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e, . ABSTRACT

A new measure of stability on hypersurfaces in E"  is introduced.

It is the integral .

TE = f H H__, dof
M

where Hi is the ith mean curvature of the hypersurface M. The

general conditions for the stability of M under normal deformations

are found. The stability on M wunder II- infinitismal and III-

infinitismal deformations and the stability of M under the normal

deformations which admit the relation

§11 = —— (n-1) H §1
=7 1
: are also discussed.
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§ 4. Preface:
Let MCZEn be an orientable C hypersurface and let f:l E" be
a smooth immersion of M into E . Let

(1) 1(f) = fM HlHn_2 dé

. ; ; th
where H. is the first mean curvature and H is the (n-2) mean

1 n-Z
curvature of the immersed hypersurface and dd is its volume elem—
ent.

If [aij] is the matrix of second fundamental form of M then,

1 B n—-1 a. . a..
(2) Hl ok <= .Z aj i H2 = 1/( 2 ) .Z ‘ ii 13‘
i=1 i< jra;. a;.
1] i s |
disp 4
H3 = Tif n-1 ) 5 a11 i3 11 .
i<j<l ji 33 i1
411 %15 %11
H _, = det [aij] =K,

where K is the Gaussian curvature of M. Consider the conformally

invariant function

(3 4= (D’ @E oK)

n-2

when the matrix [aij] is diagonalized i.e when aij=0 for i#j and

a;; = ki the principl¢ curvatures of M, the function takes the
form
(4) Y= iz:j kl... n 1+]k3 i +1(k k) )

For hyperovaloids and the hypersurfaces which are diffeomorphic to

the hyperspheres the function H1 Hn_zﬂK; o on M, we get.
(5 [SHH_,do >/ K do

M 1 n-2 M

Thus
(6) é HH _, d6 A
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. where A is the area of the unit hypersphere, and the equality holds

for the hyperspheres s

Consider thevintegral T(#) in (1) and make a normal deformation fttv
hypersuface M so that ft(M) is obtained from f(M) ={(M) by a disp-

. =0
lacement along the normal for té[—%,%ﬂ . Write the Nariation

of f as

f
(1) sf= —g———l

t

° t=0
The II-infinitismal deformation is the normal deformation which
preserves the second fundamental form II of M, i.e §1I=o0 .
The III-infinitismal deformation is that which preserves the third
fundamental form IIY i.e JIII =0 .
U -—
T.J. Willmore €473 used the measure T(f) = [ H? L ddé to distinguish
M

the closed orientable Eo.hypersurfaces in E" with first mean
curvature Hl which admit the infimum of Z(f) . B.Y. ChenC17]
solved it as a wariational problem, he used T(f)= S Hn-l dd as
M .
a measure of stability for the closed orientable ¢ hypersurfaces
. in E. The integral fM HlHn—Z d6 which I introduce and the inte-

gral [ th_lda cioncide for surfaces immersed in E3.
M
I shall use T(f) din (1) to find the conditions of stability for

an orientable C°° hypersurfaceM immersed in ET. A hypersurface M

is said to be stable if 6T = o .
é 2, Introduction:

Let us: take a field of orthonormal moving frames {m, vi,i=l,...,n}

on M such that v

l,...,vn__lCZTm(M). Let the dual frame be 2

{wl,...,w n}. Let the normal deformation f at each point m€M be

given by

(8) f(m) = mt+ th vy

where h:M -R, te [-%, 4]
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Let the connection on M be denoted by V then,

9) Vm

(10) Vv, =wq v, +qu.1 v
i i ] i n

1l
e
<
£

n
(o]

(11) Vv = - 1% w? v,
n i B Y 3
i
(12) Vh = hi w
(13) Vh, - h, w3 =h,, )
. i iy ij

where hi and hij are the first and second covariant derivatives
of h respectively.
By exterior differentiation of (9)2 we get
H = j = . ->
(14) wi aij w s aij aji s aij tM > R

[aij]is the matrix of the second fundamental form. Diagonalizing

[aij] 5 aij =o0 for i # j and aii=ki the principle curvatures

of M, we get :

(15) Vv, = wq v, + k., wi v
i i 3j i n .

