of radial thermal
gradient of maximum amplitude T, distributed bi-linearly
across the wall thickness t such that the temperature is
cycled between zero and T (x) where,

T(x) = - T, <x-h> /(1-h) (1)

where x=(b-r)/t; i.e. x=0 at the outer radius and x=1 at the
inner radius. The function <x-h> =0 for 04x<4£ h and <x~h>

= X~-h for hi&x<£ 1. The amplitudes of the corresponding elas-
tic thermal stresses are given by [16]:

EOLTO (2)
g = @ = = §TT:UT [(l—h)—2 <xX-h> /(l‘h)]

These stresses are superimposed upon the membrane stresses due
to internal pressure;

= = 3
O 202 PD/(2t) (3)
where D is the mean diameter of the tube.

As argued by Bree [5] , the two-dimensional tube problem can
be reduced to an equivalent uniaxial problem which pred}cts
conservative estimate of plastic ‘strains. This is achieved
by ignoring the effect of 0z since its effect on accumulation
of plastic strain is opposite to that of the largercg . On
the basis of this approximation, it can be shown that the
equivalent uniaxial model is that of a slab prevented from
bending and subjected to a steady mechanical stress 0p=PD/(2t)
in addition to a temperature cycle which varies between zero
and,
'
T(x) = - 2= <x-h> /(1-h) (4)
-V

as illustrated in Fig.l. The corresponding elastic thermal
. Stresses are:

EaT

o
— PR - - - — 5
o (x) 3 (1=v) [(1-h)-2 <x-h> /(1-h)] (5)
which is the same as eq. (2). An operating condition of the
tube can be defined in terms of Op r Oy where
s =PD _ _EoTy (6)
P 2t ! i, 2(1-v)

as shown in Fig.l. Elasto-plastic analyses of this problem
are now discussed.
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ELASTO-PLASTIC ANALYSIS

The elasto-plastic analysis is carried out using a linear
kinematic hardening plasticity theory. The slope of the
plastic protion of the stress-strain curve is assumed to have
a constant value of RE (R= 0.01-0.05 for most strain harde-
ning materials). Therefore, the flow rule is,

d
p_1-8 _K K = 18 (7)
do RE E ° B

For simplicity all material properties, T vV, K a0 are

assumed to be independent of temperature.

Initially, the model is subjected to the uniform stress o, at
the isothermal condition T(x) = 0. Upon application of first
cooling, eq. (4) the stresses will increase at the cold fibers
and decrease at the hotter ones. Hence, two distinct elasto-
Plastic stress fields will arise; the first field involves
tensile yielding at the cold fibers a,<x<1, (Fig. 2a) and the
second field involves both tensile yi€élding at aj4x£l and
compressive yielding at Oéxgbl » (Fig.2b) where a; bl are

the elasto plastic fronts.

The stress-strain relations applicable to the tensile yielding
stress field are:

€ =[0(x)—20t <x-h>/(1-h)1/E for OsxLa,

€y =[c(x)—2crt (x—h)/(l-h)+K(c(x)—oy)]/E for a14x4l (8)

where the total strain e, is assumed to be the sum c¢f the
elastic, thermal and plastic components. Satisfaction of the
equilibrium and compatibility conditions:

= constant (9)

r€l

— 1
op é (x) .dx

provides the means for determining €9 and a, as:

ey = [oy-zot(al—h)/(l—h)]/E (10a)

a; = %{—l + J}l+K)(1+Kh2)+K(l+K)(l—h)(l—cp/oy).cy/ct] (10Db)

The expression for a; can be used to identify the operating
conditions corresponéing to the two stress fields shown in
Fig.(2). For example, simultaneous tensile compressive yield-
ing occurs if ¢ (0)£ o, and fully elastic behaviour occurs if
alé=l. After substitQtions, these c¢--ditions are expressed

in terms of : :
op 1 Oy as | . B
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6. /0. £ > -(l+h (11)
p/ i ( ) Ot/oy

for the full. elastic behaviour (E) and

g (I g
_Bé%'%}%[_..: - K _z]+ K-2Kh-1 (12)
Oy g, Oy 1+K

for the stress fielg shown in Fig. (2b). 1In a similgr manner,
the solution fo: the stress field shown in Fig.(2b) is ob-
tained as:

€, =[ay—2at(al--h)'/(1-h)J/E=[—oy—2ct<bl—h>/(1—h)J/E (13a)

(l+h2)ct/cyw(l-h)(1+K)(l-op/oy)+K(l‘h)2'0y/0t (13b)
2log/5, + K(I-R)]

al.

