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ABSTRACT 

A new measure of stability on hypersurfaces in En 	is introduced. 

It is the integral 

-cm = f H
1 
H
n-2 

dcf 

th 
where H. is the 

.
mean curvature of the hypersurface M. The 

general conditions for the stability of M under normal deformations 

are found. The stability on M under II- infinitismal and III-

infinitismal deformations and the stability of M under the normal 

deformations which admit the relation 

6 II - 2  (n-1) Hi  61 

are also discussed. 
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1. Preface:  

Let McE
n be an orientable C 

co 
 hypersurface and let f:M± E

n 
be 

a smooth immersion of M into En  . Let 

(1) T(f) =fM H1
H
n-2 

d6 

where H
1 

is the first mean curvature and H n-4  
, is the (n-2)

th 
mean 

curvature of the immersed hypersurface and dd is its volume elem-

ent. 

If 	 1 [a..13 
 is the matrix of second fundamental form of M then, 

(2) H1  - 
1 	

n-1  - n1 	11 
a.. 	1] a..1 

E 	a.. H = 1/( 	) E 
n-1 	2 	2 

i=1 	i< j a.. 	a.. 
13 33 

 

a.. a.. a. 11 13 11 
a.. a.. a. j1 jj 31 
a a a 
11 lj 11 

  

H
3 
= 1/( 	) 	E 

n-1
3  i<j<1 

  

  

   

Hn_i  = det= K , ij,  

where K is the Gaussian curvature of M. Consider the conformally 

invariant function 

(3) 1p= (n-1)
2 
(H

I
H
n-2

-K) 

vlelthematrix p.lis diagorializedi.ewheri a
1.3...-0 for iOj and ij  

a.. = k. the principle curvatures of M, the function takes the 
11 	1 
form 

(4) IP= 	k  - 	 k 	(k.-k.) 
 

i<j  r 	1+1 J-1 j+1 	j  
 

• 

For hyperovaloids and the hypersurfaces which are diffeomorphic to 

the hyperspheres the function H1 	o on M, we get. 

(5) m  
f H1H 

n-z 
 d6 	K dd 

Thus 

(6) H11111-2  d6 > A 
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where A is the area of the unit hypersphere, and the equality holds 

for the hypersphetes. 

Consider the integral 15(f) in (1) and make a normal deformation f
t
to 

hypersuface M so that ft
(M) is obtained from f(M) =f(M) by a disp- 

t=b 
lacement along the normal for tE[-1/2,1-d . Write the 	-variation 

of f as : 

(7) Sf- 
of 
at 

t=0 

The II-infinitismal deformation is the normal deformation which 

preserves the second fundamental form II of M, i.e SII=0 . 

The III-infinitismal deformation is that which preserves the third 

fundamental form III i.e 6111 =o . 

T.J. Willmore [43 used the measurer(f) = I H1
-1 
 d6 to distinguish 

M 
the closed orientable C .hypersurfaces in En  with first mean 

curvature H1 
which admit the infimum of T(f) . B.Y. Chen C13 

solved it as a Variational problem, he used'r(f)= I Hn-1 d6 as 
M 

a measure of stability for the closed orientable C hypersurfaceS 

in E
n
. The integral IM H1Hn-2 d6 which I introduce and the inte- 

• 

gral 	H 	acs  caoncide for surfaces immersed in E
3. n-1 	 • • 

M 

I shall use T(f) in (1) to find the conditions of stability for 

an orientable Cc°  hypersurfaceM immersed in En. A hypersurface M 

is said to be stable if (ST = 0 . 

2. Introduction: 

Let us-  take a field of orthonormal moving frames {m, vi,i=1,...,n} 

on M such that vi,...,vn_laTm(M). Let the dual frame be 

t
e 
w  1 
	n, y . Let the normal deformation f at each point .mEM be 

given by 

(8) f(m) = m+ th vn  

where h:M -4-R, tE [ 1/2, 1/2] 

6 



',I:': 'ND A.M.E. CONFERENCE 

6 - 8 May 1986 , Cairo 

     

  

CA-4 

 

38 1 

     

     

r 

   

• 	
• 	• 

Let the connection on M be denoted by V then, 

(9) 	Vm = w v. 	, w = o 1 
(10 Vv. = wj  v. + w. v 

1 i 3 	1 n 

(11) Vv
n 
=- wn 

 vi 

(12) Vh = h
i w

i 

(13) Vh.
1  - h. wj  = hij 	wj  3 	. 1 

where h,
1  and h.j  are the first and second covariant derivatives 

of h respectively. 