(16) Vv =-IL.k. w v,
n 1T 1 1

From (8) , (9) , (11) and (12) we get

(17) V(£(m) = £, = F (l-th k) w? v; + thy of v
since
Vi = Eevy o = v (Em) = (V(Em) ( v, )

where f, :Tm (M) > T (M), then

(18) v, = (I-th k.,) v_.+ th.v ¢
4t i i in
thus from (7) we get:

(19) .6Vi= hivn - h ki v,

From (17) ,(%3):

(20) ©% = w! (1-th k)
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6 (21) v, = Vl, v, ""’Vn—l]

where[ Tindicates the vector product of the vectors includ-

ed inside the two brackets. let

V, =A, v, + U, v

i i 1 i n

where Ai= 1-th ki s ui=thi

then :

(22) L AlAZ "'An—l L glkl... xj—l Uj Aj+] s An—l Vj

v, <Il-th k) v - Zj[ﬁthj) M4y (1-th ki ) | .
- 2.2 T
= (1- + :
(23) v (1-th Zi ki t"h i# j kikj* ) v
SRR e R L v
3 J s 1s J
s#j
i thus
- 6vn = - h»Z. ki Lt Z. hjvj .
1 J
But (n-1) H, = I k. , then
1 i
i

(24) 6vn = =% j hj vj - (n-1) th v

The volume element do is given by

(25) dd = WA w2 A ...A"L

After deformation, the volume element becomes .

(26) 45 = ©A B2 A....40" T

From (20) , (25), and (26) we get

dg = Hi (1-th ki) do

Then
(27) dd = (1~t(n-1) H;h + ... ) d&
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we deduce that the variation in volume element is given by :
(28) 6(d6) = -(n-1) H;h dd
Let us write (23) in the form :

(29) Vn = ~t ; hj vj + (1-t(n-1) th) Vn+ cess

J
Then
(30) 95 = - z[{1-t(n-1) Hh} k. wlt en, W] v
n 3 1 h) jk ]
k|
- + (n= +(n-
t Zj( hjkj (n-1) thj (n-1) h Hl,j) W™ v
By virtue of (16) we write
. - -3 A A - e
31) Vv =- I k, Iy, v, =V, ;
(A1) W § 1 0 vy s vy = vyl vl
From (18) , (20) and (31) we get
- - A o -
(32) - < vvn(vi)‘, Vi> = ki —-(1—thki)<’lvn(vi? )Vi> .
From (30) and (32) we get :
(33) k, = [(1-t(a-1) B h) Kk +th, ] (I-th k)
— (l-t(n-1) H.h) k+th, — th k2 + t2 (...) +
1 gTehyy i s .
Thus
- - (e _ 2
(34) 5ki (n-1) th ki + hii h ki
and .
2 2 .2 »
(35) Zki = (n-1) Hl - (n-1)(n-2) H2 .

From (35),(34) we get :

1 2 2 ;
el [ah -2h H] (-1 (n-1) (n-2) B, h 1

(36) ©SH

We write

n-2  (n-1)
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6 But Since

K= koky oon kgonn ko
(37) 8K = T —— §k,
3 j

from (34) and (37) then

' (38) 6K= -n(n-1) HhK + T —— h,,

. 1 . k. ij
L J J
1 1 S ¢

$Has w1 By (g BN 7 o)
i k.
B i
hi; . 1
2 K i 1
(39) 68, = h [k- (=) WH ]+ o5 L 3 @ K Tj_)