Analysis of subsequent cycles shows that the model may exhibit
shakedown or ratchettiry. Shakedown may be elastic in regions
Sy S, or plastic in regions Fi s Fyy Fy as shown in Fig. (3)

which is known as the Bree diagram. Ratchetting or incremen-

-tal strain growth takes place in the regions denoted Ry 1 Ry,

R, and R,

4+
SHAKEDOWN

3

Plastic shakedown involves cyclic plasticity which leads to
the failure of the component due to low cycle fatigue. The
three stress fields shown in Fig. (4) show the modes of cyeclic
Plasticity present in the uniaxial model. Cyclic plastic de-
formation takes place at b.¢x<1l (i.e. at the inner skin of the
tube) for the modes Fi + F3 illustrated in Figs. (4a,b) res-

pectively. In Fig. (4c) , cyclic plasticity takes place at
both the inner (b2£x£l) and outer (Oéxéaz) skins of the tube.

Regions F1 ’ F2 and F3 are shown in the Bree diagram of Fig.
(3) . The boundary between (Fl » F3) and F, can be determined

from the condition that a, (in Fig. 4c)<h which guaranteesthe
‘confinement of cyclic plaSticity to the inner skin of the
tube. This boundary is obtained as:

0. /0, = 7o [‘/(K-ZKh-l)z + 4K(1-n) >~ (x-2Kn-1) |=6,  (14)

Elastic shakedown (regions Sl - 52) takes place if the plastic'

front'b (in Figs, 4a,b) exceeds x=1. This results in purely
elastic” behaviour during subsequent cycles. The boundary
between (Fl,F3) and (Sl,Sz) is obtained as:

L ) . g
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r- =1
= 2_ - (15)
0+/0y = TR =9 -

Elastic shakedown is a viable mode for operation while 'in
plastic shakedown, accumulation of fatigue damage should be
checked. Note that for linear temperature distribution (h=0),
64 6, = 2 which is the classical result of Bree [2].

RATCHETTING

Considerations of the stress fields present in regions SyiFg

and F, show that cyclic growth of plastic strains will take
place™ if the core stress during first heating (Fig.4) exceeds
the initial yield stress ¢... After some manipulations, the
ratchetting limit is determined as:

2 o
cp*/oy 1 NGES) ot/oy, for 0<£L oy'"el (1l6a)
(1+Kh®) g, /. +2K (1=h)  (1+K)g, /o +K(1-h)
o */o. = t Yy _ t' "y
p Yy (1+K)ot/oy (l-K)ot/oY
Ot
for 9,4 — £ (16b)
1l o 2
y
2 2 2
(1+4Kh") o, /o +3K(1-h)+2K“ (1-h) “.¢. /o g
o_*/g. = ¥ Lt for —Savg
P y (1+K) ct/c +2K (1-h) g 2
y y
(16c)

as illustrated in Fig. (3).

Four distinct ratchetting mechanisms are present, viz. Rl’RZ

R3 and R4. The transient stress fields during a typical cycle

N(as defined by the nth heating and (n-1) th cooling where
n=2N) are illustrated in Fig. (5) for the mechanisms Rl’R2 and

the second stage of R The plastic fronts a; and the corres-

3-
ponding increments of strain are obtained by evaluating the
recurrence relations given in the flow diagram of Fig.(6). In
regime R, , elastic shakedown is approached at the steady

state whén an T a ., *a_ and Ae » 0. In regime R,, accumu-

lation of ratchet strain is accompanied by cyclic plasticity
at both the inner (b éx£1) and outer (Oéxébn_l) skins of the

tube. In regime R, , ratchetting takes place according to
two consecutive phases; the mechanism R, is adopted at first
until sufficient degree of hardening is“developed which allows

| compressive yielding to take place during heating half cyclesJ
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as shown in Fig. (5¢c). Subsequent ratchetting is accompanied
by cyclic plasticity at the inner skin (b &x£1) of the tube.

Similarly, regime R, consists from three consecutive ratchett-
ing mechanisms identified as R, , Ry and R,. It is evident

that the steady state of regimes R, + Ry will be a plastic

shakedown state similar to F, (Fig. 4c) and the steady sta;e
of regime R, will be similar“ to that present in the plastic
shakedown ~ mode F3 (Fig. 4b).

Numerical examples obtained using the algorithm given in Fig.
(6) for the accumulation of ratchet strains according to Rl’
Ry, R3 and Ry are shown in Fig. (7). It is evident that a
cyclic steady state is reached after 30 cycles for K = 40
which characterizes the hardening behaviour of austenitic
steels. An overall picture of the results may be gained from.
the contours of asymptotic ratchet strains as shown in Fig.
(8) for a thin walled tube made from 304SS and subjected to
thermal shocks. It is noted that the contours are almost )
parallel to the ratchet limit op*/cy and hence ratchet strains

are more sensitive to changes in pressures than temperatures.