By exterior differentiation of (9)
2  we get : 

(14) (01.1  = a.. (A) 
1 

, a
ij

= a
ji 

, a
ij 
 :M + R 

[a..]is the matrix of the second fundamental form. Diagonalizing 

[aiil , a.. = o for i # j and a=k
i the principle curvatures 13 

of M, we get : 

(15)V17
1  
...coi v

j 
 + k. wi v

n  1 

(16) Vv
n 

=-E.k. w
i 

v. 
1 

From (8) , (9) , (11) and (12) we get : 

(17)V(f010=f*=Z(1.--thly 	
1 	1 

wv.+th,c0i v
n 1  since 

V
i 

= f* v. 	= vi(f(m)) = ( V(f(m)) ( vi  ) 

where f 	(M) * • •T 	+ T ft(m)f 
t
(M), then 
 

(18) V. = (1-th k.) v.+ th.v 1 	1 	1 n 

thus from (7) we get: 

(19) &v.= h v - h k. v 1 	i n, 
From (i-7) 	(i8);.- 

i (20) w = w (1-th k.) 
1 
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(21) V
n 
= [7 	... 

l' 
V 

 2 	,v  n-11  

where[ 	1 indicates the vector product of the vectors includ- 

ed inside the two brackets. let 

v =A. v. + p. v 
i 1 1 1 n 

where X.= 1-th lc. 	=th. 
1 	1 i 1 

then 

(22) v
n 

= A
1
X
2 

...X
n-1 

v
n 
	A ... Xj-1 P. X. 	Xn-1 vi 1  

	

V
n 
 =11.(1-th k.) v nj 

	j 
- E[(th) E. . (1-th k 1 	1 	iij 

(23) V
n 

= (1-th E
i
k
i
+t2h2 	

. 
	) vu. 

j  

- E.(th.- t
2
h
2 

E k.k + ...) v. 
J 	J 	s 	J s 

si j 

thus 

ov
n
=-hE k v-E h,v 

i n 	3 j 
• 

But (11-1) Hl  =E 1 , then 

(24) dv
n 

= -E 	h. v. - (n-1) H
l
h v

n J J 

The volume element d6 is given by 

(25) dd = wiA w2  A ...Awn-1  

After deformation, the volume element becomes 

	

- 	- 
(26) dd = w 	w2 ....Awn-1  

From (20) , (25), and (26) we get 

d17  = Hi 	(1-th ki) de 

Then 

6 
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1 

we deduce that the variation in volume element is given by : 

(28) S(d6) = -(n-1) H1h cid 

Let us write (23) in the form : 

(29) Vn  = -t E 	
J 

h
J 
 v + (1-t(n-1) H

1
h) v

n
+ 	, 

• Then 

(30) VC.7.11= - ECI1-t(n-1) H1h} kJ 
wj+ thjk wk1 v 

J 

- t E.( h.k.+ (n-1) H1 
 h.+(n-1) h 	) wj v

n J J 	j  

By virtue of (16) we write 

(31) 	V1-7. =- E 	, v = ir./11 
J 

From (18) , (20) and (31) we get 

(32)- < 	= Ki  =-( -thki.)<IVn(vi) pi ► 

From 	(30) and (32) we get : 

(33) ki  = [(1-t(n-1) 	ki+thi;) (1-th k.) 

2 

th It

2  

. -Ft 	( 1 

Thus 

(34) di( = - (n-1) H1h ki 
+ h 	- h k.

2  

and 
• 

(35) Eki = (n-1)
2 
 Hi 	(n-1)(n-2) H2 1 

From (35),(34) we get : 

(36) 6H1  = 	1 	
[Ah -2h H

2 
(n-1)

2
+ (n-1) (n-2) 	h 2 

1 
(n-1) 

We write 

H 	= 	
1 

 
(n-1) 	

i 	
k. 
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But Since 

K=kk 	..k.... 1 2 • 	j 	n-1 

(37) 6K = E k  Sk j 

from (34) and (37) then 

• (38) dK= - n (n-1) H1hK + E 	h.. • k. 	Jj 

1 
"n-2 n-1 E l. S K 	2 k. 

