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Abstract 

A non-conform finite element proposed for viscous fluid flow satisfying 
zero divergent condition is adapted to our model, This needs some numer-
ical aspects aspects which characterize our algorithm and precise the 
method of solution on digital computers. 
The variational formulation of the model permits the use of optimization 
techniques. A descent technique, thqt of Flecher-Reevis with re-initaliza-
tion and a proposed line search. t-chnique are used. ior our me , the 
vanishing divergence condition is not sufficient to sustain our problem as 
an unconstrained. optimization problem. A penalty method (exterior penalty ' 
function) is now necessary for the numerical solution. 
Apractical example is solved using our algorithm and t 	corre- ponding 
stress distributions are obtained. 

Introduction; 

• Consider a two dimension problem consisting ot a domain 2CR2 occupied 
by the continuum medium. A suface traction T(t) is applied on a part F1 
of F. (T function of time t), On the complementary part r2  of F a strictly 
• positive measure, a field of diplacement rates 1:1(t) is applied. The vari-
ational formulation of the problem made in 1 will be considered here, in 
which the problem reduces to 

min C(0
o 

+0,$) = min f G I  
0 

( G,$) eI'°  x S 

where G
o is the stress feild satisfying the equilbruim conditions with the 

exterior load. 

The product space 0 S= LZ (( D (S))4  ,(D'(f)) ) is a Banach space 
spanned by the domain of 	where (see [1] , III) 

G(o,$) = Co (min 	G
1
(x,00 1-o,$) dx,f G

1
(x,0 

o
-a ,-s) dx )) 

11° ={cTsu:oii ,D*0 = 0 in c, G.. n = 0 on r
1 1.) 
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which is a subspace of 0 

where 
I)  = - (31 011 +`)2 °12''')1 °21 +32 012)  

The numerical solution of (p) using of finite elements or faceal wita , 
essential difficulty that of the null divergenCe conditions of (2). 
point can be achieved in two ways 	, 
(i) If we use a suitable lagungian formulation the problem reduces to 

the search for a saddle point. The most convenient finite element in 
the scase will be that of mixed and.  hydride type (cf. G ,[12]). 

(ii) Use finite elements of null divergence (introduced in i5 for fluid 
flow). The problem will then reduces to an unconstiained minimization, 
problem this technique will be used throughout this work 

2. Finite Element Approximate Problem 

rLan open boundedpolygon in II', (Th) be a regular family of trianulatioa 
9 

on ,i.e. a converage family Th= {KO is Ill, h> o, by closed triangles 
K1  satisfying: 
(i) Ki^ KJ , iij is either empty or a side Kli or a vertex ali 
(ii) The maximum diameter of elements of Th is less than or equal a. 

P
k 

where pk is the diameter of the circumscribed circle. 

(iv) The triangulation Th is compatible with the decomposition 
the boundary Fof Q, i.e. FiA3K(i=1,2) is either empty or a union of 
sides of some K. 

Let P 1  (A) be the space of two variable polynomials of degree less than 
or equal to one defined over A 22  . P1 is therefore of dimension three. 
let also P

I be the space of functions defined on(Isuch that 

P1 1 = 
	R: vl

K
E 11(K) KETh 
	

(2) 

We denote by bi(. i=1,2,3) meridians of the triangle K opposing the vertex  a.. 1 

We can easily verify that the 

set E., ={b.} 1, i‘ 3(Cf. [4] ) 

is P1  - unisolvant (Cf.(4) ) while 

U 	is the set' of nodes 
KeT 

(of number N ) of T11
, 

We denote the finite element space 
adapted to our problem by X°  

(iii) There existv> o such that for all h >o and all kc T
h 

diam (K) 
v 

L.. 
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=tvbE 	continuousb.,1  

Let r
h
:(5-*(p1)