H
oy st=f —EE [1h -2 (D] + (o) (-DRp ] dS

+/ H [hk-—(—l)zHH bt T hj—(zl o e 31
m 1 AE 1 n-2 n-1 "j k: ik kj

_ 2
46 = [ (n=1) 4; H_, b do

h
- ....___.1 ] -
(41) 6t= ’{' orph O Byhyy FHE I ~ll—kj (-9~ H_K ?J‘Lk ¥+

2
+ b Emeo-1) 1 B, + (2) H)H _+H k)] do

%3. Main Results

Theorem (1) Let MEE" be an orientable G hypersurface with un'\l:.
normal. vector fiel( voo Let f me-mith v, te [ ,4] , h:Ma+R ¥

m€ M be a normal de ormation of M. Further let:

iy %% fonss
CHI T NPONE RN S zj hy /= H K(Z hy /k5) /(n=1) +{H K +

+ (n-2) I-len_-_-z(n‘tZ)(nﬂ)Hf H .} h=0

n—2
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then M is stable under any normal deformation .

Proof :
is obtained at once by equating the right
Let I,II,II denote the first, the second

forms on M, then

I = <Vm, Vm >
IT = —<Vm, Vv >
n
IIT = <Vv , Vv >
n n

and we get from (17)
- . D) .
I=3 wh? -2 kj(wJ)z +e2( ..

Then,
(43) ST = -2h k, (dy

From (17) and (30) we get

= _ i, 2 i3
(46) IT = T, k ()" + t[ ? j hyyww -

i2 2
,hZi&f))]+t (...)

Then

45) SIL =% h,, w" wl- (n-1) H.h L, k.
1,3 ij 1 i i

J
From (30) we get

(46) TI1 = £ (ko) ? 26 2. [ ko, .0f o -
i it Tivij

Then

hand side of (41) to zero...

and the third fundamental

i 2
(n—l)th Ziki (W) =

i 2 1.2
(w”) "=h Zi(kiw )

(n-DH R ]+ 2.0

- i B i 2
(47) 6III = 2 I, [kihij ww -(n=1H h(k,w")?]

n [ee]
Theorem (2) Let McE be an orientable C hypersurface stisfying

the relaticn:

2

4 =
(48) HH , =0
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6 Then M is stable under the II-infinitismal normal deformations.
Proof ; From (45) by putting §IT =0 then
49 h = (n-1) H hk,+ h k2
(49} hyy = (= 19 i
sub stituting from (49) in (42) we get
H [(n-1) H, Z .k, +Z k2]+ H H ((n—-1)2}1 + L.k, Jtn-1)-
n-2 | S K s i | 1 n-2" 1 ii

: 1 \
WK [(o-1) H) T, ——+ (-1} + _ "

1
- ‘ SO 2 =
+ (n-1) {H;K + (n-2) HH sinte-0H H o }= 0

and this leads to (48)

Theorem (3) Let M==En be an orientable (? hypersurface satisfying

the relation:

2 ,
(50) HK +(n-2) HH , -3(n-1) HY H =0
Then M is stable under the III-infinitismal normal deformations.
Proof From (47) by putting SIII=0C then .
(51) hii = (n-1) Hlkih
Sub .stituting from (51)in (42) then
(52) (a-1) HH_ L. k+(n-1) K2 B - -1 B2k T L
gty Kyt 1 s “"‘)H1K1k1+cao

3

where ¢ = (n-1) {H.K + (n=2) H.H .- {(n-1)H H
1 2 n-2 n

1 2(“*0}¢his leads to
the condition (50)

n ol .
Theorem (4) Let McE be an orientable C hypersurface satisfying the.

relation

2
(53) HH

=

Then M is stable under the normal deformations which admit the relation

SIT = % (n-1) H1 61.
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Proof

From (43) and (45) we find that the condition 6II= % (n-1) Hl SI

implies that
(54) h, .= hk2
ii i

2
sub stituting from (54) in (42) we get Hn—2 Zki + HlH _9 Zk{-Hlk'

ot
{(n=1) + (n=1) {(H,R+(n-2)H,H__,~ (n-1) H. (e} = o

then

2 2 .
- - =
(n n+4) Hl Hn—2 0

and this leads to (53)
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