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o a ABSTRACT

The critical points of an autonomous differential equation of the second
order with severe non-linearity , can have a bifurcation structure in a .
"

parameter plane (a,b) , -1<b <1 , similar to the " box-within-a-box

bifurcation structure . This is shown using a recurrence relation having

such a bifurcation structure in (a,b) plane , -1<b <1 .
INTRODUCTION
Consider the recurrence relation T , with real variables , defined by :
2
(1) Ty _f](xn 2 yn) - l+yn ax,
Yoe1 =81(%, » ¥y) = bX) , 1=0 , x =X, , Y =¥,

where a,b are real parameters . The transformation T can-be written in

vector form as follows

X fl(x)
Koey = (%) » X =(y)’ Py = (g](X)) ‘

. . r : p k .
. By successive applications of T , we obtain the transformation T ,defined

» by :

(2} Xorke = P XD = Fi (X

A fixed point of (1) , (cycle of (1) of order 1) , is a point satisfying

y , k=1,2,... , T =T

the equation :

(3) Xn+l - Xn - Fl(Xn)

A cycle of (1) of order k is a fixed point of Tk which is not a fixed po-

int of TP , where p is a positive integer less than k . The k points of a
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cycle of (1) of order k verify the relation

(4) Xn+k = Xn = Fk(xn) _

T has a "box-within-a-box" bifurcation structure ( [2]-[7) ) in a parame-
ter plane (a,b) , -1<b<]

We are now gowing to make use of this structure of bifurcations to find

the bifurcation structure of the critical points of a second order differ-

ential equation

THE STRUCTURE OF BIFURCATIONS OF CRITICAL POINTS

OF A DIFFERENTIAL EQUATION OF THE SECOND ORDER .
In this section we will try to find a differential equation of the second
order , each critical point of which is a point of a cycle of (1) of some
order/G belonging to the box I%é, (Xj.fx/a’jé {1,2;...A%1 ,EE{I,Z,...fI)
, where the stability of Xj-[.ﬁ as a critical point of the required diffe-
rential equation corresponds to the stability of Xj. pas a point of that
cycle of (1) of order/?. If this happens for all integerﬁﬂ then the struc-
ture of bifurcations of the critical points of this differential equation

will be similar to the "box-within-a-box'" bifurcation structure of (1) .
. THEOREM. Any critical point of the differential equation :

x(t)
y(t) !

is a point of a cycle of (1) of one of the orders Nkm=k/m ,mé€yi/i is a fa-

(5) X' = G (X) = F (X) - X, '=d/dt , X =(

ctor of k} , and vice versa . For }b|< 1 , the stability correspondence is
complete for m even , and is incomplete for m odd

We give an illustration for the case k=1 . For k=1 , the fixed points of
(1, ( Xj.].l ) , are those points X satisfying the equation (3). But eq-
uation (3) is the equation giving the critical points of (5) with k=1 .
Hence the set of fixed points of (1) equals the set of critical points of
(5) with k=1 . Let s. be an eigenvalue of X.

55 AR as a fixed point of
(@) (each point X. has two eigenvalues s,
> P J-fnﬁ

=1
JIﬁ’x ,2 ) ,then LI

o P |
is an eigenvalue of the matrix F]X(Xj | I) , where F]X(X) is the matrix

with columns (bFl/bxi)(X), i=1,2 X,5X X,y . Let )ﬁ - be the corresp-
ponding eigenvalue of Xj [.] » asa critical point of (5) . Then )ﬁ 11

(X.

5.3 l) . It is easy to see that the

is an eigenvalue of the matrix G]X

following relation is satisfied
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Since X. [ 3 a fixed point of (1) is stable when |sj I lL(l , while
X as a critical point of (5) is stable when real part of kj . ]<:O .

j.o1.1 .
then the last relation shows that the stability is preserved except when

=1 s

PROOF OF THEOREM.

$i.1.1

The set of critical points of (5) are the points X satisfying the equation

(4) . But equation (4) is the equation giving the set of points of cycles

°

of (1) of ordersb<km =k/m , where m is a factor of k . Hence the two sets

are equal . Let s, be an eigenvalue of Xj as a point of a cyc-

iy Lo
le of (1) of order ¥ , that is , s. is an eigenvalue of the matrix
km Jo B

Let . be the corresponding eigenvalue of X. f.o
] J. 6.8,

F (X )
ﬁkmx J'e'ka '1'«km
as a critical point of (5) , that is , )j bt is an eigenvalue of the
N L B .
matrix ka(Xj e o ) . Since Tk = (T km)m , and using the relation betwe-

en Gk(X) and Fk(X) , we have the following relation :
(6) A - o =
i-Be% i

This relation shows that the stability of Xj ,'b]('l as a critical

’ e'ka

point of (5) , corresponds to the stability of Xi P
S km

cycle of (1) of order ka , except for sj Y < -1 when m is odd .Hence
"8 km

for m even , there is complete stability correspondence , while for m odd

, as a point of a

there is incomplete stability correspondence

COROLLARY .