4 
 be a linear mapping defined by 

b.)=o h.CZ ri -) 
JJ h 

I (r v). dF= f v. OF 	j=1,2,3,4 
k
1 n j 	

k' J  

for all sides K' of the triangles i..6-rh. Then we nave for every vE , 

I div (r
h 	1  

v).
' ' 
(r

h 	 1 
v). 	)d 	(vi  ,v. f div (v,

'
v. 	)dx i=1,2,3 	U)) 

+1 
k 	 k 

We denote D v= — (div (vi,v,), div3'v4 )) and f a (r. v) 
is k 

(u) 
A direct consequence of (4) , (5) and (6) is the following lemma Tfnici 
assure the convergence of the numerical solution (patch test). 

Lemma: 

For all common side K' of any two adjacent triangle 	we have: 
J 

„o 
f 	(v 	.-v 	.) dF =0 	Ni V. E: 
k t h,1  11,.1 	n 

where v1 1 
 1=1,2, is the trace of the testrricEic;B al v to 

9 	 11  

inure, if ice' Er, we have 

( 7 ) 

Affther 

f v, . dF= C k t 	L1,1 
Vv 
h h 

(8) 

We now in a position to construct the needed finite element si:rice 

o  
Z
h 
 =4v. c (X.

o
)
4
: 	f J

* 
 v
h 

dx = C, 	is.E.T 1 } a 	h  
k 

which can be reduced to that introduced by Crouzeix faviart [I;] :ai:: *  

space is characterized by the conditions of null divergence and trace 
in the following manner: 

Let A,11 be the linear mappings 

o"=[0. 1 A ((AO)1,(1 oz)2) 	([0ii] lj  

-* 8-* (p, 0►,-►(div p , div q) 

consequently 

- 3"0 = 	0 A)0 	 1. 

So the introduced finite element (in our work) is in fact a product 0. 
the Crouziex—naviart finite element ofoand Ao . The functional 
adjoint to our problem takes the form: 

ills 
Given 	he the mapping defined by: 

L 
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VVE (4)4  

If vE (e)4  then 0 '  v is [1i -  Stepped function. 
h 

• 

Denote by ah  the stress field statisfies the equilbruim condition 	.:.1. 

exterior forces) as follows: 

Let Yh  ={ vE (p
h
)
2 

: v(b.) = C , 	E? 
1 	1 11 

then for every UE Yh 	have , we 

E 	 f (01  61, 4,1 ii) dx + f (k) 1 i . 42  dx 4  - 	f((i'i, .11+1j gi) ., c:1'.=:' 

	

1K 	 (I z,)' 
. 

.keT
h 4 	

1
1
".1( 	n 	:. 

Apply now the stokes formula on each finite element taking into con:iiaeri7 

tion that the elements satisfy fthe patch test, we ,2,et 

ke'T 	lc (6h/Dv(1.11k)4dx 	IC(i)/1:11k) 	
dx 4

' 	if:(1/1k) 2 (fr.('  
1 

We can now take for 3 one of the elements of the affine variaty 
h. 

(ohE kpl) :
*

h 
 G + pl 	= 0 and 0 

h
. 

h 	Y

h 	
Trace 

Finally we define the finite dimensional space S

h 
as a subspace of S by 

S
h 

- (X(1)1 )m  (m: No of internal parameters)  

The problem (P) is now approximated as follows: 

determine (0
h 
 , S

h 
 ) that 

- - 

o 
minimize C (a +0 	s ) on , L xS 	 ) h h'  h 	h h 

Let 
3 be the canonical basis of p

1
(k), &E. T. with 

pi 
1 1  2 

(x 	x ) = 1-2 A. (x1 , 
	

3 	 (17). 

where A. are the barycenteric coordinates Y.r.t. the vertex 1. 
One can easily verigly that 

(01

h 
 v) k = De (v1

k

) 

L 

(13): 

1
(x) dx - 

k 

f p. (x) dx = 

k 

1 

12 (1+ S. 
 1j 

7 
I 

Li  9 A, = area of 	 (1:): 

L.. 