An important set of result which emerge from the present work
is the effect of the bilinear distribution of thermal gra-

dient on the plastic behaviour of the model. For lienar dis-
tribution (h=0) , the plastic shakedown modes Fl . F3 and the

ratchgtting regime R, are not present as may be seen from cal-
culation of 81 + 65 "for h = 0 (egs. (14)). Hence, new modes

of deformation are introduced for h >0 in which cyclic plasti-
city is confined to the inner skin of the tube only as com-
pared to cyclic plasticity at both the inner and outer sur-
faces of the tube for h=0. Figure (9) shows the effect of the
value of h on ratchet strain and amplitudes of cyclic plasti-
city at typical operating conditions. It is observed that
ratchet strain increases with h until a maximum value is
reached. The effect of h on cyclic plasticity is gquite pro-
minant, e.g,Aep (0) =rE (1) = 1.5 Gy/E at h=0 whileAep(0)=O
A%Jl) =3 . oy/E at h=0.3 for ot/ay = 3,5. Hence, the bili-
nearity of thermal gradient doublesAép(l) which in turn redu-

ces the fatigue life considerably. Further, examination of
the ratchet limit as defined by ap*/qy shows that the likely-

hood of ratchetting is enhanced for h>0.

Perfecg plasticity solution can be generated from kinematic
hardening results by letting K »w., In such case, ratchet
strains accumulate in equal increments per cycle. There will
be three distinct ratchet mechanisms:; Rl’ R2 and R3. Obvi-~-

ogsly, the change from one mechanism of ratchecting to anothex
w1%l not be present since it is a direct consequence of st-
i rain hardening, ‘ N
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COMPARISON WITH TEST RESULTS

Corum et al [10] conducted thermal ratchetting tests on a 304
stainless steel tube with D/t = 21.51. The tube is subjected
to 13 thermal downshocks between 1100 °F and 800 °F in a
sodium loop under internal pressure of 700 psi as shown in the
load histogram of Fig. (10a). There is a hold period of 160
hrs at 1100 °F between each two consecutive shocks. The tem-
pérature distribution across the tube wall is recorded with
time as shown in Fig. (10b). The thermal gradient attains a
maximum value of 167 °F after 12 seconds from the start of
the shock. The nonlinear temperature distribution may be
approximated by a bilinear distribution according to eqg. (1)
with h = 0.328.

The results presented in earlier sections can be used to pre-
dict the observed ratchet strains shown in Fig. (10c). The
full solution map shown in Fig.(8) is constructed on the basis
of the montonic properties of 304SS at an average temperature
of 900 °F, [8]. It is seen that the operating conditions of
the test lie in the ratchetting regime R,. The cyclic accu-
mulation of ratchet strain is shown as ddtted lines in Fig.
(10c). It is seen that the predicted strain is quite large
compared with observed strain. This over-estimation is att-
ributed to the use of the monotonic data coupled with the
kinematic hardening rule which ignores the cyclic hardening
behaviour exhibited by the tube material under conditions of
reversed strain [17]. An approximate means by which cyclic
hardening can be taken into account is to use the monotonic
properties during the first cycle only while analysis of sub-
sequent cycles utilizes the 13th cycle yield stress as ob-
tained from an uniaxial push-pull test conducted at an average
plastic strain range t Ae representive of the operating con-

‘ditions in the ratchetting test. An estimate of Ae_ can be

evaluated on the basis of the predictions based on Pmonotonic
data.

Time dependent creep strains will accumulate during the hold
periods at 1100 °F. An upper bound on creep strain per cycle
can be determined once the cyclic stress field under rapid
thermla shocks is known as shown by Ainsworth [14,15]. This
technique is used here to estimate the creep strain per cycle.

- The refined predictions for plastic and creep ratchet strains

are shown as solid line in Fig. (10c). These are closer to
observed strain than previous ones but are still in excess of
experimental values by = 40%.

It has to be pointed out at this stage that the uniaxial
modelling of the physical biaxial problem is likely to produce
conservative predictions. A rough estimate of such conser-
vative may be evaluated by comparing the elastic hoop strains
in the biaxial problem with that in the uniaxial model. The
elastic hoop strain Eg at r = b is:
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e _ 1 _ - (1- - (17a)
£ 6= % b’p(]_ 0.5v) (1-v). (1 h)OtJ
and the uniaxial strain in the model cs at x = 0 is;
e _ 1 - (1- (17b)
€ B [Op (1 h)Ot ]

e : e
For the operating conditions of Corum's tests, €qg = 0.61 €

Applying this ratio to the present predictions of tbe uniaxial
model yields a very close estimate to observed strains.

CONCLUSIONS

The results obtained in the present work provide the transient
and steady state solutions for the stress and strain fields in
an uniaxial model of a thin tube under combined pressure and
cyclic thermal stresses. Analytical expressions are developed
for cyclic Stresses and ratchet strain using the kinematic
hardening Plasticity theory.

1t is shown that the bilinear temperature distribution across
the tube wall intrduces new modes of cyclic plastic deforma-
tion in which cyclic plasticity is confined to the inner skin
of the tube. Linear distributions of temperature will not
exhibit such behaviour. Increasing bilinearity is shown to
introduce more stringent ratchetting limits, larger ratchet
Strains and cyclic Plasticity amplitudes at the inner surface
of the tube.
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