. If we take k=n! and as n increases , the number of cycles of (1) of order

«kmwith even m , corresponding to critical points of (5) , increases . He-—
nce for k=n! and as n increases , the structure of bifurcations of the cr-
itical points of (5) approaches a structure similar to the "box-within-a-
box" bifurcation structure in (a,b) plane , |b| <1 .The following table
gives , for k= 1! , 2! |, ... ,6! , the order q&m of cycles with complete

stability correspondence , order q&ﬂlof cycles with incomplete stability
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correspondence .

n | k=n! b(km with even m Nkm with odd m

] i o 1

? ) i 2

3 6 1, 3 2,6

4 | 24 1,2,3,4,6,12 2% . 8

5 | 120 1,2,3,4,5,6,10,12,15,20,30,60| 8,24,40,120

6 | 720 [1,2,3.4,5,6,8,9,10,12,15,18,20,

24.,30.36,40,45,60,72.90,120,180, | 16,48,80, 144,240,720

| 360, R

One of the differences between the two structures of bifurcations 1s that

when s. =] , two cycles «f (1) of nrdercka appear simultaneously ,

J"'ka
one of them is stable , the orher is unscable , while for the differenti-

al equation (5) , 2 critical points of (5) appear simultaneously ,
q o y *km

points from them are stabic , the rest are unstable . Another difference
- is that when s. =-| , a stable cycle of (1) of ordequ becomes
J.X.qkm m
unstable and a stable cycle of order Zﬁuﬂ appears , while for the differ-

ential equation (5) ’f(kw stable critical points of (5) become unstable
and ZNLm stable critical points of (5) appear . It is to be noted that the
correspondence between points of cycles of (1) and critical points of (5)
from stability point of view , does not guarantees that the two points

" will have the same type of singularity . For example , it is possible to
find a cycie of (1) of order qkm with complex eigenvalues which correspo-

nds to kﬂw critical points of (5) with real eigenvalues .For ibl>1 , it

is possikle to find stable eriti-:1 =ninte of (5) , that corrvesponds to

unstable cycle of (1) with complex eigenvalues , but this is not importa-

nt for us since we are interested only in |[b|< |
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GENERALIZATION OF THE PREVIOUS RESULT.

A generalization of the previous result is possible using the results sta-

ted in [6] . Consider the recurrence relation , with real variable x :

) xn+l

where hi(x,a) satisfies the following hypotheses

(i) hl(x,a) ec’ , T>1 , has with respect to x one extremum only (maximum

=hl(xn,a) s a,gaga,

or minimum) , and is continuous with respect to a ;
* (ii) on each side of the extremum A , hl(x,a) consists of a monotonic in-
* creasing arc and a monotonic decreasing arc , both with sufficient regul- -
arity . h}(x,a) has at maximum one inflexion point ; to the right of A ,
if A is a maximum , or to the left of A , if A is a minimum ;
(iii) as a varies in a monotonic way in the interval (al,az) , there is a
fixed point P whose eigenvalue after being positive takes negative val-
ues , with monotonically increasing absolute value . The difference betw-
een the ordinate of Ay » O X 0= X and that of the extremum increases
in the same manner .
h](x,a) satisfies also one of the following supplementary hypotheses :
(iv) as a varies in a monotonic way in the interval (a¥,a2) , there exis-
‘ts a fixed point q, at finite distance , with positive eigenvalue and
" absolute value greater than one , for every a ;
(v) as a varies in the interval (al,az) , the fixed point q, is at infin-
ity for every a ;
(vi) as a varies in the interval (al,az) , the fixed point q, exists for
certain values of a and does not exist for the other values of a
The interval (al,az) is supposed also to be with sufficient length . The
recurrence relation (7) , such that h](x,a) satisfies (i),(ii),(11i) ,
and one of the hypotheses (iv),(v),(vi) , has a bifurcations structure
:"box—within-a-box" similar to that of the recurrence x = l—axi . In .

n+l

. # .
special cases , however , the values a, or a(]) are not defined . An
o

1
example of h](x,a) is the function hl(x,a) = exp(a(l-x/k)) [6]

Now consider the recurrence relation

h (x ,a) +y
I'"'n n _ (%
) (g) i<

bx
n

(8) LA Hl(Xn) = (

The continuous passage of the properties of the case b=o , to that with
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bfo takes place [6] .Results similar to that obtained for the differenti-
al equation (5) , can be also obtained for the differential equation :
]

X = Lk(X) - X
where Hk is obtained by k successive applications of H]

CONCLUSTION
This paper gives , in a simple and easy way , the structure of bifurcatio-
ns of the critical points of a differential equation of the second order
with severe non-linearity , which is very difficult to be known by ordina-

ry methods . It gives us alsc an idea that the special types of singulari- *
ties which appear in the bifurcation curves of the recurrence relation (1)
can also appear in the bifurcation curves of the critical points of a
second order differential equation with the increasing of the degree of

nonlinearity
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