The 
later results shows that the functions P. are orhtogonal in 1 .). 

. 	, So one can define on each 1:r.

h 

t 	the functions
1 

 Fai:,.L. 

141
,i_ 	1 	, 	

1 	-* 
, P

1 	
n
1  
. „ + 	  1 	la.a. 	1 +2 	+/. 	I a. a. 	, 1 

P. 
1+1 

n 
1. +1 L 1+1 	1 1 

(relative to the node a.) 
1 

w
2 j 	1  

la. a. 	I Pi ai+1  
1+1 _a +2 

a. , 

1+1  



CA-1I 107 
rIRL,T A.M.E. CONFERENCE 

29-31 ray 19A4, Cairo 

• (relative to the meridians b.) 
1 

where n. is the normal to the side a. 	a. . (modulo 3) 
1 	 1 +1 	1+2 

6 

(b) 

Fig.2. 

Using Gauss Formula we get 

1 	1,i 	-.- 

A div (wi j  
' ) = L div (Ul'i ; dx = L Ui  . n ciF= C (i=1, A.  

J 	 J 
So div ( 14!' j  ) = C 	over 1.. 	1 ‘i. ‘3 

1 	 J  Similarly div (W2
2 'j  ) = C over K. 	14 i4.  3 K. 

Numerical Aspects and Considerations 

1. One can easly verify that the functions 9. 	(1=1,2) are depe:Ideht, 
so it is possible to eliminate one of thelunknowns WI'j 1 	lei 43 

• Practically, this elimination is done at each node common to a set OF 
triangles which partitioning:2as in Fig.3. Consequently, for each KJ 
a set of basis in (X0) 2 1 kj is defined and the set Ne,Jlis now reduced' 
to only five element4. 

At the computational level this reduction of the number of unknouns is O. 
. great importance when Card T h is very large. 

2. Another reduction throughout the problem is attained by taking Sys  as 

space of functions T h-stepped (i.e of class Po  on K). Lis is accep-
table since the elements of S must satisfy only some integrability 
conditions. 

3.Thesytimletrypropertyof is not satisfied by the finite 
k element functions (W.,j  , Wr,1 ). This difficulty may be over cemeA at 

the level of numerical solltion using a suitable penalty method. 
L 
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1 	 Fig.3. 

4. Ihe boundary conditions are treated as follows: 

(i) Determination of 6
h( densoted here as o) satisfying (div(611, 1;  

div 
s-21'22))' C (for null body forces [3])is realize:.; at the 

computational level by coustructin scalar lunctions 	 L such that: 

rot (Z
1 k) = (611'

61
2) , rot (- 	= (3

21'
6
22
) 7 

Where 1: is the unit normal to surface. 	The vector functions 

h p = 	11 	i ,6.2) 	q = (02
1 ,G72) ca be taken as elements of 0'

1
)-  

and 

(ii) Zero boundary conditions do not imply more 
unknowns defined on if,AF. To show this, let 

,11, 	w 	a
o an approximation oil q in 	then e nve L 

3 	3 
q, = X a. W 1+ . 

1 i 	1= 	i i=1. 

1 q I =a U 	+a 11 I -11-: ••'2  hF 11F 2 2'F -",3 -3F 

l ii =G1n1 

where 	
is the length of the side apposing the vertex a., 

hence ghl r= 0 implies that only (33  =0, where as A 	A 
5. 

The number of unknowns define the stress field is 2(i,a +:11)-.e) 

number of interior nodes and Ne  is the number of eliminated nodes 
according to the above rule . 

Na 
 is the number of interior vertices of the trianLjes utT , , 	is 

( 	
9, 3 	)

3 
3 

± 	
i(3 

p., 

1 	2.  
=, 

6. The number of unknowns to each component of type 
p
1 
of an internal 

perimeter is 311b. This number may be reduced to Nb 	=1'h (piecewis.e.  continuous functions). 	 0 
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• (relative to the meridians b.) 
1 

where 11.
1 
 is the normal to the side a. 	a. . (modulo 3) 

1 +1 	1+2 

6 

(b) 

Fig.2. 