11. 4  2 	 1 (39) 6Hn-2 = h [K- (n-1) H111n-2 :1+  (n-1) 
E 	(E . 

j 	k. 	k 
JJ  

H
n-2 	 9 (40) 6-r=f 	[E .h„ -2h (n-1) -11 + (n71)(n-2)Hh]dd + H n-1 	33 	 1 2 	 2  

h.. 
+ 	H [hk - n-1) HH h+ 	E 	(Z 1  - 1 

	

1 n-2 	n-1 j 	k. 	 )]* 1 	 k 

• d6 -4- f (n-1)12 	h 
M 1 n-2 

1 	 h.. 	 h.. 
(41) di= f Fn-1 	3 --- { H , E. h j3  • + H1Hn_2 	k 

	

E . 	33  Oa 1)•-• H1  K 	E 2 t.i 	 3 	. 	 . J k . 

h {-(nt.2)(n-1) 	 (n-2) H2H n-2+H1lf}j dd 

3. Main Results  : 

Theorem (1) Let Mt• EH be an orientable C hypersurface with unit 

	

norm4l vector field vn . Let f 	 vn , te [-1/2 ,1/21 , h:M÷R 
mE M be a normal dc orwition of M. Further let: 

(42).LH 	h+HH 	E h. ik.-4-11 Ka, h. /k )/(n-1)1.{}11K + n- i n-2 j jj 	1 c-2 j jj 	1 	j 

+ (n-2) 1121111.72(nt4(WTT)H12  Hn_ 2} h=0 

6 

3. 

k. 3 
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then M is stable under any normal deformation. 

Proof : 

is obtained at once by equating the right hand side of (41) to zero.:: 

Let I,II,II denote the first, the second and the third fundamental 

forms on M, then 

I 	= <Vm, Vm > 

II = -<Vm, 7v 
n> 

III = <Vv
n, Vvn> 

and we get from (17) 

7...E 0)2_..2tilic.(03j)2 	t2(  ...) 

Then, 

(43) 61 = -2h k. (wi)2  

From (17) and (30) we get 

(44) 1 1 	hi  = E. k.(wi)2  + tt E 	wi  wj  - (n-1)Hih7iki(wi )
2 
 - 

i,j 

h Ei.(kiwi) ]+ t2(...) 

Then 

45) 611 = E h. 
" 

From (30) we get 

wi  wj- (11-1) H h Ei 	(w
i
)
2
-h E. (k.wi)2 1 

(46) III = E.1  (kiwi) + 2t E.[ k.h..wi  w]  - (n-1)H1  h(k.wi)2.1+ t2(...) ij  

Then 

(47) 6111 = 2 E. Ck.h.. wiwj  -(n-1)H h(k wi)21 1 	1 13 	1 	i 

Theorem (2) Let Mc:En be an orientable C hypersurface stisfying 

the relation: 

2 
(48) HH

n-2 
= 0 
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Then M is stable under the II-infinitismal normal deformations. 

Proof ; From (45) by putting SIT =0 then 

(49)h 	(n-1) H h1c
1
.+ h k

2 
ii  = 	1  

substituting from (49) in (42) we get 

( (n-1) H1  E iki  + E iki2  3 + 11111n- , I (n-1) 2  H1  + E iki  

H1K [(n- 1) H1  E 	 1+ (n-1)1 	+ 

+ (n-1) 	+ (n-2) H2Hn-2 (r11-)(rt-I)H2 
Hn-2 } 

and this leads to (48) 

Theorem (3) Let MmEn  be an orientable C hypersurface satisfying 

the relation: 

(50) H1
K +(n-2) H

2
H
n-2

-3(n-1) H
2 
H 	0 
n-2  

Then M is stable under the III-intinitismal normal deformations. 

• Proof 	From (47) by putting 6111-0 then 

(51) hii  = (n-1) Hikih 

Substituting from (51)in (42) tht,rn 

3 	 2 	1 
ki 

(52) (n-1) 	 ki+(n- 1) H1  H n _ 2 	(n- 1) H1  K 	— + C = 0 i  
where c = (n-1) {H1K + (n-2) H2H11_2- 

the condition (50) 

2 1)H1Hn-2 ("z)1;this leads to 

• 
Theorem (4) Let 1.1c.E

n 
be an orientable C hypersurface satisfying the. 

relation 

( 53) 
	

H
1
H
n-2 

 2 

Then M is stable under the normal deformations which admit the relation 

611 = 	(n-1) H1  61. 
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Proof  

From (43) and (45) we find that the condition 611= 11 (n-1) H1  61 

implies that 

(54) h..= hk.
2  

11 

9 
substituting from (54) in (42) we get H _2  Eki  + H1Hn_2  EkTH1K. 

-(n-1) + (n-1){H1K+(n-2)H2Hn_2- (n-1) H1 17111_2.(1 +.2)j = 0 

then 

(11 - 3n + 40 H
1
2 H

n-2 	
0 

and this leads to (53) 
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