Using Gauss Formula we get 

j 	j 	,j -* 
A. div (wi' 	) = 1r(  . div (U.

1 
 ' ) dx = T

r 
 Wi 	. n 

J 	 1J J 
So div ( 14!'i  ) = C 	over 	..1:i- :2 1

2 	j 
Similarly div ( 4,,

,j 
 ) = C over 	14 i... 3 

Numerical Aspects and Considerations 

= r (i=1„, ) 

1. One can easly verify that the functions U. 	(1=1,2) are depeadeat, 
so it is possible to eliminate one of theiunknowns Wl'i 

10 43 
Practically, this elimination is done at each node common to a see OF 
triangles which partitioning;] as in Fig.3. Consequently, for each Kj 
a set of basis in (X0)21 .

kj 
 is defined and the set {lq,J}is now reduced` 

i  
to only five element. 

At the computational level this reduction of the number of unknowns is of. 
great importance when Card T

h 
is very large. 

2. Another reduction throughout the problem is attained by taking Sh as 

space of functions il,-stepped (i.e of class P0  on K). 'lids is accep-
table since the elements of S .dust satisfy only some interability 
conditions. 

3.ThesYmmetrypropertyof(0..=0..)is not satisfied by the finite 
ij 	JI k s  element functions (W.

,j 
 , Wr ,i ). This difficulty any be over eemeA at 

the level of numerical solltion using a suitable penalty method. 

L.. 
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4. The boundary conditions are treated. as follows: 

(i) Jetermination of 3-h( densoted here as 0) satisfying (Jiv(6. 
11' -  - div 

(°21'322))= 0 (for null body forces [2])is realizeL at the 

computational level by coustructin scalar functions 	such that: 

rot (Z
1 
k) =

11'
6
12) , rot ( - (621'322)  

is the unit normal to surface 	The vector functions 
,612) 	q = (0

21
,0

92) can be taken as elements of (P
1
) 
112 

(ii) 
Zero boundary conditions do not imply more elimination of 
unknowns defined on 1:',AF. To show this let 	

I iI 
=(q 	.) be hl' an approximation of q in , 	then we nave 

0 
h 3 	3 

qh = X a.11
1 
 + 	is 1 1 i=1 

and 

q I =Ot r 	1J
1 
 F

4a 

where _13", 
 is the length of the side apposing the vertex a., l'i.. . hence qi., 1 r= 0 implies that only 3  =C., where as a l  =a 	1  

5. The number of unknowns define the stress field is 2(i,a  +:vb-.. e) i 1 , 

number of interior nodes and Ne  is the number of eliminated nodes 
according to the above rule . 

Na 
 is the number of interior vertices of the triangles i.CT I  , :•,[) is 

. k  ___37___) n
3 + 7,- i\.3  

a1, 	1 - 7 	--s■ 	3 --10. 
3 	' 3 

L. . 

o f 
O. The number of unknowns to each component of type ,)h 

 ol an internal_ 
L.. perameter is 3Nb. This number pay be reduced to 	taking 

(Riecewis.e. continuous functions). 
• • • 

'here 

P = 

, 11- 4T) 
	u3 I F  
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Fig. 4 

7. Cur algorithm may be constructed as a descent algorith:11 takin into 
consideration the results mentioned above together with a line searcl. 
technique proposed by the author R. I. For the example solves: iere 

Fig.4. (in which G1
(0 S) =  (G ij 	.)2, 1=1) a Fletcher-eeves 

1,j 
algorithm with reinitialization, also an exterior penalty 

used. 

GI 1 

1.1 

I.0 

09 

0.8 

0.7 

Section 

L 

6 

nodes 

Fig.5. 
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